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Abstract: The DiSTFA method (Displacements and Strains using Transformation and
Free Adjustment) was presented in Kamiriski (2009). The method has been developed for
the determination of displacements and strains of engineering objects in unstable reference
systems, as well as for examining the stability of reference points. The DiSTFAG (Gross
errors) method presented in the paper is the extension of the DiSTFA method making it
robust to gross errors. Theoretical considerations have been supplemented with an example
of a practical application on a simulated 3D surveying network.
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1. Introduction

Measurements of displacements and strains of engineering objects and their environ-
ment as well as the interpretation of the results obtained are one of the most important
challenges in contemporary engineering surveying. During the measurements of dis-
placements and strains, it may happen that the observations will be performed in unsta-
ble reference systems. It can also be the case that due to the technological process of
the engineering construction, measurements will be performed from temporary sites
where one will not be able to set up again the instrument in future. On the other hand,
observations obtained at those sites will be needed for making decisions related to the
entire technological process.

Geodetic surveys carried out in the above specified conditions can be contaminated
by gross errors due to the coincidence of unfavourable factors. Without the possibility
of repeating the measurements and, consequently, proper interpretation of their results,
the measurements could become therefore worthless.

Chen et al. (1990) proposed a certain method for solving this problem. Gene-
rally speaking, the algorithm of the solution proposed is carried out in three stages.
In the first stage surveying observations performed in various epochs are adjusted.
The second stage involves identification of unstable reference points, by minimizing
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the first norm of displacement vectors established at reference points X|d;| = min.
The third stage includes the estimation and statistical testing of the displacements,
taking into consideration unstable reference points and the points of the examined ob-
ject. This method, as reported by the authors, is widely used in monitoring networks.
The method proposed is also used in practical applications (e.g. Gokalp and Tasci,
2009). The issue of applying reliability theory resistant to gross errors in networks
established for monitoring displacements and strains has also been presented (Vanicek
et al., 2001).

The present paper proposes a new method for analysing observations performed in
unstable reference systems when observations are suspected of being contaminated by
gross errors. This method has been conventionally named as DiSTFAG. The DiSTFAG
method is the expansion of the DISTFA method (Kamiiiski, 2008a, 2008b, 2009) which
in turn is a 3D generalization of a certain concept of monitoring vertical displacements
presented in Wisniewski (1989).

Currently, the GPS satellite positioning is the most often applied measurement
technology in surveying. When processing GPS positioning data vector components
are adjusted with a quasi-diagonal P weight matrix. As a consequence, correlated
obser- vations are subject to adjustment. Therefore, the elimination of observations su-
spected of gross errors should involve robust methods used for dependent observations.
The issue of dependent observations resistant to gross errors has been presented (e.g.
Xu, 1989; Yang, 1994; Yang et al., 2002).

The present study introduces a proposal of making the DiSTFA method robust to
gross errors. However, the effectiveness, or the most favourable choice of equivalent
weights applied in correlated observations is not analysed here. This issue will be a
subject of further research by the author.

A theoretical discussion has been supplemented with an example of practical
application on GPS simulated measurement results. The results of estimation obtained
are the starting point for further, more detail theoretical and empirical analyses.

2. The DiSTFA method

The theoretical foundations of the DiSTFA method have been presented in (Kamin-
ski, 2008a) and its characteristics was widely discussed (Kaminski, 2008b, 2009).
The present study introduces theoretical considerations concerning the foundations of
the DiSTFA method only in the scope necessary for proper understanding of the subject
matter discussed here.

In the DiSTFA method, the estimated parameters (Kaminski, 2008a) are vectors:
S = [§Xi,§yi,§zi]T, (i=1,2,..., m) where m is the number of points at which GPS
observations were performed, and & = [€y, &y, éZ]T. The vector § corresponds to the
distance between the random surface and an optimal plane while the vector & consists
of rotation angles about the axes of the coordinate system.



www.czasopisma.pan.pl P N www.journals.pan.pl

P
~
DiSTFAG method robust to gross errors in monitoring displacements 23
Assuming that vector components AX"’” AYI",’{”, AZ;’,}{”, (i, k=1,2,..., m) were

observed using GPS technology, their adjusted values will be as follows

(AXiiY = (AXP) + v
(AY;0) = (AYZY +v), ()
(AZip) = (AZY + v,

where j =0, 1, 2, 3 ... are measuring epochs, and i # k.

Denoting the vector of adjusted observations AX = [A)?l-,k, AY i k> AZAU{]T, the vector
of observations 1 = [AXf,fs, AY{’,ZC’S, AZ"’"]T and the vector of residuals v = [vax, vay, vaz]',
relation (1) takes the form

AX! =V 4 v/ 2)

The system observation equations for GPS measurements obtained in unstable reference
system has the following form (Kamirski, 2008a, 2009)

Vix S{( —S + (YJ =0 YJ 0) Z (ZJ =0 ZJ 0) J (AXUbY)]
iy = 5%, =8y, — (X X’ ey + (2 zf “ey — (AYPy 3)
Vig =S, —sZ + (X Xf Nel — (v} Y; el — (AZ)

Let us assume further a stochastic model C; = m(Z)Q = mOP ! where C; is a quasi-
diagonal covariance matrix of observations, Q = P! is a cofactor matrix (variance
approximation) and m(2) is an unknown covariance factor.

The DiSTFA method corresponds to the following adjustment problem (Kaminski,
2008a, 2009)

¢(®’,8) = (v)"P(v/) = min

&/ i b, =012, .. 4
vf=[A1,A2][fjl—vax-’_u / “)
€

where ¢(e) is the objective function of the adjustment problem, A = [A1, As]T are
known design matrices, X = [§/,#/1" is a vector of estimated parameters.

Due to lack of points of reference the calculations should be performed using the
free network adjustment approach.

The problem (4) can be solved by the estimator X of the following form

[éf l_[ ATPA, ATPA, H A,TPI}

X/ =
AJPA, ASPA, APl

&)

Py
where [e]” means g-inverse of a matrix, with the covariance matrix

= myQg (6)
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where ~
ATPA, ATPA,
(M

Qs = l ATPA, ATPA,

and m(z) = (v))TP(v/)/ f; f =n—r+d - number of degrees of freedom; n — number of
observations; » — number of unknowns; d— network defect.

In order to apply the DiSTFA method in analyses allowing the detection of ob-
servations suspected of gross errors, a covariance matrix of residuals C, should be
established. The matrix C, will take the following form (Kamiriski, 2009)

Cy = mng ()
with the cofactor matrix Qy
Q, = (P7' -~ AQzAT) 9

Estimated parameters X= [§/, &/ 1T are later used to calculate displacements and strains
(Kaminski, 2009). A broad description of the issue concerning the determination of
displacements and strains, as well as parameters describing them is widely described
in literature (e.g. Lazzarini et al., 1977; Brunner, 1979; Czaja, 1992; Wu and Chen,
2002; Szostak-Chrzanowski et al., 2006; Chrzanowski and Wilkins, 2006; Prészynski
and Kwasniak, 20006).

3. The DiSTFAG method robust to gross errors

In the adjustment of networks surveyed using GPS technology, the cofactor matrix Q,
Q=P Y has a quasi-diagonal form

Q 0 0 0 0|
0 Qi 0 0 O
Q=diag(Q1,Q2,Q;,...Q)=| 0 0 Q 0 0 (10)
0O 0 0 n O
0O 0 0 0 Q]
where
miy cov(AX,AY) cov(AX,AZ)
Q; =| cov(AY,AX) miy cov(AY,AZ) (11)
cov(AZ,AX) cov(AZ,AY) mi,
is a block matrix of correlated observations, and i = 1, 2, ..., t; (n = 3¢).

Consequently, robust methods, proposed for correlated observations, should be
used to detect gross errors. A number of such robust methods have been presented in
literature (e.g. Xu, 1989; Yang, 1994; Yang et al., 2002).
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While estimating with the use of robust methods, it is generally necessary to
determine the acceptable range for random measurement errors {(—a, a), e.g. applying
the relation (Hampel et al., 1986)

20% (@) — 1+ 2N (@)/a = 1/(1 - @,) = n/(n — k) (12)

where ®*V (o) is a normal distribution function, flRN (e) is a density function of standar-
dized normal distribution, n is a number of observations, « is a number of observations
suspected of gross errors, @, = «/n is a coeflicient determining gross errors (Tukey,
1960).

When determining the acceptable range for random measurement errors, one can
also use the probability y with which random variable v (v; = |vi|/m,,; m,, = \[Qw)]ii),
fits within the acceptable range

P(—a<v<a)=vy (13)

For example, if a = 1.5 then y = 0.866, if a = 2.0 then y = 0.954, if a = 3 then
v = 0.996.

Due to applying the acceptable range (—a, a) observation weights (for which stan-
dardised corrections v fit into the acceptable range) remain unchanged. They are, how-
ever, modified by weight functions w(v; ;) = ¢;(v;, v;)/v;, where ¢;(v;,v;) = 0p(v;, v;)/0v;,
(i,j=1,2, ..., n) established for various methods (Xu, 1989; Yang, 1994). Various
forms of such weight functions are specified for correlated observations (e.g. Xu, 1989;
Yang, 1994).

In the present study, a weight function of the following form is applied (Xu, 1989)

W) :{ 1 o 1i, <a and \ij <a (14)
[exp(d 'v,;,-|)] vVi>a or Vv;>a
where a, d are positive coefficients.

Since the aim of the present study is only to prove the resistance of the DiSTFA
method to gross errors, any other forms of weight functions will not be discussed in
detail. The issue of the most advisable choice of functions for weight coefficients will
be analysed in subsequent studies by the author.

With weight functions w(\?,-,j), weight modification can be carried out in the
following way

Pii = piiw(Vii) (15)
pij = pijw(i;)
The adjustment problem (4) will thus take the following form
¢(®',8') = (v))"'P(v/) = min
§/ (16)

A

v/ = [A1,Az] [ iy l—lf:AXj—lf
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where P is an equivalent weight matrix the elements of which (equivalent weights) are
determined from (15). The search for a solution with the application of the DiSTFAG
method resistant to gross errors is conducted in two main stages.

The first stage

Preliminary adjustment (for each measuring epoch j =0, 1, 2, ...)

X® = QgATPVI®)
vh = ARY 1@

V= —AQzAT
mg = (V' POV)/f
C(Vk) _ m(2) (vk)

k k 5k k
ml(.’l.) = [Q(V )]i,i, V; = Vl(' )/mgf,)

with k =0, 1, 2, 3 ... (k — number of iterations).

Starting the iteration process (k = 0), P*=” = P is assumed. The iteration procedure
ends when standardised corrections fit into the acceptable range (|v;] < a) for each
observation. The corrections for observations suspected of gross errors obtained from
the final iteration are then added to the observed values, making corrected (by gross
errors) observations.

a7)

The second stage

Observations corrected for gross errors are adjusted with the use of the DiSTFA
method. Due to the limits of the present study, this issue will not be discussed further.
More information on this process can be found in (Kaminski, 2009).

4. Example of practical application

Theoretical considerations were verified on a 3D test network with simulated GPS
measurements (Fig. 1).

XEAVIAZE 2 Y
o8 S

2

obs obs obs on® Z'Z
AXM AYM AZ,, BX(:Q; BY_‘*.Q. %“'A' ,"AXO:SAYZOZSAZ;:S

ot i e e i o !
obs obs obs 3

4,3 A y4,3 AZ«S

Fig. 1. Test network
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It has been assumed that

-1 0 0 1 0 00O0OO0O O O O]
0-1 0 0 1 O0O0OO0OO0O O O O
o 0-1 0 0 10O0OO0O O O O
o 0 0-1 0 O0O010O0O O O O
o 0 0 0-1 001O0 O O O
o 0o 0 0 0-1r0O1 O 0 O
o 0 0 0 O O010O0-1 0 O
Ar=f 0O 0 0 0 0 00O1O0 O-1 0
o 0o 0 0 o0 O0O0O0OT1 O 0 -1
-1 0 0 0 0 O0O0O0OOC 1 O O
Oo-1 0 0 0 0O0OOO O 1 O
0O 0-1r 0 O OO0OOO O O 1
o 0o 0 1 O O0O0O0OO0OS-1 0 O
o 0o 0 0 1 O0O0O0OO0O O-1 0
o 0 0 0 O 10O0O0O O 0 -1
0 -0.001  799.997 |
0.001 0 —-0.002
—799.997 0.002 0
0 0.003 0.002
—-0.003 0 —699.999
-0.002  699.999 0
0 -0.001  799.998
Ay = 0.001 0 —-0.003
—799.998 0.003 0
0 -0.003 -0.002
0.003 0 —700.002
0.002  700.002 0
0 0.002  800.003
—-0.002 0 699.997
| —800.003 —-699.997 0
and the weight matrix P
1.0 0.5 05
P = diag(P,,P,,P;,P4,Ps), where P, =| 0.5 1.0 0.5 |,i=1,2,3,4,5
05 05 1.0

was applied.
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The parameters to be estimated are the components of vectors
S :[SX] 3SY198Z158Xs5 SYs5 57,5 SX595Y35 $Z555X, 55> SZ4]T, and € = [8x,8y,Sz]T

Calculations were carried out in the following variants:

— initial measurement (j = 0),

— variant I — actual measurement ,,;”’ without a gross error,

— variant II — actual measurement ,,;”” with a gross error.

Simulating the results of an actual measurement taking into consideration the
instability of the reference system (variant I), a 6-parameter transformation of the
following form was applied

XZ =Ty +X!- + séYi — sJXZi
Yl./ =Ty, - séXi +7Y + sf(Zi

Z =T +elXi— el + 7

(18)

It has been assumed that the reference system subsided by 1 cm along each coordinate
axis, therefore the translation parameters 7y = Ty = Tz, = —-0.01 m. It was also
subject to rotation and the values of rotation angles assumed for transformations were
Ex =&y =&z = 00004“

Simulations of variant II measurements used data from variant I, and it was
assumed that the following observations were contaminated by gross errors:
AXXZS = —700.042 m (gross error —0.04 m) instead of AXf{f’z‘Y = —700.002 m and

AZ{% = 0.021 m instead of AZ{% = —0.021 m (gross error of 0.042 m). Table 1
presents simulated results of observations used for further analyses.

Table 1. Simulated results of measurements

Vector components Primary measurement Variant I Variant II
[m] [m] [m]
AX {’f;“ 0.002 —-0.003 0.003
AYE 799.997 799.987 799.987
AZ‘{,”Z‘Y 0.001 -0.014 -0.014
AX;’? 699.999 699.989 699.989
AY;’;S 0.002 -0.012 -0.012
AZ;? -0.003 —0.009 —0.009
AXR 0.003 -0.002 -0.002
AYZ”? 799.998 799.988 799.988
AZ;’%" 0.001 -0.014 -0.014
AXj’ﬁ‘ 700.002 699.992 699.992
AY{Z’ -0.002 -0.016 -0.016
AZ;’Z‘ 0.003 —-0.003 —0.003
AXZ{? —699.997 -700.002 -700.042
AYibz“ 800.003 799.997 799.997
AZJ -0.002 -0.021 0.021
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While carrying out calculations using the DISTFAG method, the weight function
(14) (Xu, 1989) was used with d = 3.5. Calculated corrections, their mean errors and
the process of standardization are presented in Table 2.

Table 2. Standardization process

Starting

Correction | = @ e I II Ila 1°
[vi]/m,, 1.2/2.2 =0.54 11.2/6.9 =0.17 | 11.2/13.6 = 0.82 2.7/7.1 = 0.38 1.3/2.2 = 0.59
[vol/m,, |0.6/22=027|19/6.9 =0.28| 1.9/13.6 = 0.13 1.3/8.1 = 0.16 2.1/2.6 = 0.81
[va|/m,, |0.7/22 =0.32|1.8/6.9 =0.26| 8.8/13.6 = 0.64 9.4/8.1 = 1.16 2.1/2.2 =0.95
[v4l/m,, |0.8/2.2 =0.36 |3.2/6.9 = 0.46 | 13.2/13.6 = 0.97 4.8/7.1 = 0.68 0.7/2.2 =0.32
[vs|/myg | 2.1/2.2 =0.95 [0.4/6.9 = 0.06 | 0.4/13.6 = 0.02 0.2/8.1 = 0.02 0.6/2.6 = 0.23
Vel /m,, | 2.2/2/2 = 1.00 |4.8/6.9 = 0.70| 5.8/13.6 = 0.42 6.4/8.1 = 0.79 0.9/2.2 =041
[v7l/m,, |0.8/2.2 =0.36 |3.2/6.9 = 0.46 | 13.2/13.6 = 0.97 4.8/7.1 = 0.68 0.7/2.2 =0.32
[vg| /m,, | 2.1/2/2 = 0.95|0.4/6.9 = 0.06 | 0.4/13.6 = 0.03 0.2/8.1 = 0.02 0.6/2.6 = 0.23
[vol /myy | 2.3/2.2 =1.04 [4.8/6.9=0.70| 5.7/13.6 = 0.42 6.4/8.1 = 0.79 0.9/2.2 =0.41
[viol/my,, | 1.2/2.2 =0.54 |1.2/6.9 = 0.17 | 11.2/13.6 = 0.82 2.8/7.1 = 0.39 1.3/2.2 = 0.59
viil/m,,, |0.6/22 =027 [19/6.9 =0.28| 1.9/13.6 = 0.14 1.3/8.1 = 0.16 2.1/2.6 = 0.80
[vial/m,,, | 0.8/2.2 =0.36 | 1.8/6.9 = 0.26 | 8.8/13.6 = 0.64 9.4/8.1 = 1.16 2.1/2.2 =0.95
Vsl sy, | 0.5/2.6 = 0.19 |4.5/8.0 = 0.56 | 24.5/15.6 = 1.57 | 41.5/167.9 = 0.25 | 49.6/53.9 = 0.92
[Vigl/m,, |2.8/2.6 =1.08 [2.2/8.0 =0.28| 2.2/15.6 = 0.14 3.5/8.5 =041 1.8/2.2 = 0.82
[visl/m, s | 1.5/2.6 = 0.58 [6.5/8.0 = 0.81 | 14.5/15.6 = 0.92 13.3/8.5 = 1.56 | 27.8/53.9 = 0.52

Variant Ila (Table 2) illustrates the results of adjustment obtained after the first
iteration, while variant 11 — results of estimation obtained after iteration ending the
first stage of calculations. In the iterations a = 1.5 was used

Results presented in Table 2 show that in variant II (with a gross error) the correc-
tion [vy3|/m,,, = 1.57 exceeds the acceptable range specified for random measurement
errors. The process of weight modification should thus be carried out with the use of
(14).

The corrections for observations suspected of gross errors obtained from the final
(I1°) iteration should then be added to the direct results of observations. The corrected
results of the primary measurement amount to

AXZZS = -700.0420 m + 0.0496 m = —699.9924 m, and

AZZZS =0.0210 m — 0.0278 m = —0.0068 m.

In the second stage of estimation corrected measurements are adjusted with the
starting weights (before modification by the weight function) (Table 3). Variant IT"
indicates results obtained from the observed values adjusted for gross errors in stage
one.

Differences between the values of vector components in variants II — I and
M — 1 are shown in Table 4.
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Table 3. Adjusted measurement results

Vector Starting measurement I i jigd

component [m] [m] [m] [m]
AX), 0.003 0.001 -0.009 0.003
AYi, 799.998 799.995 799.995 799.995
AZ), 0.002 -0.001 0.010 0.003
AX, 5 700.000 700.002 700.012 700.000
AYy3 0.000 0.002 0.002 0.002
AZy5 0.001 0.002 -0.009 -0.002
AXy5 0.002 0.000 -0.010 0.002
AYy3 800.000 799.998 799.998 799.998
AZy5 -0.001 -0.004 0.007 0.000
AX4 700.001 700.003 700.013 700.001
AV, -0.003 0.000 0.000 0.000
AZ,,4 0.002 0.005 -0.006 0.001
AXy, —699.998 -699.992 —699.972 -699.997
AYy, 800.000 800.005 800.005 800.005
AZy, 0.000 0.004 -0.016 -0.003

Table 4. Differences between adjusted vector components

Vector m-1 m -1
component [mm] [mm]
AX, -10 2
AYy, 0 0
A2 5 11 4
AXy3 10 2
AY, 5 0 0
AZ>3 11 4
AXy3 -10 2
AYy3 0 0
AZ45 11 4
AX 4 10 -2
AV 14 0 0
A4 11 4
AXys 20 5
AV, 0 0
AZ4, 20 -7
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Results presented in Table 4 show that by applying the algorithm proposed in this
paper, better results were obtained in variant IT".

Further calculations concerning displacements can be carried out in the way pre-
sented e.g. in (Kaminski, 2009).

5. Conclusions

The present paper puts forward a proposal for making the DiSTFA method robust
to observations contaminated by gross errors. The method proposed has been named
DiSTFAG. The DiSTFAG method makes it possible to carry out specialised analyses
in cases when measurements are taken in unstable reference systems and there is a
suspicion that the observations could be contaminated by gross errors.

The following general conclusions can be drawn from the analyses performed on
the simulated surveying network:

1. The DIiSTFAG method can be used for detection of the observations suspected of
the gross errors.

2. In case the gross errors occurs in the network the calculation algorithm consists of
2 stages:

— stage 1 is the initial adjustment, in which the observations suspected of gross
errors are pointed out and the measurement results are corrected;

— stage 2 is the use of the DiSTFA method and pointing out the displacement
and strains.

3. From the data presented in Table 4, it can be deduced that after using the two-stage
and robust to gross errors DiSTFAG method the results (vectors’ components)
obtained are better and are within the range of <—7 mm; 5 mm>, while the results
obtained from a non-robust method are within the range of <—20 mm; 20 mm>.

4. The possibility of the gross errors detection (while detecting the displacements and
strains) that is done on the basis of the surveying observations made using only
one measurement technology is one of the important advantages of the DiISTFAG
method. There could be situations in which there will be impossible to repeat the
measurements contaminated by gross errors (including the measurements necessary
for the proper interpretation of results).

The presented example of practical application signals only the need for more detailed
theoretical and empirical analyses. The main problem concerns the choice of the most
favourable form of the weight function determined for correlated observations so that
the observations suspected of gross errors could be identified. Additionally, a series of
analyses should be carried out on actual surveying networks. These issues will be the
subject of more detailed further research conducted by the author.
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Odporna na bledy grube metoda DiSTFAG w monitoringu przemieszczen
i odksztalcen w niestabilnych ukladach odniesienia
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Streszczenie

W niniejszej pracy zaproponowano uodpornienie metody DiSTFA (Displacements and Strains using
Transformation and Free Adjustment) na bledy grube. Metod¢ DiSTFA opracowano do wyznaczania
przemieszczeni i odksztalcern obiektéw inzynierskich w niestabilnych ukfadach odniesienia jak réwniez
badania statosci punktéw dostosowania. Metoda DiSTFAG jest rozwinigciem metody DiSTFA uwzgled-
niajgcym w rozwigzaniu obserwacje obarczone bledami grubymi. Teoretyczne rozwazania uzupetniono
przyktadem praktycznego zastosowania na symulowanej, tréjwymiarowej osnowie geodezyjne;j.
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