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Comparison of selected theoretical models of bubble

formation and experimental results
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Abstract Designers of all types of equipment applied in oxygenation
and aeration need to get to know the mechanism behind the gas bubble
formation. This paper presents a measurement method used for determi-
nation of parameters of bubbles forming at jet attachment from which the
bubles are displaced upward. The measuring system is based on an opti-
cal tomograph containing five projections. An image from the tomograph
contains shapes of the forming bubbles and determine their volumes and
formation rate. Additionally, this paper presents selected theoretical mod-
els known from literature. The measurement results have been compared
with simple theoretical models predictions. The paper also contains a study
of the potential to apply the presented method for determination of bubble
structures and observation of intermediate states.
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Nomenclature

CD – drag coefficient
d – bubble diameter
dE – dimensionless diameter of the bubble
do – orifice diameter
FB – buoyancy force
FD – drag force
FI – inertia force
Fp – liquid pressure force
Fσ – surface tension force
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Fr – Froude number
g – gravitational acceleration
Q – gas flow
Re – Reynolds number
t – time
We – Weber number
v – velocity of bubble mass center
x – distance between the bubble centre and the nozzle

Greek symbols

ρl – density of liquid
ρg – density of gas
σ – surface tension
ηC – kinematic viscosity of the liquid
θ – contact angle

1 Introduction

Designers of many devices, especially aerators and pressure aerators, need
to know the mechanisms of gas bubble formation. In pressure aerators, gas
is pumped under pressure into the liquid by means of diffusers containing
a system of nozzles for generation of fine gas bubbles. The forming bubbles
have different concentrations and shapes, which are relative to the nozzle
diameter. In the case of a single hole, big bubbles are formed, and they
cause pulsation. In the case of perforated grates, much smaller bubbles are
generated, and they coalesce at some distance from the nozzle. The smallest
bubbles form in the case of the porous plate, but it requires high gas over-
pressure, therefore, this type of situation is rare in industry. Under low rate
of gas discharge from the nozzle, bubbles are ball-shaped and they develop
at the nozzle edge [1]. In practice, such phenomena occur only in the case of
gravitational gas discharge. As the gas flow rate increases, the diameter of
the forming gas bubble is dependent not only on the hole diameter, but the
volumetric gas flow intensity as well. For larger gas flow rates, phenomena
caused by dynamic forces are becoming dominant, and the bubbles start to
form at a long distance from the nozzle. In such a case, the forces connected
with surface tension start to play a less important role.

The paper describes tests of the forming gas bubbles at the nozzle with
a 2 mm hole located at the bottom of the round column, whose diameter
is 80 mm. An optical tomograph with five projections was used for mea-
surements of volumes of the forming bubbles [2,3]. The test results were
compared with theoretical relationships known from literature [4].
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2 The models of bubble formation

The problem of gas bubble formation was limited to the nozzle with a single
circular hole, and the forming bubbles flow upward. It was also assumed
that the bubbles are formed in the liquid in a stationary state. The litera-
ture in the field contains a variety of techniques used for modelling bubble
formation process under such assumptions.

One paper [5] contains a classification of the models of bubble forma-
tion in which a distinction is made between spherical and nonspherical ones.
Spherical models include such solutions in which the forming bubbles take
the form of a ball. In addition, 3 types of models are distinguished, i.e., one-,
two- and three-stage. This is associated with the adopted assumptions, in-
volving the calculation of the final volume of the forming bubbles based on a
single, two or three stages in which its shape is established. One stage mod-
els include static models [1] and refer to very small flows in which dynamic
forces are disregarded. This group also includes models which account for
dynamic forces but are based on an assumption that a bubble takes the
form of a sphere which continuously increase its volume. The most popular
ones include models by Davidson and Schuler [6,7], Hayes [8] and Swope [9].
Two-stage models are the ones based on the foundation that the separation
of the bubble occurs in two phases. The first one includes the formation of a
bubble and is followed by another in which the bubble separates. The most
familiar models are ones due to Ramakrishnan-Kumar-Kuloor [10], Tsuge
and Hibino [11], Miyahara [12], Gaddis and Vogelpohl [13] and Wraith [14].
Three-stage models are based on the assumption that after the separation
of a bubble from the nozzle it remains in a stationary state for some time,
i.e., the increase of the volume of residual gas does not occur in the nozzle
after the separation of the bubble. The familiar models include the ones
developed by Kupfererg and Jameson [15] and Tsuge and Hibino [16]. An
assumption is made in nonspherical models that the shape of the forming
bubble is dependent on the distribution of pressures along its surface. The
most common models can be referred to Tan and Harris [17,18], Hooper [19],
Marmur and Rubin [20]. In paper [21] there is an additional distinction
made between quasi-spherical models, examples of which include ones de-
veloped by Pinczewski [22,23], Taresaka and Tsuge [24], and Yoo [25].

This paper includes a proposition of a static model additionally sup-
plemented by inertia forces, which can be classified as a spherical one-stage
model. The undertaken calculations include the void fraction of the forming
bubbles and the results are compared with the results of measurements from
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experiment. Additionally, a comparison is made with the selected models
known from literature.

The static model completed with the dynamic forces static models, i.e.,
the ones which do not account for the operating inertia forces can have
application only to very small gas flow rates [26,27]. For the case of larger
gas streams it is necessary to consider also the dynamic phenomena in the
process of gas bubble formation as the dynamic forces start to play a sig-
nificant role in it. In the developed model an assumption is made that the
bubbles are formed on the edge of the nozzle and they are not affected by
the bubbles which were formed before, and the surrounding liquid is in the
stationary state. In addition, it is assumed that the volume of the gas which
originates in the nozzle results in the increase of the volume of the bubble
and forces associated with the compressibility of gas are disregarded. The
distribution of the forces acting on the bubble is presented in Fig. 1. These
forces can be classified either as static or dynamic. Static forces include
buoyancy force, surface tension force and hydraulic head force. Dynamic
forces are associated with the velocity at which the center of the bubble
mass moves. They include the inertia force of the mass and drag forces.
The proposed model of gas bubble formation was based on the balance of
forces acting on a bubble. On its basis it is possible to derive the diameter
of the forming bubble under the assumption that it is round and the instant
when the bubble separates coincides with the balance forces equal to zero.
The equation of the balance of forces takes the following form:

FB − Fσ − FI − FD − Fp = 0 . (1)

Buoyancy force FB is expressed as the mass of the liquid with the volume
of the gas bubble minus its weight. It is derived from the following relation:

FB =
πd3

6
(ρl − ρg) , (2)

where: ρl – density of liquid, ρg – density of gas, g – gravitational acceler-
ation, d – bubble diameter.

Surface tension force Fσ acts in the tangential direction of the bubble
surface at the contact point between the bubble and the edge of the hole
(Fig. 1). Buoyancy force is counteracted only by the component of the
vector of surface tension force and therefore, the formula for the surface
tension force it is accounted for by means of the contact angle

Fσ = σπdo sin θ , (3)
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Figure 1: Static model with the dynamic forces of gas bubble formation.
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Figure 2: Measurement of contact force: a) idea of the measurement b) bubble image.

where: σ – surface tension, do – orifice diameter, θ – contact angle.

The contact angle is defined in terms of the components of the surface
tension force. Its value is dependent on the surface tension forces acting
between the liquid and gas, gas and material from which the nozzle is made
and the material used for nozzle construction (Fig. 2a). In the experiment,
a brass nozzle was applied and the contact angle was determined on the
way of an experiment, on the basis of photos taken from bubbles which
were attached to a brass plate immersed in water (Fig. 2b). A series of such
experiments was undertaken and the mean value of the contact angle was
determined to be equal to 48◦.

Inertia force FI – force which is defined as the volume of the bubble
with the density of the liquid which is transferred along it. The literature
of the subject often defines the apparent mass to be equal to 11/16 of the
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volume of the bubble [28]. This relation is accounted for in the equation to
which inertia of the gas is added

FI =

(

11

16
ρl + ρg

)

πd3

12

dv

dt
=

(

11

16
ρl + ρg

)

2Q2

3πd2
, (4)

where: v – velocity of bubble mass center, t – time, Q – gas flow.
Drag force FD is associated with the velocity with which the mass center

of the bubble is displaced. It is defined as follows:

FD = CDρl
Q2

8πd2
, (5)

where CD is the drag coefficient. In the literature it is defined in different
manners [28,29,30]. The relations adopted for the purposes of this paper
are taken from [12], where the drag force for bubbles with a ball shape of
is defined as

CD =
24

Re
(1 + 0.15Re0.687) , for Re < 1000 (6)

and
CD = 0.44 , for Re > 1000 ,

where Re denotes the Reynolds number, which is defined in the following
way:

Re =
vdρl
ηl

, (7)

ηC is the kinematic viscosity of the liquid.
Liquid pressure force Fp is a force resulting from the pressure of liquid

above a bubble. Due to the adopted assumption of a spherical shape of the
bubble, the greatest cross-section area is found in the middle of its height,
which corresponds to the half of its diameter. The formula expressing the
pressure force for such assumptions takes the form

Fp =
π

8
(d3 − d2od)ρlg . (8)

2.1 The Davidson-Schuler model

The Davidson-Schuler is based on the balance of forces acting on the bubble
while the bubble volume increases continuously. It is assumed that the
bubble takes the shape of a sphere, and separation of the bubble from the
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nozzle takes place at the instant when the bubble centre is displaced at the
distance equal to the sum of the hole radius and the bubble radius. Uplift
pressure force and inertia of the liquid film moving along the bubble are the
most important forces. Under such assumptions, the equation proposed by
the authors takes the following form [6,31]:

Vb(ρl − ρg)g =
d

dt

{(

11

16
ρl + ρg

)

Vb
dx

dt

}

, (9)

where x is the distance between the bubble centre and the nozzle.
For a given gas flow rate at the moment of the gas bubble separation

from the hole its volume is determined by the equation:

Vb = 1.378Q6/5g−3/5 . (10)

2.2 The Ramakrishnan-Kumar-Kuloor model

The model assumes two stages of the bubble formation. The first stage
of growth assumes that the bubble forms at the hole edge and gradually
increases its volume. The bubble shape is close to a sphere. If the forces
displacing the bubble upward are greater than the forces acting on the
bubble downward, the second stage (i.e., stage of separation of the bubble
from the hole) starts. At this stage the so-called gas neck forms; it sustains
the contact of the bubble with the hole. The moment when the bubble
separates occurs when the length of gas neck becomes equal to length of
the bubble radius, rI , in the last phase of its growth [32,33,34]. The balance
equation of forces acting on the bubble is used for determination of the final
volume of the first stage

V
5/3
bI =

11q2g

192π
(

3
4π

)2/3
g
+

3ηlqgV
1/3
pI

2
(

3
4π

)2/3
ρlg

+
πdoσl cos θV

2/3
bI

gρl
, (11)

where θ is the contact angle.
The final volume of the bubble, VbII , after separation from the nozzle is

calculated from the following equation [33]:

3

√

3

4

Vbl
π

=
B

2qg(A+ 1)

(

V 2
bII − V 2

bI

)

−

− C

qgA
(VbII − VbI)−

3D

2qg
(

A− 1
3

)

(

V
2/3
bII − V

2/3
bI

)

, (12)
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where rI is the final radius of the bubble in the first phase of formation,

rI =
3

√

3

4

Vbl
π
, A = 1 + 1.25

6πrIηl

qg
(

ρg =
11
16ρl

) ≈ 1 +
120πrIηl
11ρlqg

,

B =
(ρg + ρl)g

qg
(

ρg +
11
16ρl

) ≈ 16g

11qg
, C =

πdoσl cos θ

qg
(

ρg +
11
16ρl

) ≈ 16πdoσl cos θ

11ρlgg
(13)

D =
3ηl

2
(

3
4π

)1/3 (
pg +

11
16ρl

)

≈ 24ηl

11ρl
(

3
4π

)1/3
. (14)

2.3 The Swope model

This model is a very simple one. It is based on the dimensionless equation
for determination of the bubble diameter [9]:

Fr d5E +

(

1− 1

We

)

d2E +

(

1

We
− 1

Re

)

dE − 1

12
= 0 , (15)

where dE =
dp
do

is the dimensionless diameter of the bubble, and

Fr =
gπ2d50(ρl − ρg)

25ρlQ2
, Froude number; , (16)

We =
4ρgQ

2

π2d30σl
, Weber number, (17)

Re =
3ρgQ(µl + µg)

doµlπ(2µl + 3µg)
, Reynolds number. (18)

3 Measuring system

The measuring system includes an optical tomograph with a scattered light
beam [2]. The beam is emitted from a single point light source, and next
detection is made within the radius of the beam scattering (Fig. 3a).

The system used in the measurements included a 76 mm diameter pipeline.
Five light sources were located around the pipeline. A light source was a
55 W light bulb. The scanning planes were arranged at different distances
along the pipeline axis, so it was possible to determine velocities of the
moving objects. Sixty four phototransistors were used as detectors of the
light beam for each of the five projections.
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a) b)

Figure 3: Optical tomograph: a) structure of the measuring system, b) idea of the shape
reconstruction.

The measuring space of the tomograph was filled with water where a noz-
zle with a 2 mm diameter hole was placed. Air was delivered from a gas
cylinder, and the gas stream was measured by means of an electronic flow
sensor. The image reconstructed by the tomograph includes a regular net,
particular pixels of which define the area which is occupied by gas. Each suc-
cessive frame of the image is registered with a constant time step (Fig. 3b).
Thus, it is possible to reconstruct bubble shape and calculate its volume.

4 Results of measurements of the forming
bubble shape

For low gas flow rates, the bubbles are spherical and they form at the
nozzle edge. In practice, such phenomena take place only for the case of the
gravitational gas flow. As the gas flow rate increases, the diameter of the
forming bubble does not only depend on the hole diameter but the value of
the volumetric gas flow rate as well.

In the case of very small flow rates, the bubbles separate as groups of a few
or several bubbles, and next there is a break in their emission. As the gas
flow rate increases, the breaks become shorter and the number of bubbles
in one group increases. Bubbles take a characteristic spherical shape with
a cylindrical foot at the bottom (Fig. 4). As the gas stream increases, this
part becomes longer causing increase of the volume of the forming bubble.

An increase of the gas stream from the nozzle results in an increase of
the influence of dynamical forces acting on forming bubbles. Consequently,
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0.1 cm /s            0.2 cm /s           0.33 cm /s       0.53 cm /s          0.6 cm /s
3 3 3 3 3

Figure 4: Results of measurements of the bubble shapes for the unrestricted flow (Re <
1.4 × 10−4, Fr > 400).

0.78 cm /s        1 cm /s         1.4 cm /s      1.8 cm /s       2.5 cm /s       3.3 cm /s
3 3 3 3 3 3

Figure 5: Results of measurements of the bubble shapes for the transient flow (1.4×104 <
Re < 9× 10−4, 400 > Fr > 10).

an increase of the diameter of the spherical part occurs accompanied by
a decrease of the cylindrical part (Fig. 5). It is caused by the fact that
the gas flowing with a high velocity has a greater resistance to motion.
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The liquid swirls caused by such gas flow affect the formation of successive
bubbles and lead to differences in volumes and shapes of the separating
bubbles. We can observe the formation of the spherically-shaped bubbles
with no cylindrical parts. It is a beginning of the transient state leading to
formation of the chain of bubbles.

4.3 cm /s             5.25 cm /s           5.8 cm /s         6.9 cm /s            8 cm /s
3 3 3 3 3

Figure 6: Results of measurements of the bubble shape for the chain flow (Re > 9×10−4,
Fr < 10).

During the transient flow, the increase of the gas stream does not affect
a significant change of the diameter of the spherically-shaped parts of the
forming bubbles. However, it is reflected in the intensity of bubble for-
mation. Bubbles forming over a short time, one by one, result in liquid
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Figure 7: Comparison of the measuring results obtained for volumes of the forming bub-
bles with theoretical models.

circulation in the surroundings of the forming bubbles. As a consequence,
additional forces originate which deform the forming bubbles. The irregu-
larity in bubble formation and the gas flow increase become more intense,
and the cylindrical part decays.

As the gas stream increases, turbulence of bubble formation increases as
well. It is more difficult to define the point where the bubbles separate. At
the nozzle tip there is a continuous gas flux which takes different shapes.
We can observe characteristic chains which separate from the nozzle. Next,
while they are in motion, they separate into successive bubbles. The char-
acteristic formation of the chains is presented in Fig. 6. As the gas stream
increases, intensity of the bubble chain separation increases, too.

The experimental results obtained by applied method are shown in
Fig. 7. The experimental data were compared with the theoretical mod-
els. Some divergences of the measuring results for greater gas flow rates
can be explained by non-stationary course of phenomena occurring during
bubble formation.
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5 Comparison between theoretical and experimen-
tal bubble formation

Theoretical models were compared with experimental results obtained by
this method (Fig. 7). The bubble volumes for different gas streams were
measured by means of an optical tomograph, and three-dimensional im-
ages were applied for the calculations of the volumes of particular bubbles.
In the figure above, the solid lines denote the calculation results for the
static model and models proposed by Davidson-Schuler, Ramakrishnan-
Kumar-Kuloor and Swope. The theoretical results are different depending
on a particular model. The static model can be applied only in the case of
free formation of bubbles. The experimental points overlap with the results
known from literature. It proves the correctness of the developed models
and convergence with the theoretical data. The Davidson-Schuler reflects
well the experimental data for greater values of the gas flow rates. For the
case of the very slow rate of the gas it tends to indicate a lower volume of
the bubbles. For the case of small and large gas streams a good approxi-
mation can be achieved by the application of the Swope model. However,
this model indicates a considerably different curve of the bubble volume
in relation to the data gained from experiments, in the middle part of the
chart in Fig. 7. A good conformity of the results with experimental data
was achieved for the Ramakrishnan-Kumar-Kuloor model. However, this
model is based on a two-stage process of calculating the volume fraction of
the bubbles. On this basis a conclusion can be made that one is justified
to search for one-stage models, as they are able to approximate the val-
ues of the bubble volume for small flow rates of gas. The proposed static
model accounting for dynamic forces confirms that the values from calcula-
tion overlap with the experimental results for small gas rates in the range
up to 5 cm3/s. This function offers a satisfactory conformity with exper-
imental data. By comparing the results of the research one can conclude
that among the discussed theoretical models in the range up to 5 cm3/s the
static model offers the biggest conformity of the results. For the range of
the greater gas rates it requires some modifications to be introduced. The
models assume bubble formation in a motionless water, and in practice,
for great flow rates of gas, water does not remains at rest, but successive
bubbles cause its circulation.
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6 Conclusions

The method of optical tomography was used for the measurement of both
the shape and velocity of the bubbles formed at the outlet of circular nozzle
in a plate. In this way, it is possible to find the relation between the gas
stream and the volume of bubbles. The experimental results have allowed
verification of the known theoretical models.Optical tomography can be
applied for research into gas bubbles forming at the slot or other devices for
bubble distribution.
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