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Abstract 

In this paper, we present a synthesis of the parameters of the fiber Bragg grating (FBG) and the reconstruction 

of the distributed strain affecting the grating, performed by means of its reflection spectrum. For this purpose, 

we applied the transition matrix method and the Nelder-Mead nonlinear optimization method. Reconstruction  

results of the strain profile carried out on the basis of a simulated reflection spectrum as well as measured 

reflection spectrum of the FBG indicate good agreement with the original strain profile; the profile 

reconstruction errors are within the single digit percentage range. We can conclude that the Nelder-Mead 

optimization method combined with the transition matrix method can be used for distributed sensing problems. 
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1. Introduction 
 
Fiber Bragg gratings are commonly used as sensing elements for measuring strain, 

temperature and pressure. They convert these quantities to changes in the Bragg wavelength.It 
is assumed that the distribution of the converted quantity is uniform. Spectra of a FBG contain 

information on the grating parameters and thus on the distribution of the quantities affecting 
the grating. As a result, it is possible to reconstruct the estimates of the parameters of the FBG 

and the distribution of the measurand acting on it by measuring the grating spectra.  
The so formulated problem becomes an inverse problem and solving it involves certain 

difficulties. The fact that a FBG is a nonlinear element increases the level of difficulty. 

Reconstructing a measurand using the grating spectra is called intra-grating sensing [1−3]. 

The reconstruction of the grating physical parameters is an identification problem. A number 
of methods have been developed to solve such problems. Some of them rely only on the 

measured intensity reflection spectrum [1, 2, 4−15], others depend on the phase spectrum 
[1, 3], and still others base on both [1, 4, 9]. They include the Fourier transform method [1, 3], 
the time-frequency analysis method [4], the Gelfand-Levian-Marczenko method [5], the 

optimization methods [6−8] the layer-peeling algorithm [9], and the genetic algorithms 

[10−13]. In practice, the methods based on the measured intensity spectrum of the grating are 
the most common because this spectrum is easy to measure. The measurement of the grating 

phase characteristics requires a complex and expensive measurement system, which is much 
more difficult to set up than it is the case with the reflection spectrum measurements.  
The paper presents solutions to the inverse problems, namely the determination of the 

estimates of the grating parameters and the calculation of the estimates of the strain 
distribution along the Bragg grating, which are based on the intensity reflection spectrum of 

the grating. The Nelder-Mead simplex algorithm and the transition matrix method are used 
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to solve the problem. These calculations were carried out on the basis of a simulated 

reflection spectrum as well as a measured reflection spectrum of the FBG. 
 

2. Reconstruction of the grating parameters and the strain distribution 

 
The sequence of procedures in the problem posed is as follows. First, the reflection 

spectrum of the uniform grating for its set parameters is calculated. Next, the parameters of 
the grating are reconstructed on the basis of the calculated reflection spectrum, after adding 
noise. The next stage involves the calculation of the reflection spectrum of the grating 

subjected to a given strain distribution. The reconstructed parameters of the grating are used 
for this purpose. Finally, the strain distribution is reconstructed on the basis of the calculated 

spectrum with added white noise. 
The reflection spectrum of a non-uniform FBG can be calculated using the matrix method 

[16]. The most important equations of this method will be given further in this section. 

The effective refractive index of an optical fiber, which characterizes the FBG, can be 
described by the following function: 
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where no is the mean value of the refractive index, δneff is the amplitude of the variation of the 

refractive index, z is the distance along the fiber’s longitudinal axis, Λ is the grating period, 

and φ (z) describes the grating chirp. 

The grating period, whose change is caused by the strain with the profile ε (z), can be 
expressed as: 
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where Λ0 is the initial period, and pe is the strain-optic coefficient. 
The grating apodized with a Gaussian profile can be described by the formula: 
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where L is the grating length and ρ is the parameter of the Gaussian function width. 
The mathematical model of a FBG is a pair of coupled differential equations describing the 

interaction between the propagation mode with the complex amplitude A(z) and an identical, 
counter-propagation mode with the amplitude B(z): 
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where σ and κ are the coupling coefficients defined as: 
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where λB is the Bragg wavelength λB = 2neffΛ. 
In order to obtain solutions to (4), the grating is divided into M uniform sections. In each 

section with  the length ∆z, the coefficients σ and κ are constant. The light  wave propagation  
through each section k (k = 1,…M) is described by the equation: 
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where Ak, Bk are amplitudes of the light waves after the transition of the k-th section; 
the transition matrix Tk takes the form: 
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where 22
σκγ −= . 

The total grating structure can be described by the matrix T, which is the product of the 
transition matrices of all sections: 
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The spectrum of the beam reflected by the grating is calculated taking into account the 
boundary conditions A0 = 1 , B0 = 0. 

The power reflection coefficient for the whole grating takes on the form: 
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From the above relationships, it is possible to calculate the reflection spectrum of the FBG 

for the given parameters L, Λ, δneff, ρ and ε(z). 
The reconstruction of the strain profile and the synthesis of the grating are performed using 

one of the optimization techniques, i.e. the Nelder-Mead simplex method. In an n-dimensional 

space, that is when n parameters have to be reconstructed, a simplex is a geometric figure that 
has n + 1 vertices. The Nelder-Mead method involves the transformation of the simplex 

selected at the beginning of the calculations xi (i = 1,…,n + 1) in such a way that its worst 
point (the highest value of the objective function) is replaced with a new, better point. 
Decisions on a new location of the simplex vertices are made on the basis of the values of the 

objective function at the current points. The transformation of the simplex is continued until 
the distance between its vertices in the vicinity of the minimum sought is not greater than the 

assumed accuracy. The initial simplex is constructed around a given starting point x0 by 
changing individual coordinates by 10%. The mean square deviation between the modeled 

and the reconstructed spectra of the grating is assumed to be the objective function: 
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where Rmod(λ) and Rrec(λ,α1,…,αn) are the modeled and the reconstructed spectra of the 

grating, respectively. The optimal values of parameters α1,..., αn are obtained by determining 

the minimum of the objective function f (α). The diagram illustrating the optimization stages 
is shown in Fig. 1. 
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        Fig. 1. Diagram showing the stages of the optimization procedure. 

 
A detailed description of the Nelder-Mead method can be found in [17]. 

 

3. Results of the simulation 

 
First, the parameters of the unstrained grating are reconstructed. The FBG is characterized 

by the following parameters: L, Λ, δneff, and ρ. The reflection spectrum of the grating is then 

calculated for the assumed values of the grating parameters shown in Table 1 and apodized 
with a Gaussian function according to (3), using the transition matrix method. The calculated 
spectrum is presented in Fig. 2. The spectral resolution of the simulation is set at 0.01 pm. 
White noise is added to the calculated spectrum. For the sake of the simulation, the grating is 
divided into fifty equal sections. On the basis of the calculated reflection spectrum, the 

reconstruction of the grating parameters is performed using the Nelder-Mead simplex 
algorithm with the objective function, in accordance with (10), where it is assumed that 

α1 = L, α2 = Λ, α3 = δneff, α4 = ρ. The optimization procedure is performed as shown in the 

diagram in Fig. 1. The values of the parameters with a 40% deviation from the original ones 
are assumed to be the starting values of the reconstructed parameters. The results of the 

reconstruction of the grating parameters, together with the reconstruction errors, are presented 
in Table 1. 
 

Table 1. Reconstruction results of the physical parameters of the FBG. 
 

Parameters 
Original 

values 

Reconstructed 

values 

Maximum 

relative error 

L (mm) 10 9.963 3.7×10
-3
 

Λ (nm) 530.834 530.833998 3.9×10
-7
 

δneff (10
-5) 26 25.880 4.6×10

-3
 

ρ 0.5 0.481 3.9×10
-2
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The calculations indicate that the parameters L, δneff are reconstructed with an error not 

greater than 0.5%, whereas the grating period Λ is reconstructed very accurately because the 

error does not exceed 4·10‒5%. The value of the parameter of the apodization function ρ is 

reconstructed least accurately; here, the reconstruction error amounts to 3.9%. On the basis of 
the reconstructed parameters of the grating, the reflection spectrum is calculated. Fig. 2 
presents the grating reflection spectra, i.e. the original one and that calculated from the 

reconstruction. The agreement between the shapes of the spectra is very good, which results 
from the exact reconstruction of the grating parameters. 

 

 

Fig. 2. Simulated reflection spectrum with 2.5% noise and reconstructed reflection spectrum of the grating. 

 

The next step involves the reconstruction of the strain distribution, which is performed on 
the basis of the modeled spectrum, generated by the original strain distribution. It is assumed 

that the strain distribution is a first order function: ε (z) = a1 + a2z. Once the grating 

parameters L, Λ, δneff and ρ are determined in the first stage, a1 and a2 become the unknown 

parameters. Like in the first stage, the proposed method can be employed to determine the 

values of the two parameters and, accordingly, to reconstruct the strain distribution ε (z). 
At this stage of the reconstruction, the assumed parameters of the grating are as follows 

L = 10mm, Λ = 530.834 nm, δneff = 26·10
‒5
 and ρ = 0.5. The grating is also divided into fifty 

sections (M = 50). Fig. 3 shows the simulated strain profile and the reconstructed strain 

profile for two different pairs of the parameters a1 and a2. The results of the errors of the 
reconstruction of the strain profile are presented in Table 2. From the table it is clear that the 
reconstruction error for the strain (parameter a1) is less than 0.1%, whereas the reconstruction 

error for the strain gradient (parameter a2) does not exceed 1.5%. The spatial resolution of the 
reconstructed strain profile, which is 0.2 mm, results from the assumed number of FBG 

sections in the transition matrix method. 
 

Table 2. Errors of the reconstruction of the strain profile. 
 

ε
 
(z) 

Reconstructed values of the strain 

polynomial coefficient 

Strain 

error 

a1[%] 

Gradient 

error 

a2[%] a1[µε] a2[µε/mm] 

1209µε+(13.44µε/mm)z 1210.27 13.63 0.056 1.40 

2419µε+(26.88 µε/mm)z 2421.04 27.20 0.076 1.21 
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Fig. 3. Simulated strain profile and reconstructed strain profile: a) ε (z) = 1209µε + (13.44µε/mm)z;  

b) ε (z) = 2419µε + (26.88 µε/mm)z. 

 

 
The simulated reflection spectrum and the reconstructed reflection spectrum of the grating 

subjected to distributed strain ε (z) = a1 + a2z for two pairs of the parameters a1 and a2 is 
shown in Fig. 4. It can be seen that the shapes of these spectra, as well as their central 

wavelengths, are almost identical. Moreover, it can be noticed that the strain with the linear 
profile (i.e. the strain with the constant gradient) broadens the reflection spectrum and reduces 
the peak reflectivity. The relative 3 dB bandwidth of the grating is linearly dependent on the 

strain gradient in the range 0−26.88 µε/mm. A reduction in the peak reflectivity is observed 

for the strain gradient above 25 µε/mm. These results are consistent with the experimental 

results published in [18−20]. 
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Fig. 4. Simulated reflection spectrum and reconstructed reflection spectrum of the grating for the strain profile: 

a) ε (z) = 1209µε+(13.44µε/mm)z; b) ε (z) = 2419µε+(26.88 µε/mm)z. 

 

4. Reconstruction results based on the the measured spectrum  
 
Like in the simulation, we began with a synthesis of the parameters of the measured 

grating based on the measured reflection spectrum of the unstrained grating. Then, using these 
parameters and the measured reflection spectrum of the grating subjected to distributed strain, 
we applied the Nelder-Mead optimization procedure to reconstruct the strain profile. The 

measurements of the reflection spectrum of the unstrained fiber Bragg grating as well as the 
grating subjected to distributed strain were performed using a measuring setup described in 

[18]. The spectral resolution of the measurement of the reflection spectrum was equal to 5 pm 
at the wavelength range of 5 nm. The measurements were conducted for a cantilever beam 
with a FBG installed on it. The beam was subjected to a load at the free end. The distributed 

strain produced in the beam can be expressed in the form of a strain with a constant gradient. 
This distributed strain acting along the grating can be written as: 

 z
dz

d
z

ε

εε +=)( , (11) 
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The strain ε and the strain gradient dε/dz are linearly dependent on the beam deflection. 
The measurement results were used to reconstruct the strain profiles. According to the 

specifications provided by the producer, the grating length was 10 mm. Thus, the parameters 

to be reconstructed were: α1 = Λ, α2 = δnef, α3 = ρ. Their values were determined using the 
measured reflection spectrum of the unstrained grating. The reconstruction results are given in 

Table 3. 
 

Table 3. Reconstruction results of the physical parameters of the FBG. 
 

Parameters Reconstructed values 

Λ (nm) 530.836 

δneff (10
-5
) 259.329 

ρ 0.3606 

 
Using the reconstructed parameters of the grating, we calculated its reflection spectrum. 

Fig. 5 presents the measured spectrum and reconstructed spectrum of the grating. It can be 
seen that there is good agreement between the shapes of these spectra and their central 
wavelengths. 

 

 

Fig. 5. Measured reflection spectrum and reconstructed reflection spectrum of the grating. 

 

Subsequently, knowing the grating parameters and the measured reflection spectrum of the 
grating subjected to distributed strain, we performed calculations to reconstruct the 
parameters of the distributed strain. Fig. 6 shows the reconstructed strain distribution 

toghether with the corresponding distribution determined from the relationships assumed for a 
cantilever beam being deflected. The following well-known relationship for a deflected 

cantilever beam strain was used: 

 f
l

hl
3

0
2

3
=ε , (12) 

where: f, l0, h, l are the deflection, length and thickness of the beam, and l is the distance from 

the free end of the beam. 
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If one relates the axial coordinate of the beam l and the axial coordinate of the grating to 

the expression l = lc + z , where lc is the distance of the center of the grating, mounted on the 
beam, from the free end of the beam, then on the basis of relation (12) the terms of the right 
side of formula (11) are given by the relations: 

 
3 3

0 0

3 3
and ,

2 2

c
hl d h

f f
l dz l

ε

ε = =      (13) 

where ε is the strain of the center of the grating. 

Assuming that the values of the parameters of the distributed strain, ε and dε/dz, 
determined from relationships (13) were the reference values, we calculated the maximum 
relative errors of the reconstruction of these parameters, which are given in Table 4. From the 
table we can see that the the error of the reconstruction of the strain is less than 0.5%, while 

the error of the reconstruction of the strain gradient does not exceed 3.0%. 
 

 
 

Fig. 6.  Calculated strain profile and reconstructed strain profile: a) ε (z) = 1209µε+(13.44µε/mm)z;  

b) ε (z)= 2419µε+(26.88 µε/mm)z. 
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Table 4. Errors of the reconstruction of the strain profiles. 
 

Calculated values 

of the strain 

polynomial coefficient 

Reconstructed values 

of the strain 

polynomial coefficient 

Strain 

error 

a1[%] 

Gradient 

error 

a2[%] 
a1[µε] a2[µε/mm] a1[µε] a2[µε/mm] 

1209.6 13.44 1205.33 13.11 0.35 2.45 

2419.2 26.88 2408.34 26.10 0.45 2.92 

 

Figure 7 presents the measured reflection spectrum and the reconstructed reflection 

spectrum of the fiber Bragg grating subjected to the strain distribution ε (z)= ε + (dε/dz)z for 
two different pairs of the parameters a1 and a2. We can see that there is good agreement 

between the shapes of these spectra as well as their central wavelengths. 
 

 
 

Fig. 7. Measured reflection spectrum and reconstructed reflection spectrum of the grating for strain profile:  

a) ε (z)= 1209µε+(13.44µε/mm)z; b) ε (z)= 2419µε+(26.88 µε/mm)z. 

 

5. Conclusions 

 

In the study, we applied the Nelder-Mead simplex algorithm and the transition matrix 
method to synthesize the parameters of the fiber Bragg grating and reconstruct the strain 
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profile along the grating length by using the grating reflection spectrum. The simulation 

calculations showed that the synthesis of the grating parameters was performed with an error 
not exceeding 0.5%, whereas the reconstruction of the strain profile was conducted with an 
error less than 1.5%. The error of the reconstruction of the strain profile based on the 

measured reflection spectrum was less than 3%. 
The spatial resolution of the reconstructed strain profile is determined by the number of 

sections of the fiber Bragg grating assumed in the transition matrix method, which was 
0.2 mm. The reconstruction results of the strain profiles carried out on the basis of the 
simulated reflection spectrum and the measured reflection spectrum of the FBG indicate that 

the Nelder-Mead algorithm combined with the transition matrix method can be successfully 
used for distributed sensing problems. 
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