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A Procedure for Quasi-Equiripple Linear-Phase IIR
Filters Design
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Abstract—The linear-phase IIR �lters are described in many
cases, mainly due to distortion-free transmission of signals. One
of the major problems of IIR �lter design is stability, which can
be obtained with suitable value of group delay� . This paper
concerns calculation of �lter order N and group delay � in case
of quasi-equiripple design of IIR �lters. We propose a novel
procedure for determining N and � values; the procedure is
valid for all types of �lters with arbitrary number of zeros a nd
a few non-zero poles. Evaluation of the proposed approach as
well as examples illustrating its application are providedin the
paper.
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I. I NTRODUCTION

I NFINITE IMPULSE RESPONSE (IIR) digital �lters,
which approximate both magnitude and phase response,

are considered in many papers, for example, for linear-phase
�lters design. Generally, there are various approaches to design
stable linear-phase IIR �lters. Such �lters can be achievedby:

1) implementation of a phase equalizing allpass �lter cas-
caded with nonlinear-phase IIR �lter [1],

2) model-reduction techniques which are applied to approx-
imate the frequency response of �nite impulse response
(FIR) �lter [2], [3],

3) a direct way, i.e., the cost function of the design opti-
mization problem is directly based on desired frequency
response [4], [5], [6], [7], [8], [9], [10], [11], [12], [13].

In this paper we focus on the latter method. The transfer
function H (z) = B (z)=A(z) of the IIR �lter, designed in a
direct way, can be obtained by minimization of the following
cost function:
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where: D(! ) is the desired complex-valued frequency re-
sponse,W0(! ) is a real non-negative weighting function, and
i = 2 �i=L (i = 0 ; 1; :::; L � 1). The casep = 2 is called least
squares approximation, and the casep = 1 is called complex
Chebyshev or minimax approximation. The minimization of
E0 leads to a nonlinear optimization problem which can be
solved by use of the Gauss-Newton method or by solving
linear equations iteratively when the error (1) is replacedwith:
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The new weighting functionW (k ) (! i ) is updated in each
iterationk, as follows:

W (k ) (! i ) =
W0(! i )

jA (k � 1) (ej! i )jp
: (3)

It should be noted that quasi-equiripple approximation of
D(! ) can be also achieved forp = 2 by minimization ofE .
For this purpose it is necessary to add another iteration process
that updates the weighting functionW0(! ) [7] (Lawson-type
algorithm) or transforms the desired frequency response [11].
The IIR �lter design procedures have to guarantee the �lter
stability which is generally non-easy task. There exist several
ways of ensuring the stability of �lter resulting from optimiza-
tion of (1), with good survey of such methods having been
presented in [12]. The optimization techniques used for stable
IIR �lter design can be of either constrained or unconstrained
type. The latter include the concept of prior setting of the
group delay value corresponding to the desired frequency
response of the �lter - confer, e.g. [13] - unfortunately with no
explicit formula for calculating this parameter. The former -
constrained optimization related techniques - include methods
involving positive realness stability domain [10], Rouche's
theorem [6], and methods using argument principle for es-
tablishing stability criterion [5], [4], [9]. However, also for
these methods the �lter order should be properly chosen for
the effectiveness of stable �lter design procedure. It should be
noted that to our knowledge no solution has been proposed
yet for the choice of appropriate value for IIR �lter order and
group delay for a given design speci�cation.

In our previous work [14] we have introduced formulas
(for quasi-equiripple IIR �lter design) that provided estimated
�lter order and minimum group delay� min . The formulas can
be applied if the desired frequency response is of the form
D(! ) = jD (! )jej� ! and transfer functionH (z) has unequal
number of poles and zeros (a few poles outside the origin of
the complex variable plane and an arbitrary number of zeros).
The estimation of minimum group delay is important because
for � � � min a stable �lter is obtained. However, a large
magnitude overshoot appears in frequency responseH (! )
when � min is imposed and further looking for appropriate
value of the group delay is necessary. In this paper we propose
new formula for group delay estimate that guarantees �lter
stability and small magnitude overshoot (usually less than
1 dB). Improved estimate of �lter order is also delivered
below. As in [14] we limit our discussion to the �lters with
unequal number of poles and zeros. Filters of this type are a
compromise between computational complexity and features
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like roundoff noise, coef�cient sensitivity, phase linearity [15],
[16].

The composition of this paper is as follows: section II
presents the problem formulation, whereas section III shows
derivation of practical formulas for group delay and �lter order
estimation. The design examples which illustrate practical
usage of proposed formulas are presented in Section IV.
Section V contains comment on weighting function that is
suitable for both magnitude and phase response approximation,
and section VI provides the �nal conclusions from this work.

II. PROBLEM FORMULATION

Consider the digital IIR �lters described by transfer func-
tion:
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for the caseM < N . The goal is to determine orderN
(for �xed M ) and group delay� of desired transfer function
D(z) that guarantee a stable �lter satisfying given set of �lter
speci�cations for quasi-equiripple approximation ofD(! ).
We use passband edge! p, stopband edge! s and stopband
attenuationAs as speci�cations (for lowpass �lters). The
following two assumptions are also made: �rstly, the weighting
function W0(! ) is equal to one in the passband as well as in
the stopband, andW0(! ) = 0 in the transition band; secondly,
the magnitude overshoot in the transition band should be less
than 1 dB. Some comments about other values of the weighting
functionW0(! ) in the passband and stopband are made in the
Section V.

III. D ERIVATION OF PRACTICAL FORMULAS

The practical formulas forN and � have been obtained
using algorithm [11] for �lter design. Numerous experiments
have been carried out, with various values of� , N , ! p and
! s. Hundreds of �lters have been designed assumingM = 2 ,
4 or 6 in case of lowpass �lters, andM = 4 or 8 in case of
bandpass �lters, for evenN ranged from 8 to 50. Passband
width ! pw and transition band width! t = j! s � ! p j were
also changed during experiments. We started from� = � min

[14] and successively increased until� = � 1 for which the
magnitude overshoot would be less than assumed value of
1 dB. Next, we determined the minimum stopband attenuation
As of the �lter based on frequency magnitude response. As
a result two relationships were obtained:� 1 = f 1(N; ! t ; ! pw )
andAs = f 2(N; ! t ; ! pw ) for each of the designed �lter. The
conclusions from experiment are as follows: in case of lowpass
�lters with M = 2 and bandpass �lters withM = 4 the
relationship� 1 = f 1(N; ! t ; ! pw ) is linear inN and the slope
of this line depends on transition band width! t (see Fig. 1).
Filter attenuationAs is a nonlinear function ofN and depends
on ! t as well (Fig. 2). For lowpass �lters withM = 4 or
6 and bandpass �lters withM = 8 , an additional effect of
the passband width! pw can be observed in bothf 1 and f 2

relationships (see Fig. 3 and Fig. 4), which must be taken into

Fig. 1. The average values of� 1 versusN for lowpass �lters withM = 2
obtained for:! t = 0 :04� (4 ), ! t = 0 :07� (o), ! t = 0 :16� (x), and its
approximation (solid lines) by (5),� min plotted for comparison (dashed line).

account if! pw is less than 0.2 for lowpass �lters or less than
0.3 for bandpass �lters. In Fig. 1 and Fig. 2 average values of
� andAs have been plotted in order to emphasize real changes
of the relationships because functionsf 1, f 2 in case of lowpass
�lter with M = 2 are independent of the �lter passband width
! pw .

The following linear function has been proposed forf 1

approximation:

� 1 = � (! t ; ! pw )N + � (! t ; ! pw ) : (5)

Two stage procedure was applied for determining the co-
ef�cients � (! t ; ! pw ) and � (! t ; ! pw ). At �rst, least squares
approximation of � 1 = f 1(N; ! t ; ! pw ) was used for cal-
culation of � and � for �lters with various ! t and ! pw .
In the second stage, the relationships� and � as functions
of ! t and ! pw were modelled by means of second order
polynomials � (! t ; ! pw ), � (! t ; ! pw ) (5). Matlab functions
poly�t and lsqnonlinhave been applied for calculation.

Fig. 2. Approximation of the average values of the stopband attenuation
versusN for the lowpass �lters withM = 2 and with ! t as parameter:
! t = 0 :04� (4 ), ! t = 0 :07� (o), ! t = 0 :1� (*), ! t = 0 :13� (} ),
! t = 0 :16� (x).










