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Abstract. Effective algorithms of constructing models of generalized parametric sections
of the n-th order consisting of cascade and parallel elementary LTV section connections
are presented in this paper. Moreover, the methods of impulse responses determination
have been shown.
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1. Introduction

In the synthesis of LTI (linear time invariant) systems, techniques consisting in the parallel
or cascade connection of universal sections are often used. The section connections are used in
designing higher order complex filters [3]. In practical applications, the first and second order
filters are more often used. The rules of transforming systems composed of elementary SISO
(single input single output) blocks of LTI class are well known in the control theory [3, 5]. In
the continuous-time or discrete-time domain, the algebra of these transformations is based on
operations (£, *) with impulse responses of elementary sections as kernels of these operations.
In the domain of L-transform or F-transform, algebra is based on the classical definition of
operations (&, - ) with arguments being the transfer functions or spectral functions of elemen-
tary blocks [5].

In case of LTV (linear time varying) sections with the coefficients variable in time (i.e.
parametric sections), the classical definition of operational transfer functions has no sense [2],
[6]. The method of determining differential equations, known from the literature [3], describ-
ing systems composed of the connection of LTI sections cannot be used for LTV systems [4].

For parametric systems, the relation between input x(f) and output y(f) signal [4, 9] is given
by equation:

»(0 = [ht.0x()d, M

where: (¢, 7) — impulse response of the system.
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The impulse responses of the first and second order LTV systems have been determined in
work [6].

In this article, two problems have been considered. The first of them concerns constructing
the mathematical model of cascade and parallel connection of the first and second order ele-
mentary section in the time domain. This model is a linear differential equation with time-
varying coefficients. The decomposition algorithm of the linear differential equation with
variable coefficients into a linear system of the first order equations is known [4].

To the best knowledge of the authors, the reverse procedure, i.e. constructing the differen-
tial equation of n-th order based of known equations of the first and second order section has
not been described in the literature and due to this fact, it is the original element of this work.

The second of the considered problems concerns the method of constructing the impulse
response of parallel and cascade connections of first and second order parametric sections.
Although this algorithm is known [4], it can be used only if the impulse responses of ele-
mentary sections are given in a closed form. The application of the described algorithm to
determine the specific impulse response of complex LTV systems with exponentially variable
coefficients is also a part of the original achievements.

It can be noticed that the synthesis of parametric systems in the form of cascade and
parallel connections of first and second order elementary sections, similarly to the case of LTI
systems, has several advantages:

e stability (in assumed sense) of the cascade and parallel connection if the elementary sec-
tions included in the system are stable,

e lack of parameter interaction of the sections composed of the substitute system,

¢ small, but dependent on the class of parametric function, sensitivity to the variability in
value of parameters compared to the sensitivity of the LTV structure originally described
by the n-th order equation.

The above advantages imply the usefulness of described in the article methods to create the
alternative models of complex LTV systems composed of elementary sections in the LTV
system synthesis. Such a synthesis was not the purpose of this work and thus it is not con-
sidered.

2. Generalized SISO parametric systems

The generalized n-th order parametric system (Fig. 1) is composed of the connection of
elementary LTV first and second order sections. In this article two types of substitute systems
have been considered. The former, model I, is composed of the parallel connection of ele-
mentary sections. The latter, model II, of the cascade connection of elementary sections.

2.1. Models of elementary LTV first and second order sections

The analysis of any parametric section of n-th order can be reduced to the analysis of the
low-pass LTV section of n-th order [6]. Elementary LTV sections are described by differential
equations with coefficients variable in time.
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transformation

system of the scheme
composed of generalized
x(7) (Cascade or parallel x(0) SISO w0
connections of |:> —» |subsitute section,—»
a LTV class model I
elementary or model II
SISO section

Fig. 1. Transformation of a complex LTV system into an equivalent system

The first order sections are described by a parametric differential equation of the first order (2):
V') +o()y(t) = x(1), (@)

whereas the second order LTV sections are described by a parametric differential equation of
the second order:

V(1) +20(t)o(1)y' (1) + @ (1) = (1), ©)

where: (), o(t) — parametric function of C"""[0,:0) class. In this paper the exponentially
variable parametric functions described by equations:

o(t)=w, +Ce™”", w,,y eR",CeR, @)
o(t)=0,+De"", o,y eR",DeR 5)

have been considered.

These functions can be interpreted as a cut-off (or resonance) angular frequency w(f)
variable in time or the attenuation ratio o(f) of low-pass filter variable in time. The parametric
functions are strictly positive due to the assumed variability of the coefficients. It is significant
for the stability of parametric systems [1, 9]. It ought to be noticed that for considered para-
metric function classes (4), (5) the solutions to the Equations (2), (3) exist in a closed form [6].

2.2. Model of generalized section type I

The first of the considered models of a substitute parametric section is a generalized sec-
tion type I (Fig. 2) composed of the parallel connection of the first and second order elemen-
tary sections.

a) b)
LTV1

LTV2

(::> —»| LTV typel [

|—> LTVn

Fig. 2. Parallel connection of LTV sections: a) connection scheme, b) generalized LTV section type |
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2.3. Model of generalized section type II

The cascade connection of elementary LTV sections, shown in Figure 3, is equivalent to
the generalized parametric section type II.

a) oo mmdp diraction of the reduction
I

—» LTV1 | LTV2 =¥ LTV3 | .- —» LTV n —»

—»|LTV type II [—»

Fig. 3. Cascade connection of LTV sections: a) connection scheme, b) generalized section of type I1

The order of the differential equation describing the substitute section type Il is equal to
the sum of orders of all sections included in the connection. On the contrary to cascade con-
nections of LTI sections, the cascade connection of LTV sections is not commutative [7].

3. Method of construction of type I generalized section

The construction of generalized parametric section of I and II type consists in the deter-
mination of differential equations describing the systems and their impulse responses.

3.1. Model of section type I

The scheme of N-order system composed of the parallel connection of # first order LTV
sections and m sections of the second order has been presented in Figure 5. The thorough
analysis of the first order section connections has been carried out in work [8]. The method of
constructing the differential equation describing the parallel connection of the first order LTV
section presented there can be extended to connections of the second order sections. The gene-
ralization is a consequence of the fact that any second order section can be conventionally pre-
sented as a parallel connection of two first order sections, described by the components of the
formula (6) (see Fig. 4)

y(6)=y" )+ (1) =GO (1) + H) (1), (6)

where: G(¢), H(f) — the expression containing the composition of exponential functions, Bessel
functions and hypergeometric functions [6], 1;(¢), () — the integrals of product exponential
functions, Bessel functions, hypergeometric functions and the input signal of the section x(¢)
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[6].

1-st order | V()
section "G”’

x() ) A x() [2-nd order |7
—> = —» LTV —>
+ section
1-st order

section "H”| /2y

Fig. 4. Decomposition of the second order system

As a result, the parallel connection of #n first order sections and m second order sections
can be substituted by the connection of n + 2m first order sections, described by the formula

(N):

()= D FOL@O+ Y GO0+ D H (D x(0). ™

The first component of the formula (7) describes the output signal of the » first order sec-
tion parallel connection, whereas the remaining constituents determine the output signal of the
parallel connection of m second order section (Fig. 4).

The algorithm for determining the differential equation of the first and second order LTV
section parallel connection, modified from the previously presented (see work [7]), is com-
posed of the following phases:

1) Firstly, the section included in the connection has to be classified into two groups (section
of the first and second order) and ordered according to the formula (7).

2) The (n + 2m — 1) times differentiation has to be done. As a result of the differentiation, a
system of (n + 2m) linear equations is obtained. The system includes the n + 2m — 1
expression resulting from the differentiation of the Equation (7) and the Equation (7).
Functions (integrals) I(#), i =1, 2, .., n, [4(), j = 1,2 ,... m, Ip(t),j =1, 2, ... m are
unknown in this system and should be determined.

3) After the last N-th (where: N = n + 2m) differentiation of Equation (7), one can obtain the
differential equation of N-th order.

4) The coefficients of this order depend on the functions /%), ;(¢), 1»(f) determined in the II
phase of this algorithm. After substituting those functions in the differential equation
obtained during the III phase of the algorithm, the final differential equation of substitute
N-th order system can be obtained.

The algorithm described above allows to obtain differential equations of parallel connec-
tions composed of the first and second LTV sections in a closed form. The effective usage of
the algorithm for N > 2 requires the implementation in a symbolic language (i.e. Mathe-
matica).
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>
|—>H,I<t)1nz<r> !

x(?)

block of 2-nd order sections
Fig. 5. N-th order LTV system
Example 1. The simplified illustration of the described algorithm is presented by the example

below. The considered system (Fig. 6) is a connection of two parallel first order sections.
These sections are described by the equations:

LTVL: y' (1) + @ (0)(7) = x(2), (8)
LTV2: 3'(£)+ s (1) ¥(2) = x(2). )

The variability of the parametric function is described by Equation (4) and presented in the
Figure 6b.
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a
) (1), w,(?)
\
LTV1 o0
x(@) | 20 )
LTV2 15
0.0 \
x(?) 3(0) 5l (1)
—»{ LTV type I —»
t

2 4 6 8

Fig. 6. Parallel connection of two first order LTV sections: a) connection scheme, b) waveforms
of parametric functions

The output signal of the substitute system is a sum of output signals of elementary sec-
tions. Resulting from the first and second step of the algorithm, the system of the equations is
obtained:

RIORESIONERAONE (1) (10)
Fyt) £ Fy(0 | [ LO] [yO-FONOF RO 0]

The solution to this system is expressed by equations:

FROD' O -FEON (O FBOL 0] FL (0)y(t)

ho= FROF (0T BOF (1) ’ o
1 = FODO-FOI OFBOL O] F1 @0y, 12

T+ FOF () FFE(@OF (1)

thus:

F'i(0)=~F e (1), (13)
(1) = G()x(0), (14)
Gi(r)=e"", (15)
F (0= F(0(@} () + @, (1)), (16)
I"(t) = G (O] (Dx(t) + ' (0)], (17)
F(G(t)=e Ve =1, (18)

Two-times differentiation of Equation (7) (n = 2, m = 0) and substitution of the equations
(11)-(18) (using the algorithm successively) results in the differential equation which cor-
responds to the analyzed connection from Figure 6:
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Y@+ 4@y ()+ Ay (2) =2x'(2) + By (£)x(2), (19)
where:

0y OO0 (=01 () 0

(1) — (1)
PP i O o G) 2N O el CAO R 0) YUY o1

o (1) — (1)

(1) — @, (1)

The time-varying coefficients of substitute systems, computed based on Equations (20)-(22),
are shown in Figure 7.

G s 4o0) 4B,
20 50| 20
15 sl /~ 15 ~
o Dyt e, 30|/ o, T,
20/ 10
° 10 5
z 3 4! 25 > 7 35 4!

Fig. 7. Time-varying coefficients of substitute systems of a parallel connection

The substitute parametric section which is the effect of the connection of two first order
sections is described by the differential equations with the time-varying coefficients. The
waveforms of parametric functions of substitute system depend on the variability of elemen-
tary systems parameters.

In Figure 7 one can clearly observe that if time-varying coefficients are positive-definite
functions, substitute systems are stable. Once the variable parameters reach set values, the
substitute system becomes equal to the system of parallelly connected low-pass stationary
sections with cut-off angular frequencies wy and wy).

3.2. The impulse response of section type I
The output signal of system in Figure 2 can be expressed as:

=) I hi(t,7)x(z)d 7. 23)
i=l

Assuming that each section in the parallel connection is described by a known [6] impulse
response A, 7),i=1, 2, ..., n, based on the comparison of Equations (1) and (23), the follow-
ing expression can be obtained:
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ho(t,7)= Y hi(t,7). (24)
i=1

The substitute sections impulse response is the sum of the impulse responses of elementary

sections.
Due to the fact that impulse responses of the second order elementary sections are very

complex [6], the idea presented in this subchapter has not been supported with an example.
Example 2. The considered system (Fig. 6a) is a connection of two first order LTV sec-
tions. The parametric functions of elementary sections have been presented in fig. 6b. Impulse
responses of elementary sections are known [6] and have been shown in Figure 8. The para-
metric function of a substitute system, computed based on the dependency (42) has been pre-

sented in Figure 9.
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Fig. 8. Impulse responses of elementary sections: a) 4,(z, 7), b) i, (¢, 7)

The impulse response of substitute section depends on both the time ¢ and the moment of
the application of excitation 7 into the system input. It can be seen that the larger value of co-
efficients y1, 3, (responsible for the speed to limited value of parametric functions of elemen-
tary sections), the lower is the correlation between the response and the moment .
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Fig. 9. The impulse response /.(¢, 7) of a substitute system

The mathematical formula of impulse response of generalized I type section composed of
first and second order elementary sections is the differential equation containing the expres-
sions consisting of the composition of exponential functions, Bessel and hypergeometric func-
tions as well as the integrals of the products of exponential functions, Bessel functions, hyper-
geometric functions and an input signal [5].

4. Construction method of type II generalized section

4.2. Model construction of section type II

The connection shown in Figure 3 is not commutative [6]. Therefore, the number of the
cascade connection structures of n sections is equal to the number of permutations of n ele-
ments (elementary sections). The reduction of the cascade connection can be obtained by the
application of the successive method, by repeated blocking of two adjacent elementary sec-
tions [7]. Independently of the section cascade connection point and the direction of the reduc-
tion, the final reduction result, the substitute section (Fig. 3), must be described by an identical
differential equation. In the article, the issues of the reduction of section connections have
been considered for two cases:

o the connection of the first order LTV section with n-th order LTV section,
e the connection of the second order LTV section with n-th order LTV section.

Reduction of connection of the first order LTV section with n-th order LTV section.

The considered system shown in Figure 10 is expressed by the equations:

V(O +b()y(1) = x(1), (25)
2O + @y (2" () + @y (D220 + .o+ a2 (1) + ao (1) 2(1) = y(2). (26)

After the differentiation of the Equation (25) and the substitution of the Equations (25) and
(26) to it, the equation of substitute section (n + 1)-th order is determined.
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x(%) 1-st order W) | n-thorder (1)
» LTV section "| LTVsection ’
b(?) {a,., (), ....a,0)}
2
x(?) LTV section of | z(?)
— —>

n+1-th order

{4,@0), ... 40}

Fig. 10. Reduction of the connection cascade connections of the first order with n-th order LTV sections

2"+ 4,0z (O + A, (02" (O + A, (02" () + .

27
+ AIZ’(t) + AO (t)Z(t) = x(t),
where:
An (t) =d,- (t) + b(t)a
An—l (t) = a'n—l (t) +ta, (t) +a,- (t) b(t)9
An—Z (t) = a'an (t) ta,s (t) +ta,- (t) b(t)>
(28)

A1) = a'1 (1) +ao (1) +a, (1) b(2),
Ay (1) = a'y (1) +ao (1) b(2).

The observation of the way indicators in the formula (28) compose result in the basic rules
of forming the varied coefficients (parametric functions) A4,(t), 4,.1(¢), ..., A1(¢), Ao(f) of the
differential equation of substitute system.

Reduction of the connection of the second order LTV section with n-th order LTV section

The considered system presented in Figure 11 is described by the following equatoions:

Y (O +ce(@)y' () +d () y() = x(2), (29)
Zz™ (O +a, (t)z("fl) H+a,, (t)z("fz) O+

(30)
et a2 (B +ag()z(t) = y(2).

Once the differentiation of the Equation (30) is performed twice and the Equations (29),
(30) are substituted to it, the equation of the substitute section (n + 2)-th order is determined.

2D ()4 A, (027 (0) + A, (02 (1) +

€Y}
+ A, (2" V(@) + o+ A2 (1) + Ao (D) z(1) = x(2),
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x(t) 2-nd order w(®) N n-th order z(7)
LTV section "| LTVsection ’
c(®, d(1) 1a,.,(0), ..al(D)}

1>

x(?) LTV section of | z(?)
> n+2-th order ’

{4,.(0), ... 4(0)}

Fig. 11. Reduction of the connection cascade connections of the second order
with n-th order LTV sections

where:
Apa () = a1 (1) + (1),
4, () =2a"s 1 (D) + ay (D) + a1 (De(t) +d (1),
A () =a", 5 (1) +2a',, (1) +

+Ha'y () + a2 (0)e(t) + a,- ()d (1), (32)

A () = a" (1) +2a's (1) + (a1 () + ao )e(t) + ar (1)d (1),
Ay (1) =a"o (1) +a'o (D)c(t) +ao(d(?).

Similarly to the previous case, the observation of the way indicators in the formula (32)
compose, one can generate the basic rules of forming varied coefficients (parametric func-
tions) A,(¢), A,.1(?), ..., A1(?), Ao(t) of the differential Equation (31) substitute system.

Example 3. The two variants of cascade connection have been considered. Variant A (Fig. 12a)
consist of the cascade connection of first and second order sections, whereas variant B (Fig. 12b)
is the cascade connection of second and first order sections.

a) Variant A
x(t) | Istorder | Y®)| I-ndorder | 2() . x() II-th order | z(?)
— LIV " Lov [ T T LTV —
b(t) a,(1), a,(t) (A1), A1), A1)
b(H=w () a,()=20y(H)w,(?)
a(=wi(1)
b) Variant B
x(#) | I-nd order y(f)‘ I-storder | Z(?) x(t) I-th order | 2(?)
— L1V v [ - T v [
c(?), d(?) a,(f) {40, 4(1), 4,(2)
c()=20,(D (1) a(D=w (1)
d(t)=wi(t)

Fig. 12. The cascade connection of LTV sections a) variant A — connection of I-st
and II-nd order sections b) variant B — connection of II-nd and I-st order sections
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According to the presented algorithms of connection reduction, in both cases one can ob-
tain the third order section:
® in case of variant A
The substitute LTV section is described by the equation:

2"+ A" () + A )2 (1) + Ao ()z(t) = x(2), (33)
where variable coefficients are expressed by:
A () =ai () +b(1),
A () = a' () +ao (1) +ai ()b(2), (34

Ay(1) = a'o () + ao (1)b(2),

e in case of variant B
The substitute LTV section is described by the equation:

() + A (DZ" (1) + A (D)Z' (1) + A (D)Z (1) = x(0), (35)
where variable coefficients are expressed by:
Ay (£) = ao (t) + (1),
A (1) = 2a's () + a0 ()e(t) + d (1), (36)
Ao(t) = a"y (t) +a's (D)c(t) +as (H)d (1)

Assuming the following parameters of elementary sections:
wi(f) — time varying cut-off angular frequency of first order section, Fig. 13a
wy(?) — time varying resonance frequency of second order section, Fig. 13a
oy(f) — time varying attenuation ratio of second order section, Fig. 13b

a) b)
(1), (1) ou(t)
A A

15 2

15 15

. o) A

5 (1) 05 L o,(?)

> ¢ > 1
1 2 3 4 5 1 2 3 4 5

Fig. 13. The waveforms of parametric functions of elementary section of cascade connection
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the coefficients of differential Equations (33) and (35) can be written as:
o for variant A (33), (34) the coefficients of elementary sections are:

b(t) = o (1),
a,(t) =2y (t)ou (1),

a (1) = oi (1),

consequently, the parameters of the substitute section (34) are expressed by equations:

A @) =2wu(t)ou(t) + (1),
A1) = %(2@1 o () + @i () + 20, (o (D (1),

dw? (t)
d

Ay(1) = + o (Nax (1),

e for variant B (35), the coefficients of elementary sections are:
ao(t) = an (1),
c(t) =2y (t)ou (1),

d(t) = wi (1),

consequently, equivalent section coefficients (33), (35) are determined by relations:

Zz(t) = (t)+ 204 (o (2),

dwl()

Al(t) 2—= +26011(t)0'11(t)501(t)+a)lzl(t),

wl(l) da(®,

e & 20y ()ou (1) + o (Hwi (1).

A (1) =

(37

(38)

(39

(40)

The graphic illustration of waveforms of substitute section parameters is presented in
Figure 14. Solid line is used to plot the variation of parameters of the section being the result
of type A connection. Dot line is used to plot the variation of parameters of the section ob-

tained in connection type B.

The cascade connection of first and second order LTV systems results in an equivalent
system described by the parametric third order differential equation. However, it should be
noticed that the coefficients of this equation are various and depend on the order of connecting
the elementary systems. In the stationary state, the complex system of cascade connection of

LTV sections becomes equivalent to the cascade connection of stationary sections.
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A1), A,(1) A(0), A1) A0), A1)
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20 - o o 80 26[1 va)llerwv+a)|2|r 300
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50 /- £
10 4off- 150 /
30/ 100| /-
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1 2 3 4 5 1 2 3 4 5 1 2 3 4 5

Fig. 14. Results of reducing the cascade section connection — waveforms of substitute system parameters
(variant A — solid line, variant B — dot line)

4.2. The impulse response of section type I1
Assuming that each section in the considered connection is described by an impulse re-

sponse /(t, 1) [6], it can be proved that for the cascade connection of two sections numbered i,
i+1,[4]:

¥ = [ [ o te) (. 00x(@)d e = [ b (1)), @)
07 0
where:
he(6,9) = [ a6 om0 d 42)

is the impulse response of substitute system.
Using the formula (42) for the connection of two successive sections from Figure 3, the
reduction of the cascade connection of n section can be reduced to a single substitute section.
Example 4. The systems created by the connection of two elementary low-pass first order
sections (Fig. 15) have been considered. The first system, which is the parallel connection, has
been considered in example 1, whereas the second type is the cascade connection of the same
elementary sections.

x(1)
LTV1
o0 u(t)

(0 x(?) ¥
LTV2 1} —»(LTV type II —»

v

Fig. 15. Cascade of two elementary first order sections

In Figure 6b, the waveforms of parametric functions of elementary sections have been pre-
sented. The impulse responses of elementary sections are shown in Figure 8. In Figure 16 the
impulse response of substitute system has been presented, computed based on the equation
(42).

On the contrary to classical stationary sections, the impulse responses of parametric sec-
tion are functions of two variables — time #, and excitation application moment 7 to the input of
the system.
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T—>x

50

Fig. 16. Impulse response of substitute system type 11

5. Conclusions

In this article, the effective algorithms for constructing the differential equations of gene-
ralized n-th order substitute, consisting of cascade and parallel connections of the first and
second order LTV sections, have been described.

Cascade and parallel connections of parametric elementary sections enable the construc-
tion of higher order parametric systems. The coefficients of differential equations describing
the substitute sections are complex functions of parameters of elementary sections varying in
time, which considerably affects various system properties. The significant property of LTV
systems is the fact that the sequence in cascade connection is crucial.

In addition, the article provides methods of calculating substitute system impulse respon-
ses, which can be used to determinate the time —frequency responses of considered LTV
connection systems.

Connections of parametric sections asymptotically approach the substitute sections consist-
ing of LTI systems. It results from the assumptions concerning the parametric functions.
Variability of parameters has an impact on the shape and parameters of the impulse response.
In transient states of parameter variability, the connection of non-stationary systems allows to
modify their properties.

The advantages of LTV section connections include three aspects. Firstly, stability (in the
specified sense) of the field-cascade and parallel connection, providing the elementary sec-
tions are stable. Secondly, lack of interaction of the parameters’ sections making up the sub-
stitute system. Finally, low sensitivity, obviously depending on the class of parameterizing
functions, to changes in numeric parameters, when compared to the sensitivity of the structure
originally described by the LTV equation of n-th order.
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