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Abstract: In this paper the mathematical model of the brushless DC motor (BLDCM)
with a double 3-phase stator winding is analysed. Both the 3-phase windings are mu-
tually displaced by 30 electrical degree. Special care has been sacrificed to influence of
higher harmonics of induced electromotive forces (EMF) on electromagnetic torque and
zero sequence voltages that may be used for sensorless control. The mathematical model
has been presented in natural variables and, after transformation to symmetrical compo-
nents, in a vector form. This allows, from one side, for formulating the equivalent circuit
suitable for circuit oriented simulators (e.g.: Spice, SimPowerSystems of Simulink) and,
from the other point of view, for analysis of higher harmonics influence on control pos-
sibilities. These considerations have been illustrated with some results of four quadrant
operation obtainded due to simulation at automatic control.
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1. Introduction

The brushless direct current motors (BLDCM) can be controlled using voltage or current
control [4, 16, 17, 19]. The voltage control forces voltages supplying the motor. This can be
performed in the input of the electronic commutator using external power electronics device,
e.g. a dc switching regulator or inside the commutator. The commutator can operate under the
3-phase control mode or the 2-phase mode. During the current control the commutator beco-
mes the multi-phase current source forcing sinusoidal 3-phase currents or rectangular 2-phase
currents [4, 5, 14]. The current control can be also performed using a current source inverter as
the commutator [5, 6, 10]. For all the control methods various sensorless modes of rotor field
position determination can be applied [11, 12, 16, 19].
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In this paper the BLDCM with a double stator winding is analysed. This motor has two
3-phase windings displaced each other with 30 electrical degrees. For the control all the men-
tioned above methods can be used, however here the voltage control has only been considered.
Using mathematical modelling two cases have been compared:

— classical control with external smooth source supplying the commutator [3, 8],
— classical control with external switching converter supplying the commutator.

The machine was operating during motoring and regenerative braking with energy re-
cuperation to the dc source.

The backgrounds for this paper were previously published in the conference proceedings
[7]. However, some information presented there must be corrected with this paper.

2. Mathematical model of BLDCM with two 3-phase stator windings

2.1. Expressions in natural variables
Main assumptions:
¢ smooth cylindrical stator,
e cylindrical rotor with surface mounted permanent magnets having the assumed perme-
ability of the air,
¢ symmetrical, magnetically coupled phase windings, mutually displaced as shown in Figure 1.

@]
(2.3)
Fig. 1. BLDCM with a double stator winding — schematic diagram
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Hence,
¢ the phase windings have the same resistance R, and the same leakage inductance L,
e the self and mutual inductances are described by the formula:

2 2
M;; :ng cos p(x; —x,):ng cosAx, ;, (1)

where: x;, x; — position angles of stator windings, L,, — so called main inductance. The mutual
“electrical” displacements between phase windings take the values:

e Ax;; = 0° +120°, +240°for phases belonging to one of the two 3-phase windings,

* Ax;; = £30° £150°, £270°for phases belonging separately to the first- and the second
3-phase winding.

Voltage equations describing the machine may be written in a matrix form:
Us =Ry I + L ilil + My, il!z +Ef
dt dt . )
o =RuIH +L, iI;Q + Mg, iI;Q +Ef,
dt dt

Vectors and matrices of these equations take the following form presented below.

Uiy Is11 Ugo 1295
U:1 =|Usiz | 5 I:1 =liaz | U:Z = U2 |5 Iiz =\|ins | 3)
Us1,3 Is13 Usr 3 I523
R,
R:1 = R:2 = R, ) )
R,
ELUS +Lm _Lm 1 Lm
2
1 3 1
I I
le = LSZ = % _ELm ELO'.Y +Lm _ELm s (5)
le _%Lm ELGS + Lm
2 2
1 -10
I 2 \/g I IT
M, = ng 7 0 1 —1|; Mg =Mg;. (6)
-10 1

The electromotive forces (EMF) have the same form for the both 3-phase winding systems
k=1,2:

Yk Fri,
d | op 0

Ef =E fk :E% Vika |=@pY | Frin |=0p¥, Fri, (7
Vris Fris
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where: ¥}, , Wi, — vectors of permanent magnet flux linkages, ¥, — magnitude of one phase
flux linkage waveform, F,, F}, — vectors of p. u. electromotive forces (EMF) induced in
stator phase windings, ¢ — rotor rotation angle, @ =d¢@/dt — rotor angular speed, p — the
number of pole pairs, superscript 7' — transposition index. These electromotive forces can be
approximated using sinusoidal or non-sinusoidal functions of ¢ . The modelled waveforms
should be similar to real voltages dependent on shape of permanent magnet poles with respect
to the stator winding displacement. Chosen four cases of EMF [1, 13, 18] are described below
and shown in Figure 2.

A) Sinusoidal EMF

Fprii=—sin(@y,), (3)
where: k=1,2;i=1,2,3,
-

27
i = e_i_l T k_l s; s
Ori =@, —(I-1) 3 (k=Dys; 7 p

The flux linkages
[
Ve =P [ Fa@dE = cosipn,) ©)
0

@. = pp — “electrical” angle of rotation, £ — dummy variable of integration.
B) Non-sinusoidal EMF

Frii= —% {arc tg[ Asin(¢@y; —%)]—arc tg[ Asin(@y i1 —%)]}, (10)

where: 4=2,...,10; B=arctg(4); k=12; i=12.3.
C) Trapezoidal EMF (based on formulae presented in [9])

Fyus = ——— {arcsin[sin(g, , + By )] + arcsin[sin(@, — Bu )]} a1
20M ’ ’
where:
T T
ay ==, By =——ay.

D) Near-trapezoidal EMF
The Fourier series expansion of the trapezoidal function of magnitude 1 gives:

4 1 . . 1 . . 1 . .
Frpi =————(inay sing,; +—sin3a,, sin3@;; + —sinSay, sin 5@y ; +...
T Oy 9 25

(12)

1 . . 1 . .
...+n—251nnaM sinngy; +n—251nnaM sinngy ;).
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Fora, =7/6 and ny, =5

24 (1 1 1
Fripi=——| —sing,; +—sin3@, ; +—sinS5¢;,; |=
. 712(2 Pt SISO T (pk’)

(13)
=—(fising,; + f3sin3@; + fssin 5S¢y, ),
[
=p¥ IF (&)dé=vY ﬁ[lcos +Lcos3 +LCOSS 1=
(//fk,l p f ik f 7[2 B ¢k,1 27 (pk,l 250 ¢k,l
0 (14)
1 1
=Y /[ ficospy, +§f3 cos3gy.; +§f5 cos 5S¢y, ]
Electromagnetic torque is given by the expression:
1r 6 I 17 6 1 17 1 17 1
T, =14 %Tn +1; %sz =p¥, {Isl Fr +15; FIZ} (15)

0 60 120 180 240 300 deg 360 0 60 120 180 240 300 deg 360

I ST o A N .

0 60 120 180 240 300 deg 360 0 60 120 180 240 300 deg 360

Fig. 2. Examples of EMF and magnetic flux waveforms: a) sinusoidal, b) non-sinusoidal with
superimposed influence of slotting, ¢) pure trapezoidal, d) near trapezoidal

2.2. Expressions in symmetrical components

Transformation to symmetrical components can be performed for both the 3-phase wind-
ings separately. Introducing the below transformation matrices S and S~
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11 1
1 . ; 1 3
S=Clgg2 =CSy; S'=—8;; g=e‘/2”/3=——+j£ (16)
5 3C 2 2
la” a
into voltage Equations (2) yields
Ug = SU:l = SR:ISJSI:l + SLIslsils%I; + SM:QS’IS%I;Z + SE;l, (17)
U =SUY, =SRYS'SIY, + SL‘szs’ls%ﬂ2 + SMLTZS’IS%IL +SEj,, (18)

where: * — conjugation index.

For electrical drives this is profitable to assume C=2/3, whereas for power invariant
transformation of 3-phase systems C =1/ V3 . Vectors of symmetrical components for vol-
tages (X = U), currents (X = I) and electromotive forces (X = F) take the generic form

(0)

xsk stk
X% =sxt =| x¥ |= i 19
sk =X = | X | = | Xsak T JXspi 5 (19)
(2) .
Esk xsak_]xsﬂk

k=1,2

where x must be substituted with u, i, F.
After transformation the matrices of resistances and winding inductances become diagonal,
whereas the last two terms of Equations (17) and (18) are:

SM!,S™ = 3L,diag[0, ¢'¢,e '¢1, (20)

SM',S™ = 3L, diag[0, ¢ '©,e °], @1)
FO

SEf; =wp¥ , SF, =wp¥ | F}} |. (22)
P

2.3. Expressions in common reference frame
All vectors can be expressed in the same reference frame o,-p3, attached to the first 3-phase
winding, denoted now o-f3:

(1) .
Xg = X5 = Xota X1 (23)
where: X1, = X501, X515 = Xsp1.
V3
n I . V3 1 )
X = Eiz)e 0 =(Xsa2 + JXep2 )(7+ ]E) =X T JX528- 24)

For star connected windings the differential equations for zero-sequence symmetrical com-
ponents must be omitted. Hence, the voltage equations take the form:
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. d . d .
uy =R, +L Elsl +L, Elﬂ +po¥, F,

s
25
. d L ) (25)
U, =Rii,+L; Elsz +L, i+ pa)‘PfE/'z
where: Ly, =L, + L, .
Electromagnetic torque after transformation:

- - 1 * *
T, = p¥, {1VS"SF}, + I'/S"'SF}, | = P {(IVFL +I5FY =

p¥, Re{i; Efl + Ejz EfZ }:

3C?
(26)
2 . ; ; .
= FP Y (st Fron +ispiF s +isan Fron +ispaFrsn) =
_ 2 Y (i F 15 F 20 F 25 F
—FP e ria YigpFrip tigal e viogFrap).
2.4. Expressions with EMF harmonics
Incorporating (13) in the above equations and substituting C =2/3 yields
=R 4, d. i (£ 0iP9 _ £ ,i5P0
u, =R +L,—i, +L,—i,+ jpo¥ (fie fse )
- - dt - dt - ’ . (27)
u,=Ri,+L; iis2 + L, iis1 +jpoY (fie?? + fie )
- B dt” dt” '
The zero sequence voltages induced in phase windings:
u'? ==2wp¥,fisin3pp 28)
uld =20 p¥, f;cos3pp
Electromagnetic torque
3 \ . » _ » »
T, = _JEP\II/'{Zn (fle‘”"’ —fse J5P¢)_£S1 (fle Jry —fse ./5prp)+
i (fie 4 fse ) =i (fie "+ fret ) = (29)

:i ¥ . Im if le./p«)_ 567"‘5”’)-1-1'*, ( lejp¢>+ Seijzw) ]
2p f s1 252

Transformation to the rotor reference frame d-g yields



www.czasopisma.pan.pl P N www.journals.pan.pl

N
60 P. Drozdowski Arch. Elect. Eng.
dg _ —ipp _
U, =u,e =Ugg t+ Jgy

d
Ug =u,e R =y s2d + JUsag

(30)
i =i,e =g + i,
g _ . —jpe _
Lo =1€ - 152(1 +_]152q9
3 )
T.=2p¥; MG (fi - fse P +i% (fi + fre ) 31)

Considering more harmonics of EMF in Fourier series (13) the expression describing
electromagnetic torque forn =1, 3, 5,7, 9, 11, 13, ... and the voltage equations (27) assume
a generic forms:

3 da* . . . .
T, :qu_yf Im {52111 (fl —fse Jj6pg +f7 e/or? _f“e J12pg +fl3e./12p<p —...)+

(32)
+£fg* (ﬁ +f5 e*j6}7(/7 _f7 ej6}7(/7 _,’_f‘lle*jlzp(/) _ﬁ}ejIZ;m) +.")}’
d d
= Ryl + Lo — i)+ Ly i+ Jpol L + Lai +
+‘Pf(f1 —fs efjﬁpco +f7 ej6p¢’ _f“e—jlzpqo +fl3ej12p¢ _)]
(33)

dg __
qu—Rsz +L,Li% 4]

S dt =52

T+ jpw[L, 152 +L, 1

mdt sl

+kpf(f1 +f5 e—jépw —f7 ejépw +f“e—j12p¢ _ﬁ}ejIZpgo +)]

Assuming g' z =i “ (e. g. due to some control method) the alternating components, de-
pendent on multlples 6p of the rotation angle ¢, compensate mutually in expression (32) for
electromagnetic torque. So, the torque becomes twice as the produced by one 3-phase winding

3 . . .
Te :Eplyffl (lsql +lsq2):3p‘Pfﬁ Lsq- (34)
For ideally trapezoidal EMFs induced in phases the zero sequence voltages are triangle wave-
forms containing alternating components that are multiples of 3pg :

uly ==2wpW¥,(fssin3pp+ fosin9pp+.. )} (35)

u' = 20pY (fco83pp+ focos9pp+...)

The dominant is third harmonic as in (28), whereas the remaining higher harmonics distort
these harmonic voltages in the greater degree the closer to trapezoidal are induced EMFs.
These components can be used for sensor-less control of the motor. The component u'9 is
suitable for control currents in winding 1, whereas u'}’ for control currents in winding 2. So,
there is no necessity to integrate the zero sequence voltages to obtain zero crossing instants at
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which the phase currents are turned on or off as it was proposed in [2, 15, 16] for 3-phase
permanent magnet machines.

(1,1) (1,2) (1.3) (2,1) (2.2) (2.3)

STATOR Is1,1

R

Ist,2 Is1,3 Is2.1 Is2.2 Is2.3

€r, €122 €123
S<> <>
O
W

€r1,1 1
ROTOR ) ®
r
(’) Si1, Si2 S13 Sa1, Sa2 Sz

&)

Fig. 3. Equivalent circuit of the permanent magnet machine with a double stator winding
designed for circuit oriented computer simulators (for BLDCM)

3. Analysis of motor operation

3.1. Parameters of the mathematical model
Equivalent circuit of the permanent magnet machine, co-operating with the electronic com-
mutator as the BLDCM, suitable for circuit oriented simulators (Spice family programs or
SimPowerSystems of Simulink, etc.), results directly from equations (2) and the defined para-
meters. This is shown in Figure 3. The following parameters were taken there: R,; = Ry = 1.1 Q,
Ly;=Le+2/3L, =5mH, ¥,=052Wb,p=3, e, = po¥ ,F,;, moment of inertia J = 0,5

kgm? and the loading torque 7, = D;@ (D, = 0.15 Nms). Magnetic coupling factors
1 V3 L,

0<ks= <05, ky =k (o, =
YT 30,42 ) s ( L,

).

3.2. Analysis of basic operation

The permanent magnet machine is connected with the electronic commutator, as it has
been shown in Figure 4, creating BLDCM.
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Fig. 4. Connection of the permanent magnet machine with the electronic commutator

The are considered two cases: separate supply, for switch S in position 1, when each
3-phase winding is supplied separately [12] and the common supply, for S in position 2, when
mutual influence due to galvanic connection between the windings occurs. The magnetic
coupling between the phases depends on the machine design and causes mutual influence at
the both separate- and common supply. Alternatively, these two 3-phase commutators could
be connected in series carrying the same DC link supply current as it was proposed in [10, 12].
In this paper the motor operation was analysed for external converter supplying the com-
mutator, whereas the commutator was triggered due to signals S;; produced for each half-
bridge by the rotor position transducer (RPT in Fig. 3). Since the commutator is composed of
single-direction controlled switches these signals must be multiplied by signal S,, = sgn(u;)
determining the sign of demanded armature voltage signal u; causing reverse of speed. In the
result the signals Qy; = S,,S,,; trigger the commutator switches. If Q,; =1 then the “po-
sitive” switch of the respective half-bridge is turned on, and for Q,; =—1 the “negative”
switch is turned on. It has been shown schematically in Figure 5a.

To analyse the machine behaviour the steady state operation of the motor was simulated at
a constant speed @ = 70 rad/s, for the smooth, regulated supply in the commutator input (DC
SUPPLY). Results of calculations are presented in Figure 6. The first analysed case concerns
the operation at lack of magnetic coupling and separate supply of the both 3-phase windings
(switch S in position 1, Fig. 6a). For the second case the magnetic coupling was taken into
account (Fig. 6b) and for the third one the machine had the magnetic coupling and the com-
mutator was supplied with a common regulated DC source (switch S in position 2, Fig. 6¢).

The obtained results show that separate supply assures the same phase current waveforms
in the both 3-phase winding (ij,,i,;) displaced mutually with 30°. The electromagnetic
torque waveforms 7,,,7,, produced by these windings and the common rotor have also the
same displaced shapes and values. Thus, the machine operation can be considered as sym-
metrical. The influence of magnetic coupling appears mainly in current and torque waveforms
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(Figs. 6a and 6b). A significant difference appears when the stator windings are supplied in the
common way (Fig. 6¢). The currents for respective phases of the both 3-phase windings are

different.
a) b)
Al 2 3 4 5 6 7 8 9 1011 12
I e I = | Qi Qi Qo Qar Qe Qo
s.TLL L .
T S,
P R R X
S
BRI S=———
SZZ\I\\\,_!_!_!_llw
et
P s R A
Y s——— o°
0 T o1 ¢ Re
.wr

Fig. 5. Principle of BLDCM control: a) triggering of commutator half-bridges,
b) automatic control due to the external converter

ABS

v

QT12

The produced torque components 7,;,7,, have also visible differences, though the effect
of 12 pulse total torque waveform 7, =T, +7,, also appears as for the two previous cases.
The measured neutral voltages u,;,u,, have triangle shapes, though distorted in a greater de-
gree than those in Figures 6a and 6b. According to (19) the zero sequence symmetrical com-
ponents u' = Cu,, (35) can be determined from these neutral voltages. The influence on dif-
ference of phase voltage waveforms u,;,u,,, is not important. These asymmetries are caused
by mutual current connections through switched phases belonging to these both 3-phase
winding systems. This is obvious from the triggering pulse waveforms presented in Figure Sa.

3.3. Automatic control

For speed control of the motor the worst case for common supply was analysed. For auto-
matic speed control the structure of control system presented in Figure Sb was chosen. The
two-quadrant switching converter supplying the commutator was controlled with absolute
value of voltage signal u; of current controller (Ri) output. The pulse width modulation
(PWM) was used with the saw-tooth carrier V., of frequency 1 kHz. The speed controller
(Rw) produces the output signal i; of demanded armature current i, = S,,i; . This current is

equivalent to the armature current of conventional commutator machine.

The desired reference speed signal o was settled in the stepper way for the motor starting
and reverse. Results of simulation are shown in Figure 7. There are presented: speed @ and
electromagnetic torque 7,, armature current i,, filtered with the low pass RC filter of time
constant RC = 1 ms, phase currents i, i, phase voltages u,,, u,,, and neutral voltages
u, , u,, measured between the pseudo neutral points of resistors and the star point of the
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Fig. 6. Steady state waveform of BLDCM supplied with smooth regulated voltage in the commutator

input: a) for separate supply and lack of magnetic coupling between phase windings, b) for separate

supply and considered magnetic coupling, c) for common supply of commutator and the machine
with magnetic coupling

windings (Fig. 4). Additionally the filtered neutral voltages u,;, u,0 (RC = 0.5 ms) are
shown there, since the neutral voltages u,,, u,, are strongly distorted from the triangle shape
with PWM effects and then they could not be used for the mentioned earlier sensor-less
control. The drive operates properly and the armature current i, is the measure of the motor
electromagnetic torque 7, =3/2p¥ i, .

4. Conclusions

Both the torque components T,;, 7,, produced by the first- and the second 3-phase
windings cause that the resultant electromagnetic torque 7, has two times lower amplitude of
alternating component (Fig. 6), and two times greater frequency than the motor with a single
3-phase winding. It was expected from the presented above theory, where the EMF harmonics
were reduced mutually in the expression for electromagnetic torque. At PWM control this
phenomenon appears as well. This has been observed for operation at separated supply (switch
S in Fig. 4 opened) and the operation at common supply (switch S closed). So, this motor
influences the mechanical transmission system in a less disadvantageous degree than the
3-phase one.
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-50C UHQO I I I 1 I 1
0 0.2 0.4 06 s t

Fig. 7. Waveforms for automatic control of drive with a double 3-phase BLDCM

As for all multiphase motors the transistors of the commutator can be dimensioned for
a lower current at the given power. However, in case of one 3-phase system damaged (com-
mutator or winding damage) the motor can continue operation with two times lower power
utilising the second 3-phase system after turning off the first one. For some applications or
a manufacturing process this can be indispensable.

The measured signals of neutral voltages u,;, u,, (zero symmetrical components) can be
used for sensor-less control applying the technique described in [16] (page 144) for the
3-phase machine. In contradistinction to the method described there the voltages u,, u,» need
not be integrated to obtain two signals displaced mutually by 90 degrees. Simply, the zero
sequence voltage produced by one 3-phase winding is used for triggering the commutator sup.
plying the second winding and vice versa. The triggering signals appear immediately and this
method seems less absorbing then this based on back EMFs determination. This could be
profitable for current controlled high-speed motors.

The vector form of presented motor equations can be used for vector control of this motor
and the motor model presented in the form of equivalent circuit (Fig. 4) can be extended and
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supplemented with phenomenon of cogging torques. The theory presented in [18] could be
used then.
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