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Abstract: In this paper the mathematical model of the brushless DC motor (BLDCM) 
with a double 3-phase stator winding is analysed. Both the 3-phase windings are mu-
tually displaced by 30 electrical degree. Special care has been sacrificed to influence of 
higher harmonics of induced electromotive forces (EMF) on electromagnetic torque and 
zero sequence voltages that may be used for sensorless control. The mathematical model 
has been presented in natural variables and, after transformation to symmetrical compo-
nents, in a vector form. This allows, from one side, for formulating the equivalent circuit 
suitable for circuit oriented simulators (e.g.: Spice, SimPowerSystems of Simulink) and, 
from the other point of view, for analysis of higher harmonics influence on control pos-
sibilities. These considerations have been illustrated with some results of four quadrant 
operation obtainded due to simulation at automatic control. 
Key words: brushless dc motor, double stator winding, harmonics of back EMF 

 
 

 
 

1. Introduction 
 
 The brushless direct current motors (BLDCM) can be controlled using voltage or current 
control [4, 16, 17, 19]. The voltage control forces voltages supplying the motor. This can be 
performed in the input of the electronic commutator using external power electronics device, 
e.g. a dc switching regulator or inside the commutator. The commutator can operate under the 
3-phase control mode or the 2-phase mode. During the current control the commutator beco-
mes the multi-phase current source forcing sinusoidal 3-phase currents or rectangular 2-phase 
currents [4, 5, 14]. The current control can be also performed using a current source inverter as 
the commutator [5, 6, 10]. For all the control methods various sensorless modes of rotor field 
position determination can be applied [11, 12, 16, 19]. 
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 In this paper the BLDCM with a double stator winding is analysed. This motor has two  
3-phase windings displaced each other with 30 electrical degrees. For the control all the men-
tioned above methods can be used, however here the voltage control has only been considered. 
Using mathematical modelling two cases have been compared:  
  − classical control with external smooth source supplying the commutator [3, 8],  
  − classical control with external switching converter supplying the commutator. 
 The machine was operating during motoring and regenerative braking with energy re-
cuperation to the dc source.  
 The backgrounds for this paper were previously published in the conference proceedings 
[7]. However, some information presented there must be corrected with this paper. 
 
 
 

2. Mathematical model of BLDCM with two 3-phase stator windings 
 
2.1. Expressions in natural variables 
 Main assumptions: 
 $ smooth cylindrical stator, 
 $ cylindrical rotor with surface mounted permanent magnets having the assumed perme-

ability of the air, 
 $ symmetrical, magnetically coupled phase windings, mutually displaced as shown in Figure 1. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. BLDCM with a double stator winding – schematic diagram 
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 Hence, 
 $ the phase windings have the same resistance Rs and the same leakage inductance Lσs, 
 $ the self and mutual inductances are described by the formula: 

  ,Δcos
3
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3
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where: xi, xj – position angles of stator windings, Lm – so called main inductance. The mutual 
“electrical” displacements between phase windings take the values:  
 $ =jix ,Δ  0°, ±120°, ±240°for phases belonging to one of the two 3-phase windings, 
 $ =jix ,Δ  ±30°, ±150°, ±270°for phases belonging separately to the first- and the second  
3-phase winding.  
 Voltage equations describing the machine may be written in a matrix form: 
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 Vectors and matrices of these equations take the following form presented below. 
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 The electromotive forces (EMF) have the same form for the both 3-phase winding systems 
k = 1, 2: 
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where: I
fΨ 1 , I

fΨ 2  − vectors of permanent magnet flux linkages, fΨ  − magnitude of one phase 
flux linkage waveform, I

fF 1 , I
fF 2  − vectors of p. u. electromotive forces (EMF) induced in 

stator phase windings, ϕ  − rotor rotation angle, dtd /ϕω =  − rotor angular speed, p – the 
number of pole pairs, superscript T – transposition index. These electromotive forces can be 
approximated using sinusoidal or non-sinusoidal functions of ϕ . The modelled waveforms 
should be similar to real voltages dependent on shape of permanent magnet poles with respect 
to the stator winding displacement. Chosen four cases of EMF [1, 13, 18] are described below 
and shown in Figure 2. 
 A) Sinusoidal EMF 
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where: k = 1, 2 ; i = 1, 2, 3, 
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 The flux linkages 
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ϕϕ pe =  − “electrical” angle of rotation, ξ  − dummy variable of integration. 
 B) Non-sinusoidal EMF 
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 C) Trapezoidal EMF (based on formulae presented in [9]) 
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 D) Near-trapezoidal EMF 
 The Fourier series expansion of the trapezoidal function of magnitude 1 gives: 
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For 6/πα =M  and nmax = 5 
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 Electromagnetic torque is given by the expression:  
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2.2. Expressions in symmetrical components 
 Transformation to symmetrical components can be performed for both the 3-phase wind-
ings separately. Introducing the below transformation matrices S and S!1  

Fig. 2. Examples of EMF and magnetic flux waveforms: a) sinusoidal, b) non-sinusoidal with 
superimposed influence of slotting, c) pure trapezoidal, d) near trapezoidal 
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into voltage Equations (2) yields 
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where: * − conjugation index. 
 For electrical drives this is profitable to assume 3/2=C , whereas for power invariant 
transformation of 3-phase systems 3/1=C . Vectors of symmetrical components for vol-
tages (X = U), currents (X = I) and electromotive forces (X = F) take the generic form 
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where x must be substituted with u, i, F. 
 After transformation the matrices of resistances and winding inductances become diagonal, 
whereas the last two terms of Equations (17) and (18) are: 
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2.3. Expressions in common reference frame 
 All vectors can be expressed in the same reference frame α1-β1, attached to the first 3-phase 
winding, denoted now α-β: 
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 For star connected windings the differential equations for zero-sequence symmetrical com-
ponents must be omitted. Hence, the voltage equations take the form:  
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where: mss LLL += σ . 
 Electromagnetic torque after transformation: 

  

{ } { }

{ }

).(Ψ
3

2

)(Ψ
3

2

ReΨ
3

2

Ψ
3

1Ψ

222211112

222211112

2
*

21
*
12

2

ββααββαα

ββααββαα

fsfsfsfsf

fsfsfsfsf

fsfsf

f
TT

fe

FiFiFiFip
C

FiFiFiFip
C

FiFip
C

p
C

pT

+++=

=+++=

=+=

=+=+= II
2f

*II
s2

II
1f

*II
s1

I
2f

1-I
s2

I
1f

1-I
s1 FIFISFSISFSI

 (26) 

 
2.4. Expressions with EMF harmonics 
 Incorporating (13) in the above equations and substituting 3/2=C  yields 
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 The zero sequence voltages induced in phase windings: 
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 Electromagnetic torque 
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 Transformation to the rotor reference frame d-q yields 
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 Considering more harmonics of EMF in Fourier series (13) the expression describing 
electromagnetic torque for n = 1, 3, 5, 7, 9, 11, 13, ... and the voltage equations (27) assume  
a generic forms: 
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Assuming dq
s

dq
s

dq
s iii == 21 (e. g. due to some control method) the alternating components, de-

pendent on multiples 6p of the rotation angle ϕ , compensate mutually in expression (32) for 
electromagnetic torque. So, the torque becomes twice as the produced by one 3-phase winding 
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For ideally trapezoidal EMFs induced in phases the zero sequence voltages are triangle wave-
forms containing alternating components that are multiples of ϕp3 : 
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 The dominant is third harmonic as in (28), whereas the remaining higher harmonics distort 
these harmonic voltages in the greater degree the closer to trapezoidal are induced EMFs. 
These components can be used for sensor-less control of the motor. The component )0(

2su  is 
suitable for control currents in winding 1, whereas )0(

1su  for control currents in winding 2. So, 
there is no necessity to integrate the zero sequence voltages to obtain zero crossing instants at 
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which the phase currents are turned on or off as it was proposed in [2, 15, 16] for 3-phase 
permanent magnet machines. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

3. Analysis of motor operation 
 

3.1. Parameters of the mathematical model 
 Equivalent circuit of the permanent magnet machine, co-operating with the electronic com-
mutator as the BLDCM, suitable for circuit oriented simulators (Spice family programs or 
SimPowerSystems of Simulink, etc.), results directly from equations (2) and the defined para-
meters. This is shown in Figure 3. The following parameters were taken there: Rk,i = Rs = 1.1 Ω, 

msik LLL 3/2, += σ  = 5 mH, fΨ = 0.52 Wb, p = 3, ikfik Fpe ,, Ψω= , moment of inertia J = 0,5 
kgm2 and the loading torque ωLL DT =  (DL = 0.15 Nms). Magnetic coupling factors 
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3.2. Analysis of basic operation 
 The permanent magnet machine is connected with the electronic commutator, as it has 
been shown in Figure 4, creating BLDCM.  
 

 
Fig. 3. Equivalent circuit of the permanent magnet machine with a double stator winding 

designed for circuit oriented computer simulators (for BLDCM) 
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 The are considered two cases: separate supply, for switch S in position 1, when each  
3-phase winding is supplied separately [12] and the common supply, for S in position 2, when 
mutual influence due to galvanic connection between the windings occurs. The magnetic 
coupling between the phases depends on the machine design and causes mutual influence at 
the both separate- and common supply. Alternatively, these two 3-phase commutators could 
be connected in series carrying the same DC link supply current as it was proposed in [10, 12]. 
In this paper the motor operation was analysed for external converter supplying the com-
mutator, whereas the commutator was triggered due to signals Sk,i produced for each half-
bridge by the rotor position transducer (RPT in Fig. 3). Since the commutator is composed of 
single-direction controlled switches these signals must be multiplied by signal )(sgn c

aua uS =  
determining the sign of demanded armature voltage signal c

au  causing reverse of speed. In the 
result the signals ikuaik SSQ ,, =  trigger the commutator switches. If 1, =ikQ  then the “po-
sitive” switch of the respective half-bridge is turned on, and for 1, −=ikQ  the “negative” 
switch is turned on. It has been shown schematically in Figure 5a. 
 To analyse the machine behaviour the steady state operation of the motor was simulated at 
a constant speed ω = 70 rad/s, for the smooth, regulated supply in the commutator input (DC 
SUPPLY). Results of calculations are presented in Figure 6. The first analysed case concerns 
the operation at lack of magnetic coupling and separate supply of the both 3-phase windings 
(switch S in position 1, Fig. 6a). For the second case the magnetic coupling was taken into 
account (Fig. 6b) and for the third one the machine had the magnetic coupling and the com-
mutator was supplied with a common regulated DC source (switch S in position 2, Fig. 6c).  
 The obtained results show that separate supply assures the same phase current waveforms 
in the both 3-phase winding ( 1,21,1 , ss ii ) displaced mutually with 30°. The electromagnetic 
torque waveforms 21, ee TT  produced by these windings and the common rotor have also the 
same displaced shapes and values. Thus, the machine operation can be considered as sym-
metrical. The influence of magnetic coupling appears mainly in current and torque waveforms 

 
 

Fig. 4. Connection of the permanent magnet machine with the electronic commutator 
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Fig. 5. Principle of BLDCM control: a) triggering of commutator half-bridges, 
b) automatic control due to the external converter 

(Figs. 6a and 6b). A significant difference appears when the stator windings are supplied in the 
common way (Fig. 6c). The currents for respective phases of the both 3-phase windings are 
different. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 The produced torque components 21, ee TT  have also visible differences, though the effect 
of 12 pulse total torque waveform 21 eee TTT +=  also appears as for the two previous cases. 
The measured neutral voltages 21, nn uu  have triangle shapes, though distorted in a greater de-
gree than those in Figures 6a and 6b. According to (19) the zero sequence symmetrical com-
ponents nksk Cuu =)0(  (35) can be determined from these neutral voltages. The influence on dif-
ference of phase voltage waveforms 1,21,1 , ss uu  is not important. These asymmetries are caused 
by mutual current connections through switched phases belonging to these both 3-phase 
winding systems. This is obvious from the triggering pulse waveforms presented in Figure 5a. 
 
3.3. Automatic control 
 For speed control of the motor the worst case for common supply was analysed. For auto-
matic speed control the structure of control system presented in Figure 5b was chosen. The 
two-quadrant switching converter supplying the commutator was controlled with absolute 
value of voltage signal c

au  of current controller (Ri) output. The pulse width modulation 
(PWM) was used with the saw-tooth carrier carrV  of frequency 1 kHz. The speed controller 
(Rω) produces the output signal c

ai  of demanded armature current duaa iSi = . This current is 
equivalent to the armature current of conventional commutator machine. 
 The desired reference speed signal cω  was settled in the stepper way for the motor starting 
and reverse. Results of simulation are shown in Figure 7. There are presented: speed ω  and 
electromagnetic torque eT , armature current 0ai  filtered with the low pass RC filter of time 
constant RC = 1 ms, phase currents 1,1si , 1,2si , phase voltages 1,1su , 1,2su  and neutral voltages 

1nu , 2nu  measured between the pseudo neutral points of resistors and the star point of the  
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Fig. 6. Steady state waveform of BLDCM supplied with smooth regulated voltage in the commutator 
input: a) for separate supply and lack of magnetic coupling between phase windings, b) for separate 
supply  and  considered magnetic coupling,  c) for common supply of commutator and the machine 

with magnetic coupling 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
windings (Fig. 4). Additionally the filtered neutral voltages 10nu , 20nu  (RC = 0.5 ms) are 
shown there, since the neutral voltages 1nu , 2nu  are strongly distorted from the triangle shape 
with PWM effects and then they could not be used for the mentioned earlier sensor-less 
control. The drive operates properly and the armature current ai  is the measure of the motor 
electromagnetic torque afe ipT Ψ2/3= . 

 
4. Conclusions 

 
 Both the torque components Te1, Te2 produced by the first- and the second 3-phase 
windings cause that the resultant electromagnetic torque Te has two times lower amplitude of 
alternating component (Fig. 6), and two times greater frequency than the motor with a single 
3-phase winding. It was expected from the presented above theory, where the EMF harmonics 
were reduced mutually in the expression for electromagnetic torque. At PWM control this 
phenomenon appears as well. This has been observed for operation at separated supply (switch 
S in Fig. 4 opened) and the operation at common supply (switch S closed). So, this motor 
influences the mechanical transmission system in a less disadvantageous degree than the  
3-phase one.  
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 As for all multiphase motors the transistors of the commutator can be dimensioned for  
a lower current at the given power. However, in case of one 3-phase system damaged (com-
mutator or winding damage) the motor can continue operation with two times lower power 
utilising the second 3-phase system after turning off the first one. For some applications or  
a manufacturing process this can be indispensable.  
 The measured signals of neutral voltages un1, un2 (zero symmetrical components) can be 
used for sensor-less control applying the technique described in [16] (page 144) for the  
3-phase machine. In contradistinction to the method described there the voltages un1, un2 need 
not be integrated to obtain two signals displaced mutually by 90 degrees. Simply, the zero 
sequence voltage produced by one 3-phase winding is used for triggering the commutator sup-

plying the second winding and vice versa. The triggering signals appear immediately and this 
method seems less absorbing then this based on back EMFs determination. This could be 
profitable for current controlled high-speed motors.  
 The vector form of presented motor equations can be used for vector control of this motor 
and the motor model presented in the form of equivalent circuit (Fig. 4) can be extended and 

 
Fig. 7. Waveforms for automatic control of drive with a double 3-phase BLDCM 
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supplemented with phenomenon of cogging torques. The theory presented in [18] could be 
used then.  
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