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Abstract: The paper describes analytical approach solving the problem of dynamic ana-
lysis of two-dimensional fields of vibrational displacements and rotations caused by 
magnetic forces acting on stator of AC machine. Final set of three differential equations 
converted into algebraic ones is given and it is confronted with numerical solutions 
obtained by finite element method. 
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1. Introduction 

 The question of magnetic vibration in AC machines becomes a quite frequent topic of 
investigations. The method commonly used is the finite element (FE) technique enabling ac-
curate analysis of free and forced vibration [2, 9, 10]. The geometry of stator core together 
with its composite material structure is the reason of fact that FE mesh discretising the volume 
of stator core and windings contains the definite majority of all elements used in the overall 
model of the motor. That problem is particularly troublesome in the case of large machines, 
when the number of slots may exceed one hundred. Another difficulty arises, related to the 
solution time of the numerical model, when the vibration analysis should be directly incor-
porated into optimization routine. Even ten minutes or so necessary to solve the small FE 
model are to much if it is repeated few hundred times. Therefore, investigation of fast and ac-
curate method of vibration modeling seems still to be the important engineering subject in the 
domain of electric machines.  
 

                                                           
* This is extended version of a paper which was presented at the 47th International Symposium on Elec-
trical Machines SME 2011, Szczecin, Poland. 
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2. Mechanical model of smooth ring 
2.1. Plane displacements 
 Thick ring is the natural model of laminated stator core. Its dynamic behaviour under 
sinusoidal in space and time excitation is well known [1, 7] – the equation describing its 
natural angular frequencies of n-th order is 
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where $ = h2/12R2 - h is ring thickness and R denotes its mean radius, see Figure 1. The 
normalisation constant T0 is so-called ring frequency (breathing mode), when ring surface 
moves uniformly up and down in radial direction only. The value of this constant is given by 

  ,2
2
0 ρ

ω
R

E
=  (2) 

where E is Young modulus and D is mass density. Such a model was the starting point for  
so-called “energy methods” [3, 4]. 

          Fig. 1. Geometry of ring  
      modeling the stator lamination 

 
 Fundamental assumption of above model is sufficiently smaller ring thickness h than its 
mean radius R. Apart from global cylindrical system of coordinates r"z, a local one >1 >2 >3 is 
also considered. Assuming that thickness h remains unchanged when ring is deformed, one 
may introduce two functions of unknown magnitudes describing displacements of mean ring 
surface (with r = R) along angle " in radial u30 and tangential u10 directions. If supporting sy-
stem consists of virtual medium having very low stiffness and density these functions may be 
foreseen as  
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 Exciting forces of linear densities q1(") and q3(") have zero mean value along circumference. 
A classic, quite sophisticated analysis leads [1, 7] to two differential equations  
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where I is the moment of inertia of rectangular cross-section 
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and g is ring size along z axis. Introducing (3) into (4) and (5) one gets magnitudes U1, U3 and 
also with q1 = q3 = 0 the set of natural frequencies Tn shown earlier in equation (1). Applica-
tion of above equations to the problem of vibration of stator core is usually done by simple 
increase of ring density representing in that way the presence of stator teeth and windings. 
Unfortunately, such a treatment may bring a considerable error for machines having long 
teeth. Therefore, some modifications inside the model are necessary. 
 
2.2. Plane displacements and rotation 
 Bending is dominating type of deformation of ring geometry under forces of order n > 0. It 
means that radial component of displacement distribution along mean (neutral) surface has 
both positive and negative values. Simultaneously, neutral surface remains almost stress free. 
It results that line Q1Q2 belonging to that surface and containing the point P0 of zero displacement 
preserves its length and is rotated only against this point, what is displayed in Figure 2. 
 

Fig. 2. Explanation of rotation   
in bended ring              

  
 The effect described is linked with additional inertia related to angular acceleration not in-
cluded in previous model. It is possible to extend the set of unknown functions adding to 
equation (3) the distribution of angular displacement (. 
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 Now three equations of motion are required for solution. They are obtained from infinitely 
small section of the ring being loaded by two-component force density applied to neutral 
surface. The distribution of force and torque components applied to infinitely small angular 
piece of ring *"  are presented in Figure 3 [8]. 
 

 Fig. 3. Geometry of ring 
section for equilibrium analysis 

 
 The strain caused by local rotation can be represented within theory of infinitesimal dis-
placements by means of shear strain g13, which is given by 
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where factor u10 /R includes reduction of radial shift by tangent displacement due to ring 
curvature. Angle of rotation ( (between surfaces plotted in Fig. 2) may be represented by one 
of derivatives in (8) – they are in fact almost equal, but with opposite signs. Multiplying by 
shear stiffness 2G and integrating over surface one gets the tangent force F3 
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 The coefficient 6 equals to 5/6, after Timoshenko theory [8]. 
 The angular motion equation will be 
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Bending torque can be expressed [8] as 
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what finally gives 
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 We cannot use directly Equations (4)(5) as missing suplements for (12), because they were 
derived under assumption g13 = 0 giving another than (9) expression for F3. The equilibrium 
equations for movements along >1 and >2 have general form 
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 Additions F1/R and F3/R arise from ring curvature. In order to get relation describing F1 we 
have to know membrane strain component along neutral layer – bending strain does not 
contribute to that force. Following strain definition we have 

  .1 3010
1 ⎟

⎠
⎞

⎜
⎝
⎛ +

∂
∂

=
R

uu
R

EhgF
α

 (14) 

 Substituting relations (9) and (14) into (13) we have 
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 The next step it is to find magnitudes of investigated functions (7). Inserting these relation-
ships into (12) (15) (16), after few manipulations one may obtain the following set of equa-
tions, which is written in the classic form suitable both for forced and free vibration analysis 
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where [I] is identity matrix and [A] matrix amounts to 



                                                                              P. Witczak                                                      Arch. Elect. Eng. 52 

  [ ] .
)(

)(
)(

2
0

222
0

22

2
0

22
0

222

222
0

22
0

22

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

++−
++−
+−

=
ωωωωω
ωωωωω
ωωωωω

nn
nnn

nnn

GGG

GGG

GIGIGI

A  (18) 

 Particular constants denote 
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 Further simplifications are possible dividing both sides of (17) by .2
0ω  For isotropic 

continuum the modules E and G are directly proportional through 2(1 + <). Setting Poisson 
coefficient < to 0.3 we have 

  

.84.3
)1(2

12

,32.0
)1(2

222

0

2

0

⎟
⎠
⎞

⎜
⎝
⎛≅=⎟

⎠
⎞

⎜
⎝
⎛

+
=⎟

⎠
⎞

⎜
⎝
⎛

≅=
+

=⎟
⎠
⎞

⎜
⎝
⎛

h
Ri

h
R

i

GI
GI

G
G

ν
κ

ω
ω

ν
κ

ω
ω

 (20) 

 Equations (17) are converted to 
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and matrix [A0] amounts to 
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 Coefficients of [A0] depend on dimensionless values of mode order n and ratio (R/h)2 only. 
Comparing results obtained by the above approach with previously described method using 
displacements only, we will get very similar results, therefore, introduction of rotation is not 
mandatory while the smooth ring is analysed. On other hand, the presence of rotation in des-
cription of ring motion enables the further development of this model towards proper repre-
sentation of slotted structure. 



Vol. 61(2012)     Analytical approach calculating eigenfrequencies and modes of stator cores in... 53 

3. Mechanical model of stator lamination 
 
 Geometry of lamination sheet of typical multipole AC motor – in example given below 
2p = 8, is presented in Figure 4. It is assumed that no constraints exist in surrounding medium 
and also external forces of electromagnetic nature belonging to r" plane are balanced in space 
and time.  
 

Fig. 4. Geometry of single 
lamination sheet of AC motor 

 
 The key assumption in modeling the behaviour of stator teeth is that they follow local yoke 
displacements and rotation in form of rigid body motion. It means that presence of teeth on 
one side of the ring changes its inertial properties only. The inertial term in Equations (15) 
(16) is related to displacements, therefore, mass density must be increased by the ratio kD of 
lamination to yoke mass, 
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where Q is number of teeth and remaining dimensions are displayed in Figure 4. The modifi-
cation of Equation (12) is a bit more complicated. We want to account the increase of angular 
inertia of continuous ring structure, which was induced by the discrete set of teeth. It will be 
done in few steps. Firstly, the real shape of single tooth is reduced to the rectangle as it is 
shown in Figure 5. 
 The main moment of inertia of the cuboid against axis passing through its gravity center is 
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where Iz0 is moment of inertia of the rectangle (hQ, g) against its symmetry axis along side g. 
Tooth is rotated about axis zn situated on neutral layer, so, after Steiner theorem, the moment 
of tooth inertia about zn equals to 
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where mQ is tooth mass. After few manipulations we may have 
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Fig. 5. Simplified geometry 
of lamination tooth 

 
 The ring equation (12) requires continuous properties like linear force density, therefore, 
we must “spread” the tooth inertia Jzn along the slot pitch measured on neutral layer. It may be 
now added to moment of inertia of yoke cross-section (6). It will be done by means of multi-
plication factor kI increasing the value of I. 
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 The change of overall mass also influences the value of reference angular frequency T 0   
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 Finally, substituting all additions (23) (27) (28) related to the presence of slots and simply-
fying the forcing term on the right side it is possible to write the set of equations (21) in form 
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and corrected matrix[A0z] is given by 
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 Solving the eigehvalue problem for exemplary lamination in two ways – analytical, based 
on Equations (29), (30) and numerical by FE approach, the results obtained are confronted in 
Table 1. 
 
Table 1. Comparison of analytic and numeric solutions of relative natural frequencies obtained for sheet 

given by: nz = 36, R = 0.08 m, h = 0.01 m, hz = 0.018m, bz = 0.004m, kD = 1.49, kI = 14.2 

Relative natural frequency Tn /T0z Method 
n = 2 n = 3 n = 4 n = 5 

Ring frequency [rad/s] 

Analytic, Eq. (1) 0.093 0.261 0.501 0.810 49.2 
Analytic, Eq. (29) 0.091 0.252 0.467 0.728 49.2 

Numeric 0.091 0.245 0.441 0.642 48.6 

 
 The agreement obtained for modes of the lowest order is very good, for higher modes 
a few percent discrepancy has appeared. It can be explained observing the shapes of investi-
gated modes visualised by FE software in Figure 6. Looking on lowest mode of order n = 2 we 
see that all teeth are perpendicular to deflected mean line of yoke fulfilling in that way the as-
sumption of purely inertial nature of vibrational behaviour of teeth. But in the case of higher 
order n = 5 one can see bended outline of most of teeth. It means stator teeth do not behave 
like rigid body as it was assumed initially. That influence on values of calculated natural fre-
quencies is not very substantial but visible. This effect is a natural limit of presented method. 
 

 
Fig. 6. Shapes of natural modes of order n = 2 and n = 5 
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4. Conclusions 
 
 The calculation method described in the paper enables fast and accurate estimation of 
natural frequencies for modes of lowest order. It means that it can be also applied for forced 
vibration in a quite wide range of exciting frequencies. Its accuracy near resonances will not 
be very good because of absence of components representing the energy dissipation in equa-
tions of motion. They may be added in a standard way [5, 6] converting solution into complex 
domain. The another application foreseen in a future work is the search of equivalent 
anisotropic ring structure for slotted lamination. Such a problem cannot be solved explicitly 
because of its nonlinear relationships – it requires iterative approach, where a computation 
time is one of decisive factors when the method of modeling is chosen.  
 The paper was done within the project N510 590440 granted by Ministry of Science and 
Higher Education, Republic of Poland. 
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