
BULLETIN OF THE POLISH ACADEMY OF SCIENCES

TECHNICAL SCIENCES, Vol. 64, No. 1, 2016

DOI: 10.1515/bpasts-2016-0007

On axisymmetrical boundary problem of unsteady motion
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Abstract. The aim of this paper is developing an exact solution for the problem of axisymmetrical flow of unsteady motion of micropolar

fluid in the half-space when the shear stresses are given on the boundary. The Laplace-Hankel transform technique is used to solve this

problem. Some physical quantities such as velocities, pressure and microrotations are obtained and illustrated numerically.
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1. Introduction

The Newtonian relationships cannot be characterized to ex-

plain the behaviour of materials in shear. Eringen [1] proposed

the basics of the theory of micropolar fluids display the ef-

fects of couple stresses, body couples and local rotary inertia.

This theory might serve as a satisfactory model for describing

the flow properties of polymeric fluids, liquid crystals which

are made up of dumbbell molecules, animal blood and fluids

containing certain additives.

El-Sirafy [3] generalized the results of the solution of the

homogeneous Navier-Stokes equations in the half-plane for

the slow motion of viscous incompressible fluids to the class

of the micropolar fluids for the case of the given shear stresses

on the boundary. El-Sirafy and Abdel-Moneim [4] investigat-

ed the unsteady two-dimensional motion of micropolar fluid

within the half-plane due to the sudden motion of its hor-

izontal boundary. Gorla et al. [5] presented a study on the

effects of buoyancy on forced convection on an axisymmetric

stagnation flow of micropolar fluids over a vertical cylinder

with constant or linear variation of surface heat flux condi-

tions. Faltas et al. [7] considered the problem of the steady-

state axisymmetric flow of an incompressible micropolar fluid

past two spherical particles. Under the Stokes flow approxi-

mation, they obtained a general solution which is construct-

ed using superposition of the basic solutions in two moving

spherical coordinate systems based on the centers of the par-

ticles. Lok et al. [8] studied the unsteady mixed convection

boundary-layer flow of a micropolar fluid near the region of

the stagnation point on a double-infinite vertical flat plate.

Extensive reviews for the mathematical theory of equations

and applications of micropolar fluids can be found in books

by Łukaszewicz [10] and Eringen [2].

The aim of this paper is developing an exact solution for

the problem of axisymmetrical flow of unsteady micropolar

fluid in the half-space when the shear stresses are given on the

boundary. The Laplace-Hankel transform technique is used to

solve this problem. Some physical quantities such as veloc-

ities, microrotation and pressure are obtained and illustrated

numerically. This boundary problem could be met in the study

of the flow near a solid boundary which is not wet by the given

micropolar fluid.

Nomenclature

H(t) Heaviside function

p pressure

t time ................. s

ρ fluid density ................. kg m−3

u(r, y, t), horizontal and normal components of the velocity along

v(r, y, t) the r- and y-directions, respectively ................. m s−1

γ spin gradient viscosity ................. kg ms−1

µ classical shear viscosity coefficient ................. kg m−1 s−1

κ vortex viscosity ................. kg m−1 s−1

j microinertia per unit mass ................. m2

λ second order viscosity coefficient

α, β viscosity coefficients

l micropolar length parameter ................. m

n microrotation ................. s−1yr, ry shear stresses

δ(t) Dirac delta function of t

The dimensions considered in Nomenclature are presented

in Lok et al. [8].

The rest of this paper is organized as follows: Sec. 2

presents the problem formulation. A solution methodology

is developed in Sec. 3. A numerical results is presented in

Sec. 4. A conclusion for this work is presented at the end in

Sec. 5.

2. Problem formulation

The field equations of the micropolar fluid given by Erin-

gen [1] are as follows:

Conservation of mass

∂ρ

∂t
+ ∇.ρ−→q = 0. (1)
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Balance of momentum

∇p = (λ+ 2µ+ κ)∇ (∇.−→q ) + ρ
−→
f

− (µ+ κ)∇× (∇×−→q ) − ρ
∂−→q
∂t

+ κ∇×−→
N.

(2)

Balance of angular momentum

ρj
∂
−→
N

∂t
= (α+ β + γ)∇

(
∇.−→N

)
− γ∇×

(
∇×−→

N
)

+κ∇×−→q − 2κ
−→
N + ρ−→g ,

(3)

where ρ is the fluid density,
−→
N = (N1, N2, N3) is the mi-

crorotation, −→q = (q1, q2, q3) is the velocity,
−→
f = (f1, f2, f3)

is the body force per unit mass, and −→g = (g1, g2, g3) is the

body couple per unit mass. The material’s constants λ and µ

are the classical viscosity coefficients, and α , β, γ and κ are

the viscosity coefficients for micropolar fluids.

Neglecting the thermal effect the material constants α, β,

γ, λ, µ, κ have to satisfy the following inequalities

2µ+ κ ≥ 0, κ ≥ 0, 3λ+ 2µ+ κ ≥ 0

γ ≥ 0, γ ≥ |β| , 3α+ β + γ ≥ 0

The problem under consideration we confine ourselves for

studying equations governing the flow of an incompressible

micropolar fluid in the absence of body force and body couple

are given by

∇.−→q = 0, (4)

∇p = − (µ+ κ)∇× (∇×−→q ) − ρ
∂−→q
∂t

+ κ∇×−→
N, (5)

ρj
∂
−→
N

∂t
= (α+ β + γ)∇

(
∇.−→N

)

−γ∇×
(
∇×−→

N
)

+ κ∇×−→q − 2κ
−→
N.

(6)

This model contains as a special case the classical mod-

el of Navier and Stokes. In case of α = β = γ = κ = 0,

microrotation
−→
N becomes zero. Also note that for κ = 0,

the velocity −→q and the microrotation
−→
N are uncoupled and

the global motion is unaffected by the microrotations (see,

Łukaszewicz [10], Eringen [2]). Hence, Eq. (5) reduces to

the Navier-Stokes equations which takes the form

∇p = −µ∇× (∇×−→q ) − ρ
∂−→q
∂t

. (7)

Since ∇ × (∇×−→q ) = ∇ (∇.−→q ) − ∇2−→q , then Eq. (7)

takes the form

∇p = µ∇2−→q − ρ
∂−→q
∂t

. (8)

Equations (4) and (8) represent the Navier-Stokes equa-

tions. The linearized Navier-Stokes equations of two-

dimensional unsteady motion of an incompressible flu-

id in the upper half-plane (−∞ < x <∞, y > 0 | t > 0)
are the same Eqs. (4) and (8). But in this case, −→q =
(u(x, y, t), v(x, y, t), 0), where u(x, y, t) and v(x, y, t) are the

tangential and normal components of the velocity respective-

ly. These are the Navier-Stokes equations in Cartestian coor-

dinates for the considered problem.

For the problem under consideration, the suitable coor-

dinates will be cylindrical polar coordinate system (r, θ, y).
Cylindrical coordinates are chosen to take advantage of sym-

metry, so that a velocity component can disappear. Axisym-

metric flow with the assumption of no tangential velocity and

the remaining quantities are independent of θ. The y-axis is

taken perpendicular to the bounding zx-plane as the axis of

symmetry. The flow components is shown schematically in

Fig. 1. For the axisymmetrical motion of an incompressible

micropolar fluid, the velocity and microrotation vectors are

taken the form
−→q = (u(r, y, t), 0, v(r, y, t)) ,

−→
N = (0, n(r, y, t), 0) ,

where the velocity components u and v are taken to be in the

direction of r and y axes, respectively.

Fig. 1. Physical model and coordinate system

In the absence of both external forces and body cou-

ples the linearized equations of axisymmetrical motion of

an incompressible micropolar fluid in the upper half-space

(0 ≤ r <∞, y > 0 | t > 0) are

∂p

∂r
= (µ+ κ) △∗ u− ρ

∂u

∂t
+ κ

∂n

∂y
, (9)

∂p

∂y
= (µ+ κ) △ v − ρ

∂v

∂t
− κ

r

∂

∂r
(rn) , (10)

ρj
∂n

∂t
= γ △∗ n− 2κn+ κ

(
∂v

∂r
− ∂u

∂y

)
, (11)

where

△∗ = △− 1

r2
, △ =

∂2

∂r2
+

1

r

∂

∂r
+

∂2

∂y2
.

The equation of continuity is

1

r

∂

∂r
(ru) +

∂v

∂y
= 0, (12)
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where γ, µ, κ, j are viscosity coefficients, p(r, y) is the pres-

sure and the components of the shear stresses ŷr and r̂y are

given by

ŷr = (µ+ κ)
∂u

∂y
+ µ

∂v

∂r
+ κn,

r̂y = (µ+ κ)
∂v

∂r
+ µ

∂u

∂y
− κn




. (13)

The boundary conditions are

v (r, 0, t) = 0,

n (r, 0, t) = 0,

∂u

∂y

∣∣∣∣
y=0

=
ŷr|y=0

µ+ κ
=
r̂y|y=0

µ
=
∂G(r, t)

∂r
,

u (r,∞, t) = v (r,∞, t) = n (r,∞, t) = 0,

(14)

where G (r, t) is a given function.

The initial conditions are

u (r, y, 0) = v (r, y, 0) = n (r, y, 0) = 0. (15)

3. Solution methodology

Introduce two real functions ϕ (r, y, t) and ψ (r, y, t) such that

u (r, y, t) =
∂ϕ

∂r
+
∂ψ

∂y
,

v (r, y, t) =
∂ϕ

∂y
− 1

r

∂

∂r
(rψ) .

(16)

The equation of continuity (12) gives

△ϕ = 0. (17)

Substituting from (16) in the system (9)–(11) and observing

that

△∗
∂ϕ

∂r
=

∂

∂r
△ ϕ, (18)

△
[
1

r

∂

∂r
(rψ)

]
=

1

r

∂

∂r
[r△∗ ψ]. (19)

We can write

∂

∂y

[
p− (µ+ κ) △ ϕ+ ρ

∂ϕ

∂t

]

= −1

r

∂

∂r

[
r

(
(µ+ κ) △∗ ψ − ρ

∂ψ

∂t
+ κn

)]
,

∂

∂r

[
p− (µ+ κ) △ ϕ+ ρ

∂ϕ

∂t

]

=
∂

∂y

[
(µ+ κ) △∗ ψ − ρ

∂ψ

∂t
+ κn

]
.

Thus the system (9)–(12) is equivalent to

p = −ρ∂ϕ
∂t
, (20)

△ϕ = 0, (21)

(µ+ κ) △∗ ψ − ρ
∂ψ

∂t
+ κn = 0, (22)

κ△∗ ψ + ρj
∂n

∂t
+ 2κn− γ △∗ n = 0. (23)

Using the technique of Laplace-Hankel transform

ϕ̃ (q, y, λ) =

∞∫

0

e−λt

∞∫

0

ϕ (r, y, t) rJ0 (qr) drdt,

ϕ (r, y, t) =
1

2πi

σ+i∞∫

σ−i∞

eλt

∞∫

0

ϕ̃ (q, y, λ) qJ0 (qr) dqdλ,

ψ̃ (q, y, λ) =

∞∫

0

e−λt

∞∫

0

ψ (r, y, t) rJ1 (qr) drdt,

ψ (r, y, t) =
1

2πi

σ+i∞∫

σ−i∞

eλt

∞∫

0

ψ̃ (q, y, λ) qJ1 (qr) dqdλ,

ñ (q, y, λ) =

∞∫

0

e−λt

∞∫

0

n (r, y, t) rJ1 (qr) drdt,

n (r, y, t) =
1

2πi

σ+i∞∫

σ−i∞

eλt

∞∫

0

ñ (q, y, λ) qJ1 (qr) dqdλ,

G (r, t) =
1

2πi

σ+i∞∫

σ−i∞

eλt

∞∫

0

G̃ (q, λ) qJ0 (qr) dqdλ,

G̃ (q, λ) =

∞∫

0

e−λt

∞∫

0

G (r, t) rJ0 (qr) drdt.

(24)

and knowing that

−J1 (rq) =
1

q

∂

∂r
[J0 (rq)] ,

d

dy
[yJ1 (y)] = yJ0 (y) ,

(25)

∞∫

0

e−λt

∞∫

0

[△ϕ (r, y, t)] rJ0 (qr) drdt

= ϕ̃
′′ − q2ϕ̃ (q, y, λ) ,

(26)

∞∫

0

e−λt

∞∫

0

[△∗ψ (r, y, t)] rJ1 (qr) drdt

= ψ̃
′′ − q2ψ̃ (q, y, λ).

(27)

The system (21)–(23) become

ϕ̃
′′ − q2ϕ̃ = 0, (28)

(µ+ κ) ψ̃
′′ −

[
(µ+ κ) q2 + ρλ

]
ψ̃ + κñ = 0, (29)

γñ
′′ −

(
γq2 + 2κ+ ρjλ

)
ñ− κψ̃

′′

+ κq2ψ̃ = 0. (30)

Now we may take as a trial solution

ψ̃ = Ae−ζy, ñ = Be−ζy, ϕ̃ = Ce−qy. (31)
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By substituting from (31) into (29), (30), we get
[
(µ+ κ)

(
ζ2 − q2

)
− ρλ

]
A+ κB = 0,

−κ
(
ζ2 − q2

)
A+

[
γ

(
ζ2 − q2

)
− (2κ+ ρjλ)

]
B = 0.

Then the condition for a nonzero solution is

γ
(
ζ2 − q2

)2 −
(

2κ+ ρjλ+
ρλγ

µ+ κ

) (
ζ2 − q2

)

+ρλ

(
2κ+ ρjλ

µ+ κ

)
= 0.

(32)

Here for the simplification we confine our study to a spe-

cial class of fluids in which the spin gradient viscosity j is

assumed to be a constant and given by

j =
2γ

2µ+ κ
. (33)

This latter relation is imposed to allow the field equations

to predict the correct behavior in the limiting case when mi-

crostructure effects become negligible and microrotation re-

duces to the angular velocity. Many authors have assumed that

special class of fluids, see Kline and Allen [9], Ahmadi [11],

Allen and Kline [12], and Rees and Bassom [13].

Consider the parameters

l =

√
γ

2 (2µ+ κ)
=

√
j

2
, M =

√
κ

2µ+ κ
.

The parameter l measures the relative length of the fluid mi-

crostructure. The value of l reflects the microscopic properties

of the fluid. The parameter M , 0 ≤M ≤ 1 characterizes cou-

pling between the vortex viscosity coefficient κ and the shear

viscosity coefficient µ. For more details, see [14].

If the value of the parameter M → 0, then the equa-

tions of momentum (5) and angular momentum (6) become

independent of each other and the first one transforms into a

classical Navier-Stokes equation for Newtonian fluid [14].

The roots of Eq. (32) are given by

ζ2
1 = q2 + aρλ, ζ2

2 = q2 + bρλ+ c, (34)

where

a =
2

2µ+ κ
, b =

1

µ+ κ
, c =

2bκ

aγ
.

The boundary conditions (14) become

dϕ̃

dy

∣∣∣∣
y=0

− qψ̃ (q, 0, λ) = 0, (35)

d2ψ̃

dy2

∣∣∣∣∣
y=0

− q
dϕ̃

dy

∣∣∣∣
y=0

= −qG̃ (q, λ) , (36)

ñ (q, 0, λ) = 0. (37)

Thus, after some calculations we obtain

ϕ̃ (q, y, λ) = q
G̃ (q, λ)

bρλ
e−qy, (38)

ψ̃ (q, y, λ) = −1

b

[
q
G̃ (q, λ)

ρλ
e−ζ1y +

κb2

c
ñ (q, y, λ)

]
, (39)

ñ (q, y, λ) = − cqG̃ (q, λ)

κb2 (ρλ− c0)

(
e−ζ1y − e−ζ2y

)
, (40)

where

c0 =
c

a− b
.

Assume that

G (r, t) = H0H (t)H (ǫ− r), (41)

H (ǫ− r) =

{
1 0 < r ≤ ǫ

0 r > ǫ
, (42)

where
∂G (r, t)

∂r
= −H0H (t) δ (ǫ− r), H (t) is the Heavi-

side function and H0 is a constant.

Thus

G̃ (q, λ) =
H0ǫJ1 (qǫ)

λq
. (43)

Using Laplace-Hankel transform, we get after some cal-

culation

ϕ (r, y, t) =
H0ǫt

bρ

∞∫

0

qe−qyJ0 (qr) J1 (qǫ)dq, (44)

n (r, y, t) =
H0ǫc

κb2c0

∞∫

0

qJ1 (qr) J1 (qǫ) [M (y, t, q, a, 0, 0)

−M (y, t, q, b, 0, c)

−M (y, t, q, a, c0, 0) +M(y, t, q, b, c0, c)] dq,

(45)

ψ (r, y, t) = n0 (r, y, t) − κb

c
n (r, y, t) , (46)

where

M (y, t, q, α, β, δ) =
ρ

2πi

σ+i∞∫

σ−i∞

eλt−
√

q2+αρλ+δy

ρλ− β
dλ,

σ = Reλ > 0

(47)

can be put in the form [6]:

M (y, t, q, α, β, δ) = M+ (y, t, q, α, β, δ)

+M− (y, t, q, α, β, δ),
(48)

M± (y, t, q, α, β, δ) =
1

2
e±

√
q2+αβ+δy+

βt
ρ

· erf c

(
y

2

√
αρ

t
±

√
(q2 + αβ + δ)

t

αρ

)
,

(49)

n0 (r, y, t) =
−H0ǫ

bρ

∞∫

0

qJ1 (qr) J1 (qǫ)P0(y, t, q)dq, (50)

where

P0 (y, t, q) =
1

2πi

σ+i∞∫

σ−i∞

eλt−
√

q2+aρλy

λ2
dλ

= ρ lim
β→0

∂

∂β
M (y, t, q, a, β, 0)

= P+ (y, t, q) + P− (y, t, q) ,

(51)
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where

P±(y, t, q)=
ρ

2
e±qy erf c

(
y

2

√
aρ

t
±q

√
t

aρ

)[
t

ρ
± ya

2q

]
. (52)

To calculate the stream function , we obtain from (44)

∂ϕ

∂r
=
H0ǫt

bρ

∞∫

0

qe−qy ∂ (J0 (qr))

∂r
J1 (qǫ) dq

where

ϕ∗ (r, y, t) =
H0ǫt

bρ

∞∫

0

qe−qyJ1 (qr) J1 (qǫ)dq.

Then

u =
∂

∂y
(ψ + ϕ∗). (53)

Also,

∂ϕ (r, y, t)

∂y
= −H0ǫt

bρ

∞∫

0

q2e−qyJ0 (qr) J1 (qǫ) dq.

Using (25), we get

∂ϕ

∂y
= −H0ǫt

bρ

∞∫

0

q
e−qy

r

∂ (rJ1 (qr))

∂r
J1 (qǫ) dq

= −1

r

∂

∂r



r
∞∫

0

H0ǫt

bρ
qe−qyJ1 (qr) J1 (qǫ) dq





= −1

r

∂

∂r
(rϕ∗ (r, y, t))

and from (16)

v = −1

r

∂

∂r
[r (ψ + ϕ∗)]. (54)

Thus we can write

u =
∂Ψ

∂y
, v = −1

r

∂

∂r
(rΨ),

where the stream function Ψ is given by

Ψ = ψ (r, y, t) + ϕ∗ (r, y, t). (55)

From (20) and (44), the pressure is given by

p(r, y) = −H0ǫ

b

∞∫

0

qe−qyJ0 (qr) J1 (qǫ) dq (56)

i.e., the pressure in this case is a function independent of t.

4. Numerical results

The horizontal velocity u (r, y, t) given by Eq. (53), the ver-

tical velocity v (r, y, t) given by Eq. (54), the stream function

Ψ (r, y, t) given by Eq. (55), the microrotation n (r, y, t) giv-

en by Eq. (45), the shear stresses ŷr and r̂y given by Eq. (13),

and the pressure p (r, y) given by Eq. (48) are implemented

numerically for different values of r, y, t.

For the computational work, a Matlab and Mathcad pro-

gram are used to invert the transform in order to obtain the

results in the physical domain, the following material con-

stants are considered

κ = 0.1 kg m−1s−1, γ = 1.05 kg m s−1,

µ = 0.05 kg m−1s−1, ρ = 1.05 kg m−3,

ǫ = 0.05, H0 = 0.001.

Figures 2–5 illustrate the stream function Ψ (r, y, t) with

one of the independent parameters r, y, and t when values are

given for the other two variables. The variation of the horizon-

tal velocity u (r, y, t) versus one of the parameters r, y, t for

different values of the other two parameters are shown in the

plots presented in Figs. 6–9. Figures 10–13 show the variation

of the normal velocity v (r, y, t) with one of the parameters

r, y, t for different values of the other two parameters. Fig-

ures 14–19 display the variation of the microrotation n (r, y, t)
versus one of the parameters r, y, t for different values of the

other two parameters. The variations of the shear stresses ŷr

and r̂y with one of the parameters r, y, t for different values

of the other two parameters are depicted in Figs. 20–27. The

pressure p (r, y) does not depend on time and it depends only

on r and t. Figures 28–29 display the pressure versus r and y.

Figures 30–39 are three dimensional plots to display the

stream function, the velocity components, pressure, microro-

tation, and shear stresses with r and y. Figures 30 and 31

display the stream function with different scales for r and y.

Similarly, Figs. 34 and 35 illustarte the pressure and Figs. 36

and 37 display the microrotation with different scales for r

and y.

Fig. 2. Variation of the stream function Ψ(r, y, t) with r

Fig. 3. Variation of the stream function Ψ(r, y, t) with y
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Fig. 4. Variation of the stream function Ψ (r, y, t) with t

Fig. 5. Variation of the stream function Ψ (r, y, t) with t

Fig. 6. Variation of the horizontal velocity u (r, y, t) with r

Fig. 7. Variation of the horizontal velocity u (r, y, t) with r

Fig. 8. Variation of the horizontal velocity u (r, y, t) with y

Fig. 9. Variation of the horizontal velocity u (r, y, t) with y
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Fig. 10. Variation of the normal velocity v (r, y, t) with r

Fig. 11. Variation of the normal velocity v (r, y, t) with y

Fig. 12. Variation of the normal velocity v (r, y, t) with r

Fig. 13. Variation of the normal velocity v (r, y, t) with y

Fig. 14. Variation of the microrotation n (r, y, t) with r

Fig. 15. Variation of the microrotation n (r, y, t) with y
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Fig. 16. Variation of the microrotation n (r, y, t) with t

Fig. 17. Variation of the microrotation n (r, y, t) with t

Fig. 18. Variation of the microrotation n (r, y, t) with r

Fig. 19. Variation of the microrotation n (r, y, t) with y

Fig. 20. Variation of the shear stress yr with r

Fig. 21. Variation of the shear stress yr with y
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Fig. 22. Variation of the shear stress ry with r

Fig. 23. Variation of the shear stress ry with y

Fig. 24. Variation of the shear stress yr with r

Fig. 25. Variation of the shear stress yr with y

Fig. 26. Variation of the shear stress ry with r

Fig. 27. Variation of the shear stress ry with y
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Fig. 28. Variation of the pressure P (r, y) with r

Fig. 29. Variation of the pressure P (r, y) with y

Fig. 30. Variation of the stream function Ψ(r, y, t) with r and y

when t = 0.5

Fig. 31. Variation of the stream function Ψ(r, y, t) with r and y

when t = 0.5

Fig. 32. Variation of the horizontal velocity u(r, y, t) with r and y

when t = 0.5

Fig. 33. Variation of the normal velocity v(r, y, t) with r and y when

t = 0.5
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Fig. 34. Variation of the pressure p(r, y) with r and y

Fig. 35. Variation of the pressure p(r, y) with r and y

Fig. 36. Variation of the microrotation n(r, y, t) with r and y when

t = 0.5

Fig. 37. Variation of the microrotation n(r, y, t) with r and y when

t = 0.5

Fig. 38. Variation of the shear stress ry(r, y, t) with r and y when

t = 0.5

Fig. 39. Variation of the shear stress yr(r, y, t) with r and y when

t = 0.5
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5. Conclusions

The considered problem in this study is the corresponding

problem to the two dimensional motion which is the axisym-

metrical motion in the upper half-space. In this motion, the

fluid particles move in planes passing through a certain line

called the axis of symmetry and the motion in all such planes

is identical. The problem of axisymmetrical flow of unsteady

micropolar fluid in the half-space when the shear stresses

are given on the boundary has been considered in this pa-

per. An exact solution for this problem using the Laplace-

Hankel transform technique is obtained. Numerical results for

the stream function, velocity components, microrotation, pres-

sure, and shear stresses components are presented in graphs

in two and three dimension spaces for various parameter con-

ditions.
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