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Positive stable realizations with system Metzler
matrices

TADEUSZ KACZOREK

Conditions for the existence of positive stable realizagiovith system Metzler matrices
for linear continuous-time systems are established. Agaore for finding a positive stable
realization with system Metzler matrix based on similatignsformation of proper transfer
matrices is proposed and demonstrated on numerical exampis shown that if the poles of
stable transfer matrix are real then the classical Gilbetthod can be used to find the positive
stable realization.

Key words: positive stable realization, system Metzler matrix, lineantinuous-time sys-
tems

1. Introduction

A dynamical system is called positive if its trajectory stag from any nonnega-
tive initial state remains forever in the positive orthaot &ll nonnegative inputs. An
overview of state of the art in positive theory is given in thenographs [2, 8]. Vari-
ety of models having positive behavior can be found in ergging, economics, social
sciences, biology and medicine, etc.

An overview on the positive realization problem is givenin2, 8]. The realization
problem for positive continuous-time and discrete-tinmedir systems has been consid-
ered in [3, 4, 12, 13] and the positive minimal realizationlgem for singular discrete-
time systems with delays in [14]. The realization problemffactional linear systems
has been analyzed in [10, 15] and for positive 2D hybrid sgstan [11].

In this paper sufficient conditions will be established foe existence of positive
stable realizations with system Metzler matrices and phoee for computation of the
realizations of proper transfer matrices will be proposed.

The paper is organized as follows. In section 2 some defirstend theorems con-
cerning positive continuous-time linear systems are ledand the problem formula-
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tion is given. Problem solution is presented in section 34nd section 3 the method
based on the similarity transformation is presented anddtian 4 the problem is solved
by the use of the Gilbert method. Concluding remarks and @poeblems are given in
section 5.

The following notation will be used: — the set of real number§]"™™ — the set
of nx mreal matricesd*™ — the set ofn x m matrices with nonnegative entries and
0% = DYl, O™ M(s) — the set oh x mreal matrices irswith real coefficientsM,, — the
set ofn x n Metzler matrices (real matrices with nonnegative off-diagl entries)], —
then x nidentity matrix.

2. Preliminaries and the problem formulation

Consider the continuous-time linear system
X(t) = AX(t) + Bu(i) (1a)

t) =
y(t) = Cx(t) + Du(t) (1b)

wherex(t) € O", u(t) € O™, y(t) € OP are the state, input and output vectors and
AcO™N Be O™M Cec OPXN D e OgpPm,

Definition 1 [2, 8] The systen(l) is called (internally) positive if &) € 07, y(t) € O,
t > 0 for any initial conditions X0) = xp € 0" and all inputs t) € O, t > 0.

Theorem 1[2, 8] The systen{l) is positive if and only if
AeM,, BeOT™ ceD?" DenfPm 2)
The transfer matrix of the system (1) is given by
T(s) =C[l,s—A"'B+D. (3)
The transfer matrix is called proper if
lim T(s) =K e 0P (4)

and it is called strictly proper K = 0.

Definition 2 [2, 8] Matrices(2) are called a positive realization of transfer matrixg
if they satisfy the equality3). The realization is called (asymptotically) stable if the
matrix A is a (asymptotically) stable Metzler matrix (HutavMetzler matrix).

Theorem 2[8] The positive realizationf2) is stable if and only if all coefficients of the
polynomial
pa(s) = defl,s— Al ="+ a,_18" 1+ .. +a;s+ag (5)
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are positive, i.e.a>0fori =0,1,...,n—1.

The problem under considerations can be stated as follows.
Given a rational matrix (s) € OP*™, find a positive stable its realization

A€My, BeOP™ CceDP" DenP™ (6)

whereMpsis the set oh x n (asymptotically) stable Metzler matrices.

3. Problem solution

3.1. SISO systems

First we shall consider the positive single-input singlgpait (SISO) system (1) with
the transfer function

St an St astay

()

The positive system with (7) is (asymptotically) stable idaonly if & > 0 for i =
0,1,...,n—1[2, 8]. Knowing the transfer function (7) we can find the rma by the
use of the formula [2, 8]

D:émT(s) = by (8)

and the strictly proper transfer function
Tsp(S) =T(s)—D =Cl[lps— A !B

bbbt bistby b 18" 1+ -+ bys+ by
T Sta St tasta | S4a S+ +astag

9)

whereb; = b —abn, i =0,1,....,n— 1.
A realization of the strictly proper transfer function (3the form [2, 7, 8]

0 1 o .. 0 0
0 0 1 .. 0 0
A= : , B= ,C=|Dby by by bn_1
0 0 0 1 0
—a —a —& —an_1 1
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Remark 1. The following realization of the strictly proper transfemttion (9) can be
also used

[0 0 0 —ag bo
10 ..0 -a by
A=|o0 1 0 -& |,B=| b |,C=]|00 .. 0 1], (100
(00 . 1 —agg L=y
[ —an 1 —an 2 —a —ao | (1]
1 0 0 0 0
Al o 1 0 0 |,B=|:|,C=|byyq .. bp by bg |,
: 0
0 0 1 0 0|
] . ] ) (10c)
—an-1 1 0o .. 0 bn—l
—ap.2 01 ... 0 bn_>
A— 1 .. :|,B=| : |,c=|10 0 0 |. (10d)
~a 00 .. 1 by
| —a 00 .. 0] | bo |

The realization (10) and (8) of the transfer function is pesiif and only ifg < O for
i=0,1,...,n—2. This realization by Theorem 2 is unstable.
The solution to the problem under considerations is basetefollowing lemma.

Lemma 1 There exists a nonsingular matrixd?lJ™" such that the positive realization
A=PAPteM,s B=PBcOP™ C=CPtecO™" DecO™™ (11)
is (asymptotically) stable if and only if the matriis stable.
Proof It is well-known that [7, 9]
defl,s— A] = defl,s— A (12)

for any nonsingular matri® € O™ ". Therefore, there exists a nonsingular matix
such that (11) holds if and only if the matriis stable. 0

In what follows it is assumed that the transfer function é73table.
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The following elementary row and column operation on therixa& will be used
[7,9]:L]i+ j x ] (R[i+ ] xc])—addition to the-th row (column) thej-th row (column)
multiplied by a scalac.

To find a positive stable realization (11) of the given transiunction (7) the
following procedure will be used.

Procedure 1.

Step 1. Knowing the transfer function (7) and using (8) firel thatrixD € OP*™ and
the strictly proper transfer function (9).

Step 2. Usindlsp(s) and (10) find the matrices, B andC.

Step 3. Performing suitable elementary row (column) opmmatl [i + j x ¢] (R[i +
j x €]) on the matrixA find the desired matriA = PAP~! € M,s and the matrix
P(P~1) such thaB=PB e O07MandC=CP-1c OP".

Remark 2. The matrix P (P!) can be obtained by performing the elementary row
(column) operations on the identity mattix[9].

First we shall demonstrate Procedure 1 on the following Eragpample.

Example 1.Find the positive stable realization (11) of the transferction

”$:%§%§E%' (13)
Using Procedure 1 we obtain the following
Step 1. Using (8) we obtain
D = lim T(s) = b, (14)
and -
Tsp(s) =T(s)—D = % (15)

whereb; = b, —aby, i = 0, 1.

Step 2. The realization (10) of the strictly proper tran$erction (15) has the form
0 1 —

] , B: [ O

—ay — 1

Step 3. To obtain the stable Metzler matéix= PAP—! we perform the following ele-
mentary row and column operations on the maftix

,C=[hy by ] (16)
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pd
Il

[ o 1 ] R[1+2x (—a)]

——
—8 —a
] 17)
_a 1 L[2+1x ()] _q 1
_—
aa;—ay —a agp—ay—02 a—a

If we choose—a? + aa; — ag = 0 so that then the matrix (17) is a Metzler matrix
of the form

Acpapi_| % 1 | (18)
0 oa—a

In this case the matrix (18) has two eigenvalues.
Performing the row elementary operationsigmwe obtain

1 0] terix@l [ 1 o
_ =P
0 1 a 1
_ - _ (19)
10 R[142x (—a)] 1 0 1
_ =P~
01 —a 1
The characteristic polynomial of the matrix (17)
2 =s"+aS+ap (20)
—aap+a+0a° s—a+a

is independent of scalar and has two real zeros.

Remark 3. For the matrixA there exists the matri® such thatA = PAP~! is the
Metzler matrix if and only if the polynomial (20) has two rezgros.

From (16), (11) and (19) we have

(2]

1 0
—-a 1

(21)
C=CP =] by 61][ 12[60—510( by .

The desired positive stable realization of the transfection exists ifbp — bya > 0 and
bp —bia > 0 and it is given by (18), (21) and (14).
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In particular case if the transfer function (13) has the form

22+ 7s+7 s+3
T(s) = =2+
2+ 3542 435+ 2

then there exists the desired positive stable realizathitehas the form

S P P L et

e (1222

1 0

(22)

Example 2.Find a positive stable realization (11) of the transfer fiorc

T(s) = b3$?+b282+b15+b0. (24)
S+ ap +a;s+ag
Using Procedure 1 we obtain the following
Step 1. Using (8) we obtain
D= lm,T(s) =Dbs (25)
e b, + Bus-+ By
. N 2S”+ D1S+
TSP(S) - T(S) - 33—|—a232+a15+a0 (26)

whereb; = b, —ajbs, i = 0,1, 2.
Step 2. The realization (10) of the strictly proper tran$erction (26) has the form

0 1 0 0
A=| 0 0 1 |,B=|0]|,C=[by b bp]. (27)
—qp —d1 —ap 1

Step 3. To obtain the stable Metzler matfix= PAP~1 we perform the following ele-
mentary row and column operations on the ma#ix

_ 0 1 0 R[1+2x (—0)]
A= 0 0 1 _

—ap —a1 —&
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—a 1 0 L[2+1x (a)]
0 0 1 ey
| aud—ap —a1 —ag |
—a 1 0 R[1+3x (a?)]
—a? a 1 | — (28)
ayd—a —ap —az |
—a 10 L[3+1x(—0a2)]
0 a 1 _—
—ap0l4+ a0 —ay —a; —-a
[ —a 1 0
0 a 1
| a0’ taa—a —0i-a —a&

If a8 —aya?+ a,0 —ag > 0 then the off-diagonal entries in the first row and in the
first column are nonnegative. The submatrix

Ah=| O 1] (29)

—0?2—a -a

has real eigenvalues (B — a)2 — 4(a? 4 a; — a0a) > 0 (Remark 3). We choose
a such that the conditions are satisfied.

The details will be shown on the following stable transfardiion

25 + 158 4+ 325+ 15 £+4s5+5
T(s) = =2+ . (30)
S+ 72+ 145+ 5 S+ 72 +14s+5
In this case
D=2 (31)
and
0 1 0 0
A=1| 0 0 1 |,B=|0]|,C=[5 4 1] (32)
-5 —-14 -7 1

Fora = 1 we havea® — a0 + a0 —ap = 3, (ap — 0)2 — 4(0? +a — a0) = 4
and the matrix (29) has the form

Ay =

11 ] (33)
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Performing the following elementary operation on the mxg{8i3) we obtain

_ [ 1 1] R[1+2x(—3)]

A = _—
-15 -7
(34)
2 1 L[2+1x(3)] 2 1
_— .
6 -7 0 -4
Therefore, the matriA has the form
-1 1 O
A= o -2 1 (35)
3 0 -4

and performing the elementary row and column operationhemdentity matrix
I3 we obtain

L[2+1x(1)] 100 L[3+1x(—1)]
l3—m8 —— |1 10| ——
0 01
(36)
10 L[34+2x(3)] 100
1 10— |110|=P
-1 01 2 31
and
R[24+1x(—1)] 1 00 r[1+3x(1)]
g— | -1 1 0| ——
0 01
(37)
100 R[2+3x(-3)] 1 00
-110|———] -1 1 0|=P1
1 01 2 -3 1
Note that
100 0O 1 o0 1 0 O
A=PAP =1 1 0 0O 0 1 -1 1 0=
2 31 -5 —14 -7 1 -3 1

(38)
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-1 1 0
0O -2 1
3 0 -4

and it confirms (35). Using (32), (36) and (37) we obtain

0 0

0 O}

1 1
0
0
1

v 9]

Y

93]
N P
w Rk O
R O O

(39)
0
C=CP!=[5 4 1]| -1 1 =[2 1 1]

1 -3

The desired positive stable realization of the transfection (30) is given by
(35), (39) and (31).

In general case we perform on the ma@(defined by (10)) the following elemen-
tary column and row operations

0 1 0 0
0 0 1 0
A= :
0 0 0 1
| —@ —a —& —an-1 |
[ -0 1 0 |
R[1+2x(—0y)] 0 0 1 0
- ;
0 0 0 1
aql1—8 —a& —a& .. —an-1
[~ 1 0 .. 0 |
—042 op 1 .. 0
L[2+1x (a1)] 0 0 o .. 0
E— : : : : (40)
0 0 0 1
| 2101 —a —a@ —a ... —ap-1 |
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[ —0y 1 0 .. 0 |
0 az 1 .. O
R[1+3x (012)] 0 0 o .. 0
_
0 o 0 .. 1
—&0 Pt a0 —a —a& —& .. —an-1 |
[ —0 1 0 .. 0 ]
0 a1 1 0
L[3+1x(~a;2)] ad —02 0 ... 0
_
0 0 o .. 1
| —@&01°+a01—a8 —a —& .. —&-1

Continuing this procedure after— 1 steps we obtain the matri¥, with nonnegative
off-diagonal entries in the first row and in the first columrihiére exists suchi; that
(=) taf + (—=1)"2an 100"t + ... + a1 — @ > 0. If such reala; exists then we
repeat the procedure for submatrix

a1 1 .. 0
—(Xlz 0 0
An1= : (41)
0 0 1
i —a; —a2 .. —an-1 ]

After n— 1 successful steps we obtain the matridgs?n_1, . ..,Az and the desired Met-
zler matrixA.

Performing the elementary row operations on the matriwe obtain the matriP
and performing the elementary column operations on theixnigtwe obtain the matrix
P~1. Note that the matriceB andP~1 are lower triangular with 1 on the diagonals.

Theorem 3.There exists a positive stable realizati@@) of the stable transfer function
(7) if the following conditions are satisfied:

1) SIi_}rr(]oT(s) =T(») €Oy,

2) there existiy, 0y, ..., 0n_1 such that the matrice8n, An_1,. .., A, have nonnega-
tive off-diagonal entries in the first rows and in the firstuoins,

3) [ bp—aoby by—aby .. bni—an iby JPe DY
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Proof If the condition 1) is met the® = T () € 0. From Step 3 Procedure 1 it follows
that if the condition 2) is satisfied then

A=PAP e M,s and B=PBec O™

since then-th column of the matridP is equal toB. Taking into account that

C=[hby by ... byg]=[bo—aoby by—aby ... by 1—an 1by ]
we haveC € 0" if the condition 3) is met. 0

Remark 4. For differentay, a», . .., a, we obtain different forms of the matricdsandP
and therefore, different positive stable realization9.(All those realizations are related
by similarity transformations.

3.2. MIMO systems

Consider a stable positive continuous-time linear syst&mwth a given proper
transfer matrix of the form

Tll(S) .. T17m(S) .
T(s)= P €O M(s), Tij(s)=
To1(s) ... Tpm(9)

(42)
wheredIP*™M(s) is the set of proper rational real matricessin
With slight modifications Procedure 1 can be also used to fowitige stable real-
izations with system Metzler matrices of the transfer ma#R).

Step 1. The matri® can be found by the use of the formula
D = limT(s) (43)
and the strictly proper transfer matrix

which can be written in the form

[ Nll(S) Nl,m(s) 1
di(s) 7 dm(s)
Tsp(s) = : : =N(s)D X(s) (45a)
Np.1(s) Np,m(S)
di(s) 7 dm(s)
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where
Nll(S) Nl,m(s)
N(s) = : : , D(s)=diag di(s) dm(s) |,
Np.1(S) Np.m(S)
dj(s) =g +aj,dj_1sdj‘l+...+aj,1s+aj,o, (45b)
Nij(s) = csjjflsdi*“r cotchistdd, i=1..p j=1..m
Step 2. Arealization of (45) has the form [7]
[0 1 0 o |
0 0 1 0
A = blockdiag A; Anl, Aj=| : : E ;
0 0 0 1
| —aj0 —8j1 —8j2 —8jn-1 |
o]
0
B = blockdiag by b, bj=|:|e0% j=1..m (46)
0
1
di—1 dm—1
B ¢t oy C11 C?,m Cim Cim
C=1| : : : : : :
di— _
C%,l C%Ll Cpl,l ! C;o),m Cglj,m C%Tm !

Step 3. Performing suitable elementary row and column ¢ip@saon the matrixA
find the desired matriA = PAP~! € M,s and the matrixP (P~1) such that
B=PBcO7MandC=CP1eOf"

Remark 5. The strictly proper transfer matrix (44) can be also writiethe form

Tsp(s) =

N_]_l(S)
di(

N2

N_p,ll(s
dp(s)

~

Nim(s) T

d]_(S)

p,r;W(S)

dp(s)

(47a)
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where
|\_111(S) N_l’m(S)
N(s) = : : , D(s)=diag di(s) ... dp(9) ],
() = +a g 15t T+ + &5+, (47h)
Nij(s) = Bﬂij*1§i‘l+ +5ﬁjs+ Bﬂj, i=1..p; j=1,...m

A realization of (47) has the form [7]

A=blockdiad Ay .. Ay}, A=|0 1 .. 0 —ap

LT PR
bi, b, .. by,
B=| bt byt .. bl (48)
b, b, .. B3,
—dil —dil —dy,—1
| b b, . b
C=blockdiad C; .. Cp], G=[0 .. 0 1]eO™% i=1..,p

Theorem 4. There exists a positive stable realizati@) of the stable transfer matrix
(42) if the following conditions are satisfied:

1 limT(s) =T() € O™,
2 the same as in Theorem 3,
3 CPLenP™,
Proof is similar to the proof of Theorem 3.

Remark 6. For a choser there exists many Metzler matricésand matrice® (P~1).
All those positive, stable realizations are related by Igiriti transformations.
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Example 3.Find a positive stable realization (11) of the transfer matr

S+3 25+5
s+l s+2

T(s)= . (49)
1 s+4
s+2 s+3

Using Procedure 1 we obtain the following

Step 1. Using (43) for (49) we obtain

D:moT(s):[cl) i] (50)

and the strictly proper transfer matrix

2 1
s+1 s+2
Tsp(s) =T(s)-D = (51)
11
s+2 s+3
which can be written in the form
2s+4 s+3
$£+3s+2 $2+55+6
Tep(S) = =N(s)D () (52a)
s+1 s+2
$£+3s+2 $2+55+6
where
2s+4 s+3 £+ 3542 0
N = | SF% ST pe=| 5Tt . (52b)
s+1 s+42 0 £ +55+6
Step 2. The realization (46) of (52) has the form
O 1 o0 o0 00
— -2 -3 0 O — 10 — 4 2 3 1
A= , B= , C= . (53)
O 0O O 1 00 112 1
0O 0O -6 -5 0 1



www.czasopisma.pan.pl P N www.journals.pan.pl
N
<

182 T. KACZOREK

Step 3. To obtain the stable Metzler matfix= PAP1 we perform the following ele-
mentary row and column operations on the maftix

o 1 0 O R[1+2x (~1)]
_ 2 -3 0 0 R[3+4x(—2)]
A= _
0O 0 O 1
0O 0 -6 -5
(54)
-1 1 0 0] |pgu |-l 1 0 0
1 -3 0 O L[4+3%(2)] o -2 0 O
- =A
0 0O -2 1 0 0O -2 1
0O 0O 4 -5 0O 0O o0 -3

Performing the elementary row operations on the majrixe obtain the® matrix

1 000 L2+1x (1) 1 000
0100 L[4+3x(2)] 1100
B =P (55)
0010 0010
0 001 0 0 21
Using (11) and (53) we obtain
1 000 0O 1 0 O 1 0 0 O
— 1 -2 — -1 1
A—PAP-l_ 00 3 0 0 O _
0010 O 0 o0 1 0 0 1 O
0 0 21 0O 0 -6 -5 0 0 -2 1
1 1 0 0
0 -2 0 O
0 0 -2 1|’
0O 0O 0 -3
1 000 00 00
— 1100 10 10
B=PB= = , (56)
0010 00 00
0 021 01 0 1
1 0 0 O
C:5P*1:4231 —1100:2211’
1121 0O 0 1 O 0101
0 0 -2 1
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D:[;ﬂ.

The desired positive stable realization is given by (56).

4. System with real poles

In this section using Gilbert method [7] a procedure for firgdpositive stable real-
izations with system Metzler matrices will be presentedtfansfer matrices with real
negative poles.

Consider a linear continuous-time system witkinputs, p-outputs and the strictly

proper transfer matrix
Too(s) = NS ¢ g (57)
°P d(s)

whereN(s) € OP*M[g] (the set ofp x mpolynomial matrices) and
d(s) ="+ a,_ 18" 1+ ... + a5+ ap. (58)

It is assumed that the equatid(s) = 0 has only distinct real negative ro®s s, ..., S
(s#sjfori#j) ie.d(s)=(s—s1)(S—%)...(s— ). In this case the transfer matrix
(57) can be written in the form

n
'I'.
Tp(9) =S —— (59)
&S
where N
Ti = Im;_(s—s)Tsp(s) = — (s) , 1=1...,n (60)
N (s—sj
j=1,j#i
Let
rankT; = r; < min(p, m). (61)
It is easy to show [7] that
Ti=GCB;j, rankCi=rankBi=r;, i=1..,n (62a)
where
Bi1
pXri Bi,2 rixm
C= [ Ci71 Ci72 Cm ] e g™, By = . e O (62b)

Bi,l’i
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We shall show that the matrices are the desired positivdestahlization with system
Metzler matrix

B1
A=blockdiag I, ... Ip,sy], B=| ¢ |, C=[C .. Cyl (63)
Bn
Using (63), (62) and (59) we obtain
T(s)=Clls—AB=
B1
[C1 .. Co](blockdiag Iry(s—s)™ . Iy(s—s) 7t ]) | (64)
Bn

<GB & T
E i;S_S'

From (63) it follows that:

1) if s1,%,...,$ are real negative then the matAxs stable and is a Metzler matrix,

2) if
T e for i=1,...,n (65)

then
CieOP and B O™ for i=1,...,n (66)

andBe OTM Cce 0", n= 5y r.

[

If T(0) € O™ then from (43) we hav® € OF*™ . Therefore, the following theorem
has been proved.

Theorem 5. There exists a positive stable realizati¢8B), (43) of the proper transfer
matrix (42) if the following conditions are satisfied:

1) The poles of Ts) are distinct real and negative g s; fori # j, s <0,i=1,...,n.
2) TedPMfori=1,...,n.
3) T(e0) c O™

If the conditions of Theorem 5 are satisfied the followinggadure can be used to
find the desired positive stable realization with systemziéetmatrix.
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Procedure 2

Step 1. Using (43) find the matri and the strictly proper transfer matrix (44) and
write it in the form (57).

Step 2. Find the real zerams, s, ..., S, of the polynomial (58).
Step 3. Using (60) find the matricds, ..., T, and their decomposition (62).
Step 4. Using (63) find the matricés B, C.

Example 4. Using Procedure 2 find a positive stable realization withespsMetzler
matrix of the transfer matrix (49).

Step 1. The matri® with nonnegative entries has the form (50) and the striathper
transfer matrix given by (51).

Step 2. The transfer matrix (51) can be written in the form

1
s+1)(s+2)(s+3)

2(s+2)(s+3) (s+1)(s+3)
(s+1)(s+3) (s+2)(s+1)

_N(s)
~35 6

Tsp(s) = (

In this cased(s) = (s+1)(s+2)(s+3), s1 = —1, = —2, s3 = —3 and the
condition 1) of Theorem 5 is met.

Step 3. Using (60) and (62) we obtain

1 2(s+2)(s+3) (s+1)(s+3) 2 0
Tl = T A~ A = )
(s+2)(s+3) | (s+1)(s+3) (s+2)(s+1) . 1 00
ri =rankl; = 1, T,=CiBy, (68&)
Bi—[1 0], clzlél.
1 2(s+2)(s+3) (s+1)(s+3) 01
T2 = T AN~ A = )
(s+1)(s+3) | (s+1)(s+3) (s+2)(s+1) '5;2 [ 10 ]
r, =rankl, = 2, T, =0C,B,, (68b)
B2=[ Bx 522]—[2 cl)], C=[Cn C22]—[2-) 2]
1 2(s+2)(s+3) (s+1)(s+3) 00
T3 = T AN~ = )
(s+1)(s+2) | (s+1)(s+3) (s+2)(s+1) '5;3 [ 01 ]
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r3 = ranklz = 1, T3=0C3Bs, (68C)
0
Bs=[0 1], ng[l].

From (68) it follows that the conditions 2) of Theorem 5 artis$id.
Step 4. Using (63) and (68) we obtain

s 0o 10 0 o0
N ”Osll o |0 20 o0
_OrZOSZI "l o o -2 ol
L g O 0 0 -3
] 10
By 01
B—|B, | = , 69
Bz 10 (69)
L =3 0 1
2100
C=[C, C Cs]= .
R

The desired positive stable realization of (49) is given B9)(and (50). This
approach can be extended for transfer matrices with meltgdl negative poles [16].

Remark 7. If the polynomial (58) has real and complex zeros then a coailzin of the
Procedure 1 and Procedure 2 is recommended to find the gostifisle realizations with
system Metzler matrices of the transfer matrix (57).

5. Concluding remarks

Conditions for the existence of positive stable realizaiwith system Metzler ma-
trices of proper transfer matrices have been establishbdofém 3). The procedure
based on similarity transformation for finding of the pagtstable realization (Proce-
dure 1) has been proposed and its efficiency has been deatedstm numerical ex-
amples. It has been shown that if the poles of stable trams&trix are real then the
classical Gilbert method can be used to find the positivdestaalizations. Conditions
for the existence of positive stable realizations of prapansfer matrices by the use of
the Gilbert method have been established (Theorem 5) armbéwce 2 for its compu-
tation has been proposed. The procedure has been illustrgteumerical example. If
the transfer matrix has real and complex poles then a cortidemaf the procedures for
finding its positive stable realization has been recommeif@emark 7).
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The following are open problems:

1) find necessary and sufficient conditions for the existefi@®sitive stable realiza-
tions with system Metzler matrices of proper transfer noatj

2) give a method for finding positive stable realizationdwgigstem Metzler matrices
which is not based on the similarity transformation of projpansfer matrices.

An extension of the presented procedure for fractionaklireystems [5, 6, 15] is also
an open problem.
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