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Abstract. The competence-based learning-teaching process is a significant approach to the didactical process organization. In this paper
the mathematical model of the competence-based learning-teaching process is proposed. The model integrates three models: a knowledge
representation model (based on the ontological approach), a motivation model (as a behavioral-incentive model) and a servicing model
(in a form of the queuing model). The proposed integrated model allows to control the learning-teaching process on different levels of
management. The learning-teaching process can be interpreted as competence-based due to Open and Distance Learning (ODL) philosophy.
We assume that the competence is a result of fundamental, procedural and project knowledge acquisition in accordance to the incoming
European Qualification Framework.
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1. Introduction

In the history of modern electronic market the knowledge
management paradigm is changing and the realization of val-
ue through a prudent application of knowledge has been giv-
en importance over simple acquisition, development, storage,
use and ownership of concepts and facts [1]. Hessami and
Moore [1] prove that this is broadly referred to competence
which in a systems paradigm, involves a greatly more than
knowledge alone. The competence management can help with
answering questions related to a successful job performance
and company development [2]. A large number of literature
provides description of competence-based management (e.g.
[3]), which in generalization can be seen as management of
human capital [4].

The motivation for the research was a new accent that has
been placed in the Bologna Process on the competences and
qualifications framework [5]. The main purpose of it was to
create the Qualifications Framework of the European High-
er Education Area (EHEA): universal system to translate Na-
tional Qualification Framework (NQF) across European coun-
tries. This way, workers and students in European Union gain
more mobility between countries allowing them to study or
work abroad without the difficulties of complicated analy-
sis of their current competencies, knowledge and skills [6].
The NQF is designed for each separate university competence
management system. That is the reason why special attention
should be paid to maintain university framework for compe-
tence management [7].

We have analyzed the learning-teaching process in the
context of Open and Distance Learning (ODL) philosophy [8].
The distance aspect defines the educational situation in which
the student can be far away, in terms of distance, from the

didactic materials and the different participants of the learn-
ing process [9]. The openness aspect of the ODL process is
visible in the strategy and policy that underlies the approach.
Each user is eligible to have the possibility to rather freely
choose the material he/she will learn, and the place of study
(e.g. Bologna Process).

The competence-based learning-teaching (CBLT) process
differs from classical topic-based learning. The competence-
based (or competence-driven) learning is a knowledge based
methodology which concentrates on measuring what a person
can actually do as a result of learning [10]. It contrasts to clas-
sical topic-based learning where certain topics are learned and
then it is checked whether the student can solve exercises or
knows the theory relevant to that topic [10]. In CBLT based
on the assessment of learner’s competence positioning, the
individual trainings and learning paths can be developed to
support the learner’s development [11]. One of the important
characteristics of CBLT process is that the students’ autonomy
and ability to learn how to learn is steadily developed [12].
Moreover, the ability to learn become main competence in
rapidly changing world.

In the modern educational organization, especially on the
university level, the relation between teacher and students and
the learning-teaching process itself are evaluated. The princi-
pal (teacher) and the agents (students) have their own interests,
which are reflected by their strategies. The teacher is aimed to
transfer the knowledge to the student, following the learning
objectives, in order to achieve some level of competence by
the student. Moreover, the teacher is obligated to develop the
didactic material in the university knowledge repository [13].
The knowledge development paradigm is changing and the
main idea is to include students in the repository develop-
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ment process [12]. On one hand, students can expand their
knowledge in an active-based learning process, on the oth-
er hand, students can record their achievements relying on
a market located e-portfolio mechanism. Due to expectations
of students and their potential employers regarding the learn-
ing outcomes and effectiveness of the learning process, the
competence-based learning-teaching seems to be a new form
of learning-teaching process organization. The main elements
of new learning-teaching process are [13]:

• model of a learning process based on competence transfer,
• a digital repository with high quality didactical material,
• e-portfolio for storing student achievements,
• general recognized competencies record.

We can recognize learning-teaching situations as an in-
stance of socio-technical system, which can be treated as an
incentive models. There is a number of practical implemen-
tation of the incentive models [14]. One of them is learning-
teaching process based on distance learning technology de-
veloped for competence acquisition. Generally speaking, the
incentive models are a case of active system, which consists
of principal (in our case teacher) and agents (in our case stu-
dents) [15]. In the literature the incentive problem was formu-
lated in a following way [16]: find feasible control variables
(incentive function), which will induce the agent to undertake
actions, which are the most preferable from principal’s point
of view. We assume that in modern educational organization
the learning-teaching process works in accordance with the
concept of control of incentive models [17]. In this process,
the teacher tries to convince his students to acquire a specific
body of knowledge through appropriate arrangement of tasks
to be solved and ratings (rewards) for their solution. Tasks are
available through the mechanism of knowledge repository.

In the paper, the integrated mathematical model of
competence-based learning-teaching process is proposed. The
problem has been already analyzed from social side and
the model of an educational social agent collaboration be-
tween students, teacher, and an e-learning information system
(repository) was proposed [13]. In a supplementary paper, the
learning-teaching process was treated as an intangible produc-
tion maintained by educational organization [18, 19], where
the production process utilizes different types of knowledge
as semi-products and competence is the final product. In ad-
dition, the motivation model aimed at supporting activity of
both students and teachers in the process of implementing
and using an open and distance learning system was devel-
oped [20]. This paper sum up all proposed approaches in form
of integrated mathematical model.

The paper has following structure. In the next section the
literature review related to the competence modelling topic
will be presented. After that, in section three, the learning-
teaching process model will be decomposed. In section four
the main characteristics of the competence-based learning-
teaching are discussed. Section five is the most important part
of the article. Three models (knowledge representation, be-
havioral and servicing) are formulated. The models are incor-
porated into integrated mathematical model of competence-

based learning-teaching process. The article ends with con-
clusion and references.

In the article the identification problem is not a focus
point. The discussed research covers the issue of interpretation
of teaching-learning process in the framework of ontological
models, behavioral model and servicing model.

2. Literature review

The issue of competence-based learning-teaching was
analysed in various projects. Let’s chronological discussed
this issues in European projects framework, because it’s influ-
enced the current shape of the European Qualification Frame-
work [21]. Moreover, we focused on the European project due
to their maturity and an outstanding, challenging multicultural
nature and complex structure of the European Higher Educa-
tion Area.

One of the first contributions to the problem of
competence-based learning-teaching came from the open plat-
forms and tools for personalized learning analysed by the
project ‘KOD: Knowledge on Demand’ (2000–2003) [22]. Ac-
cording to the project’s documentation the aim of the project
was to design, develop and test the learning environment, as a
dynamic and adaptable on-line environment which allows the
individual learner to acquire knowledge according to his/her
personal learning needs. The project’s result related proper
personalized learning on-line environment with actual student
competence profile. The project ‘TenCompetence: Building
the European network for lifelong competence development’
(2005–2009) [23] focused on the competence-based approach
to lifelong learning. In this framework we considered all the
informal and experiential learning that an individual acquires
during the course of his or her lifetime rather than focusing
solely on academic or theoretical achievement. The most im-
portant goal of the project was provided the answers, based
on the Personal Competence Manager, for individuals needs
like [24]:

• keep up to date with developments in their field of exper-
tise,

• reflect on their current competences in order to know which
functions or jobs are within their reach,

• improve their proficiency level of a specific competence,
• support on-trivial learning problems,
• explore the possibility in a new field (learning network) to

help define new learning goals.

The TenCompetence project developed the Personal Com-
petence Manager, where user has access to tools for organizing
participation and authoring of competence development pro-
grammers [24]. The open and common acceptable workspace
for competence development was a next important result in
the competence modelling domain.

Interesting dimensions of multicultural competencies as-
pects in European region came from project ‘QUALITY:
Quality Implementation in open and distance learning in a
multicultural European environment, (2003–2006) [25]. The
project related to the European Qualification Framework are
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important factor in progress of competence development.
These projects can be found on ADAM Leonardo da Vinci
portal [26]. Most of them provided competence development
support for selected domain (like tourism, fashion, ecolo-
gy, . . . ) with some exceptions. The project ‘ICOPER: Interop-
erable Content for Performance in Competency-driven Soci-
ety’ (2008–2011) [27] collects and further develops best prac-
tices for higher education tackling issues like creating learning
designs and teaching methods, authoring content for reuse,
transferring knowledge in an outcome-oriented way and as-
sessing it, or evaluating learning activities. The project ‘eCO-
TOOL: eCOmpetences TOOLs’ (2009–2011) [28] developed
European skills and competence model that can be integrat-
ed in the existing European policies (namely Europass, EQF,
EQAVET, ECTS, and ECVET) and adapted to all branches.

All presented projects provides interesting conceptual
schemes and tools for supporting competence-based learning-
teaching process, however lacking some formal approach
to problem of competence modelling in learning-teaching
process. The achieved level of conceptualization, concerning
the determination of the existence of data objects and relation-
ship between them, allows to develop XML schemas at most.

In addition to the work related to modeling of competence-
based learning-teaching process there are ongoing work on
the development of competencies format. In the literature the
most important approach to competence modeling based on
ontology concept. The ontology-based approach was chosen
mainly because we want to structure the domain rather than
the quantitative relationship between the parts of competence
model. The ontology helps structured and utilized the com-
petence profiles in a competence management system [29].
Ontology represented in Description Logics is a base for au-
tomated knowledge-based services. In [30] we can find an in-
tegrated semantic-based knowledge management system pro-
viding decision support services for several activities typical
of competence management, including core competence eval-
uation, human resources allocation, training programs plan-
ning. In addition ontology based tool for competency man-
agement allows to develop and maintain individuals learning
paths [31].

The learning-teaching process is also considered from
mathematical psychology point of view. The mathematical
learning theory is mainly developed in the neuroscience field.
In this approach the mathematical model of learning posited
a central role for an abstract cognitive representation distinct
from the stimulus or the response [32]. The memory mod-
els are limited by several neuroscientific results. Other per-
spective to mathematical interpretation of learning-teaching
process is a ARCS (attention, relevance, confidence, satisfac-
tion) model [33]. Developed ARCS model and related integra-
tive theory of Motivation, Volition, and Performance (MVP)
[34] provided empirical support for the statistical analysis of
elements included in process. In addition important results
are coming from cognitive informatics. The learning-teaching
is based on neural informatics foundations especially hierar-
chical neural cluster (HNC) model and the object-attribute-
relation model [35]. The cognitive processes of learning can

be formally described using real-time process algebra [36].
The presented mathematical-rooted models are missing

the relation with system layer and the mathematical formula
are developed on low neuroscience or cognitive informatics
level. Such granularity is inconvenient for management prob-
lem modelling.

3. General structure of the learning-teaching

process

The competence-based approach offers the possibility to ex-
amine the education process in the two: teaching and learning
viewpoints [8]. The main objective for an education institu-
tion is to merge the two subsequent processes of teaching
and learning into one consistent knowledge-driven learning-
teaching process. In Fig. 1 the learning-teaching process is
presented. The process can be interpreted as a competence-
based student’s life cycle. On the Fig. 1 three levels have
been isolated to enable controlling and steerage of knowledge
transfer and acquisition (see Table 1). Knowledge character-
istics vary depending on the stage of the learning process. In
this proposal competence is not considered as a monolithic
model, it is formed from a consistent set of knowledge mod-
els addressing and encompassing several education activity
objectives.

From the perspective of competence the learning-teaching
process can be presented as a learning cycles (A, B, C, D in
Fig. 1). Each loop is developed to acquire some component of
competence. Moreover, turning to the next cycle is condition-
al and depends on the achieved results of student’s education.
The adaptation operation provides the possibility to adapt the
reference knowledge to real education situation. The students
are identified (in some cases considered as a group) and the
didactic material is personalized. The final stage is to mak-
ing the didactic resources (teacher’s consultation time, virtual
laboratories, etc.) accessible for students.

In Fig. 1. feedback loops (A, B, C, D) characterizing
the real learning activities within the contingent of students.
The proposed approach includes divergence of the knowl-
edge processed, according to the courses’ subject and their
specifics 8]. Therefore, four learning-teaching process loops
(feedback) have been outlined. Each of the loops is devoted to
different purposes and distinct characteristics. These are the
following:

A. student’s base knowledge analysis: the Teacher vali-
dates the student’s level of qualifications (competences) in a
given domain,

B. the theoretical knowledge absorption (learning): the
teacher transfers abstract knowledge of the domain of dis-
course, enabling the student’s to master and use abstract, and
reason within the given knowledge system,

C. the procedural knowledge edification: the teaching is
focused on software (tools) use, the comprehension of par-
ticular computer-supported simulation areas’ (environments’)
functioning (the comprehension of the applied metaphors),

D. the project (application) of absorbed knowledge in a
real situation: the aim of this stage is to apply the acquired
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knowledge (stages B, C) in a concrete, real event. The stu-
dent is expected to classify the given task, which are to be
solved, efficiently and skillfully refer to his/her own cogni-
tive schemes, and he/she has to apply the appropriate tool.
The process is finished by obtaining a results analysis and
producing conclusions.

The final mechanism of the entire learning process vali-
dation is the process of diploma formation and development.
The diploma thesis consists of knowledge acquired by the stu-
dent during the entire learning process execution and reflects
his/her competencies.

Fig. 1. The structure of learning-teaching process (adapted from Ref. 8)

Table 1
Main characteristics of learning-teaching process

No. Level’s name on Fig. 1 Main activity Main outcomes Main constrains Validation

1 Expert’s level Analysis of innovation in
market, science, etc. sup-
ports within the learning
process

Domain model: reflects
the labour market sit-
uation, recognition, and
identification of the cur-
rent state of science
and domain knowledge in
given area

Domain model should repre-
sents knowledge required at
a requested learning-teaching
time interval.

The model’s validity and
timeliness is interpreted as the
difference between knowledge
gain inherent to the domain
and knowledge model which
is enclosed in the student’s
profile.

2 Competence model level Planning of the learning-
teaching process strategy

Competence model:
represents the expected
structure of student’s
knowledge and skills
Repository: consists
of didactical materials
for lecture, exercise,
laboratory and project
courses

Current organization’s practi-
cal constraints, mission and
strategic goals.

In order to validate the reposi-
tory we have to check how the
repository content reflects the
domain?

3 Learning-teaching level Didactic materials con-
tent formulation adapta-
tion, preparation of mate-
rial for student contingent

Learning space, content
for lectures, laboratories,
and projects.

Cognitive characteristics of
students, technical limitations
of learning environment

There are a number of val-
idation (control 1, 2, 3, 4
on Fig. 1) during the learn-
ing teaching process. The final
validation is a diploma thesis
(control 5 on Fig. 1).
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4. Competence-based learning-teaching process

4.1. Competency definition. The competence is defined in
many scientific works [3, 37, 38]. Chiesa and Manzini [39]
proposed following reasons for this redundancy: often use dif-
ferent terminology for similar concepts; appear to refer to in-
herently different levels of activities within organizations; gen-
erally adopt a static view of competences that does not ade-
quately consider how competences are built or can be changed
within an organization.

Let’s define a competence definition based on the well-
known standards. ISO 9000:2005 defines competence as the
‘demonstrated ability to apply knowledge and skills’. Accord-
ing to the HR-XML Consortium [40], a competency can be
defined as ‘A specific, identifiable, definable, and measurable
knowledge, skill, ability and/or other deployment-related char-
acteristic (e.g. attitude, behaviour, physical ability) which a
human resource may possess and which is necessary for, or
material to, the performance of an activity within a specific
business context’. ISO 19011 defines competence as ‘demon-
strated personal attributes and demonstrated ability to apply
knowledge and skills’. ISO/IEC 17021:2011 defines compe-
tence as ‘ability to apply knowledge and skills to achieve
intended results’. IEEE Standard 1484.20.1-2007 describes
competency as ‘any aspect of competence, such as knowledge,
skill, attitude, ability, or learning objective’. In addition, there
is a running discussion about difference between competence
and competency term [37]. The IEEE Standard 1484.20.1-
2007 interpreted the competency in the broadest sense to in-
clude learning objectives (those things that are sought) as well
as competencies (those things that are achieved).

4.2. The competence acquisition process decomposition.

The proposed learning-teaching process consists of number
of learning cycles (B, C, D on Fig. 1), each of which per-
forms processing of didactic materials. We assume that the
result of didactic materials processing is increasing of stu-
dent’s competence and new didactic materials development.
The developed didactic material is stored in the knowledge
repository. The process is student’s oriented and has follow-
ing objectives:

1. transfer a portion of knowledge to the student to have
him/her acquire competencies,

2. generate new knowledge and saved it in the repository.

We assume that proper combinations of theoretical, pro-
cedural, and project knowledge result in efficient competence
acquisition by the student (Fig. 2) [18]. Competence is an
ability to find effective way to theoretical knowledge usage
in order to solve the practical problem and ability to veri-
fied the solutions. The concept of competence is broader than
the concept of qualifications. For example ISO 24763 docu-
ment describes competence as ‘demonstrated ability to apply
knowledge and skills’. Selected elements (objects) of theoret-
ical knowledge combined with proper objects of procedural
and project knowledge creates the basis for competence object.
Depending on context skills can be recognized as procedural
knowledge and experience and social skills as a project knowl-

edge. The necessity of combining these types of knowledge
arises during performance of practical tasks, laboratories and
projects.

Fig. 2. Structure of competence object (adapted from Ref. 18)

In order to develop the mathematical model we analysed
the actions during the loop of learning-teaching process from
Fig. 1. The process of transfer of various types of knowledge,
which make up the competence, assumes that at the begin-
ning the tasks are downloaded from the repository (Fig. 3).
The student can download tasks of different level of com-
plexity. One of the propositions of task’s discriminating is
the consolidation tasks (easy tasks) and creative tasks (diffi-
cult tasks) [41]. The student chooses the task in the selection
block. The selection process is based on the motivation model
for the student and teacher (presented in [20]). The motivation
model belongs to the class of incentive models and is oriented
towards maintaining control of social economic systems [15].
The teacher’s interest is in maximizing the level of repository
filling with tasks of different complexity for every considered
educational situation in a given domain taking under consid-
eration process time limitations and student’s learning objec-
tives. The student’s interest lies in individual preferences and
can be described using opposing groups of criterions [8]:

1. achieving a minimal acceptable success level, meaning
meeting only the basic requirements for obtaining a pos-
itive opinion about the task (low complexity of the task,
minimal acceptable quality) and saving maximal amount
of their time;

2. providing the repository with the maximal possible suc-
cess level, implying creating and editing contents of high
complexity in order to produce the best overall quality. The
best solution can be placed in student’s portfolio for future
usage [13].

The degree of complexity is not the only factor that affects
the teacher’s interest in the task selection. As the repository is
going outdated, some repository areas need to be redesigned
and updated. When the processing of the task is finished the
student moves to next portion of knowledge and procedure
form Fig. 3 is repeated. The stage of knowledge processing
can be finished in the following ways (Fig. 3):

1. finish the task with a positive result of assessment (p2),
2. return to the task selection block (p3),
3. exit from the learning system (p4),
4. finish the task with a positive result of assessment; the

task’s solution is transferred to the repository, due to the
excellence of the student’s work, and it is treated as a new
organization’s knowledge (p1).
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Fig. 3. Structure of the learning system for specific kind of knowledge transfer (adapted from Ref. 19)

Fig. 4. Structure of the competence-based learning-teaching process (adapted from Ref. 19)

The same procedure is used for theoretical, procedural
and project knowledge loop (Fig. 4) as well. In the process
of learning-teaching each student’s activity is interpreted as a
student-teacher collaboration based on didactic materials con-
tained in the repository. The specificity of this cooperation is
as follows:

• The didactic material is presented in the form of an ontolo-
gy divided into appropriate portions of knowledge (Learn-
ing Object [42]), each of which covers a range of theoret-
ical, procedural or project knowledge.

• The student uses self-education for knowledge acquisition
and cooperation with the teacher for consultation.

• The time of cooperation is limited.

5. Model formulation for single stage

of competence-based learning-teaching

process

5.1. Formulating the integrated repository filling model.

The analysed process can be modelled in different ways (e.g.
discrete-event models) [43]. However, the open aspect of the
learning-teaching process has features that demands careful-
ly selected modelling approach. The ODL student can enter
the system at any moment. Students’ initial levels of knowl-
edge are different and can differ in both the content and the
context of possessed knowledge (different educational back-
ground). Students’ expectations regarding the educational sys-
tem, their motivation and learning preferences are different as
well. The resources of the educational system are limited. In

case of a large amount of students, the students are organ-
ised to wait in queues. In consequence, the queuing system
is the best approach while modelling the stochastic nature of
the servicing aspect of ODL learning-teaching process. Only
in the ODL conditions the queuing system approach to the
learning-teaching process is valid.

Let’s define the integrated repository filling model:
For the given:
Domain D and its ontology graph GD = {WD, LD}, where
WD is a set of vertices (concepts) and LD is a set of arcs
(relations) of graph;
Characteristics of educational situation:

• Course C and set of competences {ck}, k = 1, . . .k∗;
• Participants: teacher N and group of students S = {sj},

j = 1...j∗;
• Interval of the learning process [0, T ],
• Stochastic students’ arrival pattern π(s) and arrival process

parameters {λs, χs}, where λs is rate of arrival and χsis
the variance.

Teacher N has to:
a) Create the course ontology model GC = {WC , KC},

where WC ⊆ WD, KC ⊆ KD.
b) Form the set of tasks R = {rk

i } and task parameters:
Π = {q(rk

i ), u(rk
i )}, where q(rk

i ) is a task ri complexity level
and u(rk

i ) is a task’s topicality for the teacher.
c) Choose the teacher’s motivation function σN = σN (rk

i )
regarding repository filling.

d) Define servicing parameters of student workflow:
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• Servicing time of each kind of tasks to(rk
i ),

• Total amount of resources required for group of students
Xo.

Student sj has to:

Choose the task rk
i (sj) from set R basing on teacher

motivation function σN and own preference function σS =
σS(rk

i ).

Criterion function

Teacher choose properly solved tasks basing on tasks pa-
rameters Π = {q(rk

i ), u(rk
i )} for filling repository in accor-

dance to the following function

GP =
⋃j∗

j=1
G(rk

i (sj)) = Max, (1)

where GP is total knowledge accrual in repository, G(rk
i
(sj))

is ontological graph of task rk
i
, solved by student sj ,

GW
⋂

G(rk
i
(sj)) 6= ∅.

Constraints

a) summary resources (time-related, technical, didactic,
staff) offered to students for solving tasks:

Xo =
∑

sj∈S

x(rk
i (sj))y(rk

i (sJ )) ≤ X, (2)

where x(rk
i (sj)) – resources appointed to student sj for solv-

ing task rk
i , y(rk

i (sJ )) = {1, 0} – binary function of choice
the task rk

i by student sj , X – summary resources for the
subject lead by the teacher,

b) calendar interval τ ∈ [0, T0], appointed to students for
choosing and solving tasks

min
j

τ (rk
i (sj)) ≥ 0,

max
j

τ (rk
i (sj)) ≤ T0,

(3)

where τ (rk
i (sj)), τ (rk

i (sj))- appropriate moments to start and
end solving task rk

i by student sj .

In order to process different kind of knowledge the in-
formation system has to support various aspects of learning-
teaching process (e.g. organizational, cognitive, social). As a
result of analysis we recognized three mutual related mod-
els (Fig. 5), which will allow not only the management of
educational material in competence-based learning-teaching
process, but also the environment of its submission:

• Knowledge representation model – responsible for the stor-
age and distribution of knowledge related to competence
(Strategic level of management).

• Behavioral (incentive) model – responsible for organiza-
tion of cooperation between the teachers and the students,
based on a repository of knowledge (Tactical level of man-
agement).

• Servicing model – responsible for managing the com-
petence transfer environment/system on operational level
(Operational level of management).

Fig. 5. The relations between different aspects of competence-based
learning-teaching process

Three kinds of models correspond to three kinds of man-
agement in the learning-teaching process:

1. Institutional management:

(a) ontology graph of course and its structure

(b) set of tasks and number of simple and hard tasks

(c) strategy of repository filling in

2. Behavioral/ Motivation management

(a) teacher and student motivation functions

(b) criteria and goal functions

(c) constraints

3. Servicing management

(a) servicing time for different kinds of tasks

(b) discipline and priority of servicing

Analysing Fig. 5 we can see two possible dimensions of
integration of models. One direction is vertical and the other
horizontal. Vertical integration is responsible for the prepara-
tion of the environment and horizontal integration responsible
for the transfer of didactic material to the student in order to
obtain designed portion of knowledge and competence.

The main mechanism for integrating the horizontal and
vertical dimensions is the knowledge repository. From the hor-
izontal point of view the repository contains didactic materials
for each types of knowledge, required for competence trans-
fer. In terms of vertical dimension the knowledge repository
is a place with which every processes and resources are relat-
ed. Based on the repository the personalized learning process
is constructed by defining the structure of the course and its
content. Moreover, resources placed in the repository are the
tasks of various types and difficulty supporting the acquisition
of different types of knowledge. Knowledge increases when
students process knowledge from the repository by solving
difficult tasks instead of easy one. While the student obtain
the same range of competence during the process, the compe-
tence level depends on student motivation to work hard and
solve more difficult tasks.

In the next step we formulated the knowledge representa-
tion model, behavioural (incentive) model and servicing mod-
el for single cycle of knowledge transfer. The cycles have the
same structure for all types of transferred knowledge (i.e., the-
oretical, procedural and project), so the results will be trans-
ferable.
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5.2. Knowledge representation model. The proposed
knowledge representation model is based on the ontology
approach and is designed in a way to best represent compe-
tences [44]. Based on the previous discussion, we assume that
the competences are gained by the process of student’s acqui-
sition of fundamental, procedural and project knowledge. This
assumption may be extended, if necessary, for other types of
knowledge. In addition we have to taking into consideration
the learning objectives of student.

Structure of the model:

• The knowledge repository and implemented mechanism for
different parts of knowledge storing and processing.

Goal of the model:

• Integration of different types of knowledge included in
competence and the different manner of its presentation in
a single model based on the ontology approach, with fur-
ther fragmentation of this model into a set of competence
portions in the form of Learning Objects.

Set of tasks:

• Developing a method for accumulating various types
and fragments of teaching materials, which reflect the
declarative (theoretical), procedural and project knowledge
through the use of a common repository,

• Developing a method for decomposing the integrated
knowledge model into knowledge objects in accordance
with the principles of teaching and cognitive science,

• Developing a method for learning process personalization
in accordance with student‘s individual preferences by se-
lecting the appropriate method of knowledge representation
for didactic material and the choosing between deductive
and inductive method of learning.

Ontological knowledge model. Repository stored domain
knowledge in computer readable form is based on the selected
knowledge model. Knowledge models are designed to reflect
the complex nature of knowledge simultaneously with suffi-
cient level of formalisms for computer processing. The com-
putational aspect of knowledge models representation is im-
portant due to repository mechanisms. In proposed approach
we decided to use ontological knowledge model. The descrip-
tion of the ontology content and structure can be found in [45].
We can apply analysed types of knowledge to base types of
ontology models [18]:

• Theoretical knowledge can be reflected based on the
domain and top-level/upper-level ontology. Theoretical
knowledge covers the concepts definitions and relations,
which can belong to a specific domain or be related to
general concepts.

• Project knowledge is a result of project performance or
development. Project knowledge is located in the method,
application and task kind of ontology.

• Procedural knowledge provides tools for problem solving
and can be found in the method, application and task on-
tology as well.

Ontology definition:
GD = {WD, LD} – domain ontology graph (oriented)

[42], where WD = {wν} are nodes of graph (concepts). The
ν = 1, 2, 3 is a knowledge type index and can takes val-
ues form set {fundamental knowledge, procedural knowledge,

project knowledge}, LD = {l} is a ordered pairs of vertices,
arcs of graph (relations between concepts). Every ontology
concept is related to one type of knowledge (i.e. fundamental,
procedural or project respectively). Knowledge of the specif-
ic type is expressed by an appropriate choice of computer’s
metaphor. The range of knowledge covered by the concept is
defined by the operation aggregation (PART OF), generaliza-
tion (IS A) and specialization (KIND OF) and can be rep-
resented by the concept’s matrix description structure [46].
Moreover, during the ontological graph constructing follow-
ing rules must be follow:

1. The concepts related to the fundamental knowledge must
be connected only with concepts related to the procedural
knowledge.

2. The concepts related to the procedural knowledge must be
connected only with concepts related to the project knowl-
edge.

The example of domain ontology graph GD for the Queu-
ing Theory can be found in [42]. In addition, the paper covers
problem of formalization of the this knowledge model for a
given domain, the operations on ontology graph and the al-
gorithm of the knowledge model creation.

GC = {WC , LC} – course ontology graph, where WC =
{wc} – nodes of graph (concepts), LC = {lc} – ordered pairs
of vertices, arcs of graph (relations between concepts), and
WC ⊂ WD, LC ⊂ LD

Aj = {wj}, j = 1, 2, ..., j∗ – objectives (aims) of
learning-teaching process for student i, where {wj} is a set
of concepts, which has to be learned by the student.

AC =
⋃
j

Aj – learning-teaching objectives for group of

student related to the curse C.
GC = ℘(GD, AC) course ontology graph is a projec-

tions of learning-teaching objectives on domain ontology
graph. Such activity is a important element of personalisa-
tion process. The knowledge repository works proper (its per-
sonalised for every student) when we maximise the learning-
teaching objectives representation in domain for each student:

GC = GD
⋂

AC = Max (4)

From the practical point of view the learning-teaching objec-
tives is a set of related concepts from domain ontology GD .
Taking under consideration the limitations of the computer en-
vironment, educational information system characteristics and
the structure of the domain ontology GD the one has to build
course ontologies GC that supports (covers) specific learning
objectives in best way. Since, each learning-teaching objec-
tives is individual, the selection process is linked with the
personalization process. Naturally, the personalization process
can be improved with student’s cognitive characteristics analy-
sis.
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Repository structure. The repository is a place intended for
storage of records and materials preserving the ability to use
them. The existing repositories can be used for the purpose
of learning process as a source of domain outlook, research
means of development or as a source of didactic materials [8].
By using the repository, elements of domain knowledge are
shared among students, mainly in the form of Learning Ob-
jects and are interpreted as modules of knowledge that arise
as a result of the analysis and division of knowledge into “ob-
jects” [47]. According to IEEE learning Object is any entity,
digital or non-digital, that may be used for learning, education
or training. The main knowledge repository mechanism is to
provide Learning Objects to the students [8].

With the intention of making an order between different
types of knowledge in course ontology GC and provide the
proper sequencing of Learning Object to the student we use
the Knowledge Space Theory [48] According to Ley, Kump,
and Albert [49] one of the central ideas of the Knowledge
Space Theory is that solution dependencies exist among tasks
of a domain. These solution dependencies are formally denot-
ed by a prerequisite relation ≺⊆ A× A that is interpreted as
follows: when a ≺ b holds for two tasks a, b ∈ A, one can
say that a is a prerequisite for b In our case the fundamental
knowledge is prerequisite for procedural knowledge, which is
prerequisite for project knowledge.

The Knowledge Space Theory defines a knowledge struc-
ture as a pair (Q, Ψ) in which Q 6= ∅, Ψ ⊆ 2Q [50] The
set Q is called the domain of the knowledge structure and its
elements are called items. We also say that Ψ is a knowledge
structure on a set Q. The elements of Ψ are called knowledge
states. A knowledge structure (Q, Ψ) is called a knowledge
space if Ψ is closed under union. A knowledge space (Q, Ψ) is
called quasi-ordinal if Ψ is closed under intersection and is
denote (Q,≤). As a result the relation ≤ on a set Q which is
reflexive and transitive is a partially order relation [51].

Let introduce the competence portion P=
k {wc

k,≤}, which
consists partially order set of concepts from course’s concept
set WC =

⋃
k

Pk. Pursuing the learning-teaching objectives

we aim to maximize portions cover ratio of the knowledge
and maintain relationships in the domain:

WC =
⋃

k

Pk = max . (5)

The competence portion may contain different amounts of
concepts and different knowledge types. In the ODL con-
dition the competence portion is send to the students as a
computer-based structure of Learning Object [42]

Discussion of the solution method. All models in this sec-
tion based on the ontology approach. There are many ways to
create ontologies [45]. Each of them identified concept com-
prising the ontology. The classic one [52] starts with classes
definition, including properties and classes constrains defini-
tion. With the purpose of reflection real situation the ontology
model is supplemented with instances creation process. The
ontology model used in the article extend this approach and
proposed matrix structure to describe the concept’s nature in

details [46]. Because proposed method used class oriented ap-
proach, the created ontology can be expressed in OWL Web
Ontology Language and be edited in Protégé editor [45].

After the ontology creation the problem of ontology
processing according to formulas (4) and (5) appears. We
leave on the side the optimization problem that can be solved
by known methods and focus on the goal of these formulas.
The formulas (4) and (5) are related to ontology personalisa-
tion problem: how to adapt/reduce the ontology according to
set of concept? The solutions of such problem can be found
in ontology matching literature [53] However the authors pro-
pose didactic materials compilation algorithm from [42] due
to its hierarchical nature, which supported partial order of
competence portion.

Relation with the Behavioral model. One of the most im-
portant element of the knowledge representation model is the
competence portion. On the one hand the competence portion
is passed to the Learning Management System (LMS) as part
of personalized learning-teaching process. The LMS sent the
competence portion to the student in the form of the Learn-
ing Object [42] in accordance with the e-learning standard
SCORM (Shareable Content Object Reference Model) [54].
As the result the proposed knowledge representation model
is a base for all system communication related to learning-
teaching process (including personalisation).

On the other hand, the competence portions and concepts
inside them are the base for the creation of tasks in the be-
havioral model. These tasks are of varying complexity. In
addition, the knowledge representation model affects the per-
formance of behavioral model by providing:

• Order of tasks: course ontology concepts are main compo-
nent of tasks. The relations between concepts affected the
relation (order) between tasks.

• Type of knowledge associated with the concept: all ontolo-
gy concepts are characterise by the type of knowledge from
set {ν} = 1, 2, 3.

• The range of the knowledge contained in the course on-
tology graph: the course ontology graph contains all the
things that student have to learn according to his/her learn-
ing objectives.

5.3. Behavioral model. In the process of learning-teaching
the student is participating in the development of the didac-
tical materials. In addition, during the competence transfer
process, some strongly motivated students can participate in
the repository upgrade process. Therefore, the model of coop-
eration between the teacher and the student can be considered
as a model of motivation, where the teacher affects student
motivation through the organization of the learning-teaching
process. The proposed model is based on [20].

A structure of the model:

• The student’s competence acquisition process as a chain of
intelligent operations for the performing tasks with certain
conditions for completion,
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• The process of supporting the students’ work by the teacher
through collaboration and tasks assessment,

• The process of changing the degree of repository com-
pleteness, depending on the effectiveness of student’s per-
formance with the respect to the tasks.

Goal of the model:

• Modelling mutual influence of the described processes on
the growth of knowledge in the repository within a de-
fined time frame, depending on: (a) the teacher’s choice
of strategy based on his/her research and teaching interests
and time constraints, (b) the degree of ambition and profi-
ciency level of each student, reflected in the selection and
execution of tasks, and his/her time constraints.

• The criterion is the following: the rate of filling in of the
repository and the maximum growth of knowledge during
the learning-teaching process of each student individually
and all students together.

Set of tasks:

• Developing the student’s award function on the set of tasks
that ensure the fastest repository growth within the speci-
fied time interval.

• Developing the student’s preference function on the set of
tasks through the choice of acceptable meanings of the ef-
fectiveness of task’s solution.

• Calculation of the performance efficiency parameters of the
repository filling-in process management system.

Teacher’s motivation function. The teacher is responsible
for the course. The required course’s knowledge is covered by
the course ontology. The teacher designs knowledge objects
(fundamental, procedural and project oriented) for students in
order to build up their competencies. There is a minimum
level of knowledge which translates into a minimum, suffi-
cient level of competence. Student based on their motivation
may increase the level of competence by attempting more dif-
ficult tasks. Teacher affects two parameters of tasks that are
delivered to the student: complexity level and task’s topical-
ity. Teacher plans a strategy to upgrade selected areas of the
course ontology. Let us define teacher’s motivation function
σN , which is a monotonously rising function of a discrete
argument q(ri), i = 1, 2, ..., i∗:

σN = σ (q(ri), u(ri)), (6)

where q(ri) – task ri complexity level, u(ri) – task’s topical-
ity for the teacher.

The teacher’s motivation function is a function which de-
pend on tasks parameters, the tasks can be described by vector
X(ri) and mainly covered following items: didactic materi-
als, consultation time, time of access to telecommunication
channels, equipment and software, etc. The form of satisfying
the teacher’s interests is placing in the repository a properly
solved task of a significantly high level of complexity.

Student’s motivation function. The form of satisfying the
student’s interests is minimal summary time costs while ob-
taining a high grade, which also depends on the complexity

level of the task. The student’s preference function is follow-
ing:

σS
j = σS

j (q(ri), z(ri)), (7)

where q(ri) – complexity level of task ri, z(ri) – attractive-
ness of task ri for the student sj .

In seek of clarity we assume two levels of tasks difficul-
ty: simple (A) and complex (B). From the point of view of
learning objectives the whole group of students can be di-
vided generally into two extreme groups. For the first group
of students (interesting in achieving the minimal acceptable
success level by solving simple task) the motivation function
σS

j is a monotonously falling function of a discrete argument
q(ri). For the second group of students (interesting in fill-
ing the repository with the maximal possible success level
and dealing with complex task) the motivation function σS

j is
monotonously rising function of q(ri).

Under effectiveness of the decision made by the student
we understand maximal satisfaction of student’s and teacher’s
interests with maximal summary motivation function. The fact
of student’s decision making the decision can be described by
a binary argument, y

j
i

y
j
i =

{
1, if student sj chooses task ri

0, otherwise
.

Then, the motivation function of the student has the following
structure:

Φ(yj
i ) = ασN + σS

j = Max
Y

, (8)

where
Y =

{
y

j
i

}
,

i = 1, 2, ..., i∗, j = 1, 2, ..., j∗

and α is waging coefficient.
Both elements of the student’s motivation function depend

on the same argument. The element σN is a monotonous ris-
ing function of argument q(r

)
i , while σS

j in dependence on
kind of student is monotonously falling or rising function of
q(r

)
i . The visual representation of functions σN , σS

j , Φ(yj
i )

can be found in [20].

Goal function of motivation model – function of reposito-

ry knowledge increasing. The period of filling the reposi-
tory is limited by a calendar interval [0, T0] depending on the
educational situation. The current state of knowledge in the
repository is characterized based on the comparison of course
ontology graph GC with graph of properly solved tasks GP .
The student chooses tasks according to his/her goal function:

R̃ =
{
r
(
isj)

}
, r∈i R, sj ∈ S. The result of each solved task

r
(
isj) can be represented as a ontology graph made by stu-

dent Sj : G(r
(
isj)) = {W ,

iL
}
i . Each solved complex task

can increase the knowledge ∆W in the domain ontology GD

placed in repository, meaning ∆W (rν
i ) = GD

⋂
G(rν

i ). The
ν = 1, 2, 3 is a knowledge type index and can takes val-
ues form set {fundamental knowledge, procedural knowledge,

project knowledge}.
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By the symbol GP we represent summary graph of ontolo-
gies of tasks placed in the repository in the interval τ ⊂ [0, T0]
and formulated in following way:

GP = G(rV
1 (s1))

⋃
G(rV

2 (s2))
⋃

. . .
⋃

G(rV
i (sj))

⋃
. . .

=
⋃j∗

j=1
G(rν

i (sj).

(9)
The relation between ontologies is following G(ri) ⊆ GP ⊆
GC ⊆ GD.

The accrual of knowledge in the repository in the inter-
val τ ⊂ [0, T0] is represented by number of concept which
repository ontology GP has in common with domain ontology
GD:

U(T0) = |GD
⋂

GP | , (10)

where |GD
⋂

GP | means a number of vertices/concepts of
joint graph.

The development effort should be invested to maximise
the knowledge actuality in the repository in the certain calen-
dar interval [0, T0]:

U(T0) =
∣∣∣GD

⋂
GP

∣∣∣ = Max. (11)

However, such formula is difficult to calculate, due to dif-
ficulty with ontology processing, and should be transformed
to more practical one. One of the proposition is to maximise
the number of solved complex tasks in the repository selected
by group of students S = {sj} in a certain calendar interval
[0, T0]:

| {rv
i (sj)} | = Max, i = 1, 2.....i∗, j = 1, 2.....j∗ , (12)

where |{rv
i (sj)} | is degree of a set.

Constrains:

1. the knowledge accrual in the repository has to above level
Uµ

U(T0) =
∣∣∣GD

⋂
GP

∣∣∣ ≥ Uµ, (13)

where Uµ is a minimal number of concept which reposi-
tory ontology GP has in common with domain ontology
GD .

2. the complexity level of task ri, has to be above level Qµ:

∀
i
q(rv

i ) ≥ Qµ, (14)

where Qµ =< 0, 1 > represented minimal complexity lev-
el for all repository content. The function q(rv

i ) is calcu-
lated by the teacher, who discretely estimate each task rv

i

complexity. Moreover, through the formula (14) the specif-
ic type of knowledge (following the knowledge type index
v) can be treated specially.

Interpretation and solution of the Behavioral model. The
behavioral model is described in descriptive way in order to
the sake of clarity of relationship between learning-teaching
process participants. Based on the [20] we can formulate mod-
el in the terms of games theory, which allows studying the
activity of a system depending on the players behaviour. The

cooperation in behavioral model can be interpreted as a coop-
erative game of j∗ independent participants/students of game
with a defined number of steps and full information about
participants activities in real-time. The game has following
description in [20]:

• the win of the teacher is accrual of knowledge in the repos-
itory,

• the win of the student depends on his/her strategy: maximal
number of points for a task solved or minimal time loss,

• the equilibrium is obtained as a result of a dominant strate-
gy, what compared to other strategies gives the game partic-
ipants the possibility to obtain their maximal win regardless
of actions of the other participants.

There is co-operation between teacher and each student sj .
Moreover the motivation model can be seen as a stimu-

lation task, where motivation management signifies direct re-
warding an agent (student) for his actions. Management (stim-
ulation) effectiveness means obtaining maximum value of the
goal function on an appropriate set of game solutions (strategy
of agents having balance in their stimulation). The problem
can be solved based on algorithms [55] and [56].

Separate issue is the way to identify the introduced para-
meters and functions. Some proposition are described in [57].
For example the student motivation is a component of: self’s
ability to assimilate the subject, teacher assessment require-
ments, quality of the supplied learning material, interest in the
subject topics, amount of material in the course (e.g. the num-
ber of hours per subject, the number of documents to study).
All this characteristics are combined based on the multicrite-
ria decision-making characteristic objects method [58], which
used fuzzy logic to produce final level of student’s motivation.
For other parameters and functions similar approach can be
applied.

Relation with the Servicing model. In the servicing model,
we don’t analyse the content of knowledge increasing process.
The main model objectives is to calculate, based on the da-
ta from the behavioural model, the parameters of servicing
process, for example:

• average time of complex tasks processing in the system,
• average time of simple tasks processing in the system,
• total waiting time and operating time including the time of

consultation,
• total time the teacher lost on consultation.

If those times validate the permissible restriction, one have
to return to the behavioural model in order to change the
function of teacher motivation. For servicing model the most
important characteristics of behavioural model are the num-
ber of simple and complex tasks and complexity level of each
task.

5.4. Servicing model. There are many indications showing
that the ODL process should be treated as stochastic one:

• The system is open, due to ODL characteristics.
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• Student’s service time does not depend on the other student
service time.

• Student’s service is stochastic.

The student’s action (e.g. the repository usage, consulting
with teacher, working with a dedicated server) will be treated
as an event occurring in the planning horizon. The specificity
of the learning-teaching process allows to specify a time unit,
within the horizon of time, for which it is possible to deter-
mine the average number of events (from the experience of the
teacher). Such an interpretation allows the planning process
based on the modelling of the events. Student’s action (event)
in the repository is associated with performing the operation
on ontology graph. The stream of events was interpreted as
a markovian stochastic process, i.e. stationary, sequential and
memoryless (on time interval [0, T0]).

The stationarity assumption comes from teacher’s experi-
ence of preliminary assessment of the students, the existing
rules of the learning-teaching process and the need to respect
the didactical principles of teaching.

Every computer system is running on limited resources. In
the case of the learning-teaching process the limited resource
are on the side of the teacher (i.e. the time that teachers can
spend per student for consultation or to check the task quality)
[59]. We assume that the effect of supporting computer sys-
tems is instantaneous. The purpose of building the servicing
model is to minimize the summary of expenses involved in the
learning-teaching process at the operational level. The model
is based on the intangible production network for competence
development in Open and Distance Learning [19].

Structure of the model:

• A set and sequence of intelligence operations that consist
for the entire process of competence acquisition by the stu-
dent within a particular specialization.

• Characteristics of the arrival pattern/beginning of perfor-
mance of each operation by the student: rate of arrival,
etc.

Goal of the model:

• Finding the structure and parameters of the open distance
learning network, which maximizes the effectiveness of the
student’s competence acquisition process.

Set of tasks:

• Definition of the open production network performance pa-
rameters such as: the average number of students who are
in the process of learning; the average number of students
who have successfully completed the learning process; the
average time spent by a student in the network, the av-
erage waiting time for access to the teaching resources;
the speed of filling in the repository of knowledge in the
learning process.

Education process participants. The learning-teaching
process is coordinated by the teacher (T ), who is responsi-
ble for leads of the subject, disposer of the subject repos-
itory. The students S = (s1, s2, ..., sj , ...) are coming to

the system, choose task and try to solve it. The τ̃ (s) =
(τ1(s1), τ2(s2), . . . , τj(sj), . . .) is a stochastic process of stu-
dents arrival, τ̃ (s) = {χ, λ} – parameters of stochastic
process of students arrival, where χ is a kind of arrival pat-
tern, e.g. Poisson flow, λ is rate/intensity of arrival. Earlier
in the paper, we assume that only two kind of task will be
analyzed (A – simple, B – complex). We can formalize the
students input flow in the following way:

λ = λA + λB, (15)

where λA – rate of the input flow of student who selected a
simple task. λB – rate of the input flow of student who select-
ed complex (hard) task. We accept the process π(s) to be a
Markovian one, meaning that it has a stationary, memoryless
and sequential character with finite population on limited time
interval.

Processing structures. The analysed processing structure
is the same for theoretical, procedural and project knowl-
edge. The M/M/1 system approach to individual stage of
competence-based learning-teaching process modelling is a
simplification for clarity of the model [60]. The students’ ar-
rival and servicing time are a stochastic process and can be
interpreted as a Markovian one due to large number of stu-
dents, students mutual independence, similar basic knowledge,
and similar servicing time. The teacher can establish priorities
(static or dynamic) in the students’ servicing process. Let’s
define processing structure for simple and complex task.

The simple task’s stage structure is presented in Fig. 6.
The student can finish this stage in the following ways: pA

1

– probability of finish the task with a positive result of as-
sessment, pA

2 – probability of return to decision block, pA
3 –

probability of exit from the production system.

Fig. 6. Simple task’s processing structure (adapted from Ref. 19)

Traffic equations for the simple task’s stage:





λA
α = λAPpA

1 ,

λA
γ = λA

2 pA
2 ,

λA
δ = λA

2 pA
3 .

(16)

The complex task’s stage structure (Fig. 7) has the follow-
ing description: pB

1 – probability of finishing the task with a
positive result of assessment (the task is too simple to put
it into the repository), pB

2 – probability of returning to the

256 Bull. Pol. Ac.: Tech. 63(1) 2015



Integrated mathematical model of competence-based learning-teaching process

selection block (new task selection), pB
3 – probability of es-

caping from the system, pB
4 – probability of finishing the task

with a positive result assessment and having the task recorded
in the knowledge repository (R), pB

1 + pB
2 + pB

3 + pB
4 = 1 –

normalization condition, λBP = λB + λBPpB
3 – input rate.

Traffic equations for the creative task stage:




λB
α = λBPpB

1 ,

λB
β = λBPpB

4 ,

λB
δ = λBPpB

2 ,

λB
γ = λBPpB

3 .

(17)

Fig. 7. Complex task’s processing structure (adapted from Ref. 19)

Knowledge in the repository is increasing over time due
to complex (creative) tasks analysis. In the best cases, the stu-
dent is able to finish hard task in the manner that the task’s
solution can be transferred to the repository.

The model of individual stage of competence-based
learning-teaching process can be found in Fig. 8. The student’s
activity is limited by the period time and teacher’s working
hours.

Fig. 8. Generalization of the stage structure

Servicing parameters of learning-teaching system. For the
M/M/1 system the average time of the simple and the hard
task’s servicing is the following:

τ̃A =
1

µA

, (18)

τ̃B =
1

µB

. (19)

Let’s define the parameters of the task selection and execution
(servicing) process for the structure in Fig. 8: τ̃A – average

time of simple task execution, τ̃B – average time of hard task
execution, τ̃A

W , τ̃B
W – average waiting time of hard and simple

task respectively, T̃ A
S = τ̃A+ τ̃A

W – average time during which
the simple task (A) stays in the system, T̃ B

S = τ̃B + τ̃B
W – av-

erage time during which the hard task (B) stays in the system,
NA = λAPT̃ A

S – average number of simple tasks (A) in the

system, NB = λBPT̃ B
S – average number of hard tasks (B) in

the system, λ = λA + λB – input flow decomposition.
Based on the Little’s law for M/M/1 system characteris-

tic [60], the following parameters can be formulated for the
discussed system of the hard and simple task transferring.

Average number of tasks in the system:

N = NA + NB, (20)

where

NA =
λAP

µA − λAP =
λAPτ̃A

O

1 − λAPτ̃A
O

, (21)

NB =
λBP

µB − λBP =
λBPτ̃B

O

1 − λBPτ̃B
O

. (22)

Average time during which a task stays in the system:

T̃ A
S =

NA

λAP =
1

µA − λAP =
τ̃A
O

1 − λAPτ̃A
O

, (23)

T̃ B
S =

NB

λBP =
1

µB − λBP =
τ̃B
O

1 − λBPτ̃B
O

. (24)

Average waiting time for a task to be executed:

τ̃A
W = T̃ A

S − τ̃A
O , τ̃B

W = T̃ B
S − τ̃B

O . (25)

Average number of tasks in the waiting queue:

NA
W = λAPτ̃A

W , NB
W = λBPτ̃B

W . (26)

Discussion of simulation model processing. The discussed
simulation model taking into account several parameters (e.g.
students and teachers motivation, tasks complexity) in order
to estimate the organization characteristics and predict the
growth of knowledge in the repository during competence
transfer. The learning-teaching process is treated as a stochas-
tic process, and can be modelled using the simulation tools
based on the Queuing Systems Theory (like Arena Simulation
Software by Rockwell Automation).

Some initial models can be found in [13]. In this simula-
tion experiment the single knowledge transfer was simulated.
For example the analysed shown that for 55 students, time in-
terval of 6 days, daily time for tasks’ examination – 3 hours,
expected time for each student – 20 minutes, correction time
– 1 day: 70% – exit with promotion without repository de-
velopment, 15% – placing solution in the repository, 15% –
sending back for correction. Moreover, the teacher’s queue
was still not unloaded. As a result the time interval has to
be extended to 8 days in order to all the students left the
learning-teaching process with new knowledge.
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6. Conclusions

In discussed models we assume that in order to acquire spe-
cific competence one have to acquire fundamental, procedural
and project knowledge that combine to create the competence.
The proposed approach is designed in a way that it is pos-
sible to extend on to other types of knowledge. Moreover,
it is possible to introduce some more sophisticated personal-
ization algorithms in the future. The article shows only one
course with related ontology in learning-teaching process. All
elements create an education system, which based on superpo-
sition can be transferred to a different educational situations.

The increasing mobility of students, caused by Bologna
Process implementation, allows student to choose universi-
ty several times, at different stages of education. Combined
with demographic factors and the dynamic characteristic of
new competence emergence the stochastic factor is increasing,
which in turn increases the difficulty of long-term planning
of the internal system of education.
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