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MAGNETO-THERMO-MECHANICAL BUCKLING
ANALYSIS OF MINDLIN PLATE REINFORCED WITH
FG-CARBON NANOTUBES

R. KOLAHCHI', M. ESMAILPOUR?, M. SAFARI'

A buckling analysis of temperature-dependent embedded plates reinforced by single-walled carbon nanotubes
(SWCNTs) subjected to a magnetic field is investigated. The SWCNTs are distributed as uniform (UD) and three
types of functionally graded nanotubes (FG), in which the material properties of the nano-composite plate are
estimated based on the mixture rule. The surrounding temperature-dependent elastic medium is simulated as
Pasternak foundation. Based on the orthotropic Mindlin plate theory, the governing equations are derived using
Hamilton's principle. The buckling load of the structure is calculated based on an exact solution by the Navier
method. The influences of elastic medium, magnetic field, temperature and distribution type, and volume fractions
of SWCNT are shown on the buckling of the plate. Results indicate that CNT distribution close to the top and

bottom are more efficient than that distributed near the mid-plane for increasing the stiffness of the plates.
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1. INTRODUCTION

Most investigations of carbon nanotube-reinforced composites (CNTRCs) have focused on material
properties and researchers have discovered that the mechanical, electrical and thermal properties of
polymer composites can be considerably improved by adding small amounts of CNTs. Odegard et al.
[1] presented a constitutive modelling of nanotube-reinforced polymer composites with
nanotube/polymer interface modeled as an effective continuum fiber by using an equivalent-

continuum model. Gary et al. [2] obtained the effective elastic properties of CNTRCs through a
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variety of micromechanic techniques. The effective properties of CNTs were calculated utilizing
composite cylinder micromechanic techniques. Fidelus et al. [3] examined the thermo-mechanical
properties of epoxy-based nanocomposites based on low weight fractions of randomly oriented
single- and multi-walled carbon nanotubes. Han and Elliot [4] presented classical molecular dynamic
(MD) simulations of model polymer/CNT composites constructed by embedding a SWCNT into two
different amorphous polymer matrices. Using the MD method, the stress—strain behavior of SWCNT-
reinforced composites was studied by Zhu et al. [5].

Although these studies are quite useful, the ultimate purpose of the development of this advanced
material is to explore the potential applications of CNTRCs in actual structures, such as CNT-
reinforced beams, plates or shells. Based on the Timoshenko beam theory, non-linear free vibrations
of functionally graded CNTRC beams were analyzed with the Ritz method and direct iterative
technique by Ke et al. [6]. For improving buckling and postbuckling behaviors of CNTRC structures,
Shen and Zhang [7] investigated the thermal buckling and postbuckling behaviors of FG-CNTRC
plates. Wang and Shen [8] used an improved perturbation technique to investigate nonlinear vibration
of FG-SWCNT plates resting on an elastic foundation in thermal environments. Ghorbanpour Arani
et al. [9] investigated the buckling behavior of laminated CNTRC plates, analytically based on the
CLPT. Using the finite element method (FEM), analyses of bending and free vibration were carried
out for various types of functionally graded CNTRC plates by Zhu et al. [10]. Yas and Heshmati [11]
used the Timoshenko beam theory to analyze vibration of nanocomposite beams reinforced by
randomly oriented straight SWCNTs subjected to a moving load. Recently, wave propagation
analysis of a functionally graded carbon nanotube reinforced piezoelectric composite (FG-CNTRPC)
is studied by Ghorbanpour Arani et al. [12].

In the present study, buckling analysis of temperature-dependent plates reinforced by FG-SWCNTs
subjected to a magnetic field is studied based on orthotropic Mindlin plate theory. The rule of mixture
is used in order to obtain the equivalent material properties of FG-CNTRC plate. Based on Hamilton's
principal and energy method, the governing equations are obtained. The effects of the volume
fractions of carbon nanotubes, elastic medium, magnetic field, temperature, and distribution type of

CNTs on the buckling load of the FG-CNTRC polymeric plate are discussed in detail.

2. FORMULATION

As shown in Fig. 1, an embedded CNTRC plate with length L, width 4 and thickness / is considered.

The CNTRC plate is surrounded by an orthotropic elastomeric temperature-dependent medium which
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is simulated by K, G corresponding to the Winkler foundation parameter and, shear foundation
parameters, respectively. Four types of CNTRC plates, namely uniform distribution (UD), along with
three types of FG distributions (FGA, FGO, FGX) of CNTs along the thickness direction of a CNTRC

plate is considered.
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Fig. 1. Configurations of the nano-composite plates. (a) UD; (b) FG-A; (¢) FG-O; (d) FG-X.

The constitutive equation for stresses ¢ and strains £ matrix in the thermal environment may be

written as follows:
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where C; are elastic constants. The strain-displacement relations may be written as [13]:
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where (u,,0,,Ww,) are the mid-plane displacement along the x-, y-, and z-directions, respectively;

@,(x,y)and ¢, (x,y)are the rotations about x- and y- directions, respectively.
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3. MIXTURE RULE

In order to obtain the equivalent material properties of two-phase nanocomposites (i.e. polymer as
matrix and CNT as reinforcer), the rule of mixture [14] is applied. According to the mixture rule, the

effective Young and shear moduli of CNTRC plate can be written as

3.1) m, U=Ven) 15 _Vewr , A= Verr)
E =nV +(1-7, 2 Yow U=Vow) B Vo , U= Vour)
n=mn CNT rll ( CNT) E‘22 E'r22 E G12 GrlZ G,

m m

where E ,, E ,, and G ,,indicate the Young’s moduli and shear modulus of SWCNTs, respectively,

rl1?

and £, , G, represent the corresponding properties of the isotropic matrix; 7, (=1, 2, 3) are the

scale-dependent material properties. V., and V,, are the volume fractions of the CNTs and matrix,

respectively, in which the sum equals to unity. The uniform and three types of FG distributions of

the CNTs along the thickness direction take the following forms:

2z )
UD: Veyr= V(NT: FGV: Veyy(2) = ( thCNT’

(32) 2 2.
FGO: Vo (2)=2 1—7 o> FGX 0 Viyp(2) =2 P Venrs
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where wey;, p,, and p.,,are the mass fraction of the CNT, the densities of the matrix and CNT,
respectively. Similarly, the thermal expansion coefficients in the longitudinal and transverse
directions respectively (¢, and «,,), Poisson’s ratio (v,,) and the density ( p ) of the CNTRC plates

can be determined as
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(34) Vio =VentVea ¥V Vi P=VonrPr +V, P 1 = Vo +V, 2,5
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where v,,,and v, are Poisson’s ratios of the CNT and matrix, respectively. In addition, «,,,, @,,,
and «,, are the thermal expansion coefficients of the CNT and matrix, respectively. It should be noted

that v,, is assumed as constant over the thickness of the FG-CNTRC plates.

4. GOVERNING EQUATIONS

The total potential energy,/ , of the CNTRC plate is the sum of strain energy, U and the work done

by the external force, W .
4.1. POTENTIAL ENERGY

The potential energy can be written as

(4.1) 719 IM 10,8, 4O Y+ O+ O,y )dV

h2 xr xr

Combining of Egs. (2.1), (2.2) and (4.1) yields
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where the stress resultant-displacement relations can be written as
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In which K is shear correction coefficient.
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4.2. EXTERNAL WORK

4.2.1. ELASTIC MEDIUM

The external work due to orthotropic temperature-dependent elastomeric medium and a uniform load

on the upper surface of the CNTRC plate can be written as [15]

(4.4) W= —j (KW - GV*W )wax,

0

where K and G are spring and shear constants. Since the elastomeric medium is relatively soft, the

foundation stiffness K may be expressed by

EO 2
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where E_, v, H, are Young’s modulus, Poisson’s ratio and depth of the foundation, respectively.

In this paper, E, is assumed to be temperature-dependent while v, is assumed to be a constant.

4.2.1. MAGNETIC FIELD

For a plate subjected to a steady magnetic field, Ho, the exerted body force may be calculated as
follows [14]

4.7) f, :nx(Vx(Vx(uxHo)))xHO,
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where 7 is the magnetic permeability; v is the gradient operator and u is the displacement field
vector. Considering H, = Hx? , the components of the Lorentz force per unit volume of the plate are

evaluated by

o’w
—nH?
(4.8) S =10 [ P }

4.3. HAMILTON'S PRINCIPAL

The governing equations can be derived by Hamilton's principal as follows
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Substituting Egs. (2.1) and (2.2) into Eq. (4.3), the stress resultant-displacement relations can be

obtained as follows

4.10 k 0
@10 N, =[o.d:=4, (a”’ﬂjw %9 4 [%}Bn&,
J a ox ox oy
(4.11) f ou, o, ov, op
N, =|o,dz=4, = |+B,—*+4 +B,, —,
»y :[1 yy 12 ( ax j 12 a 22( ax j 22 ay
k o
Nw = J- O'Xde = A33 (au()—'_a%j_'—B [6¢X wj’
(4.12) Sl oy Ox oy Ox
ou, o, oy, 0o,
M, d: B, > 1+D ~+ B, 21+ D, :
4.13) ot (Ge)e e (G2 0



% R. KOLAHCHI, M. ESMAILPOUR, M. SAFARI
M, Ia zdz =B (au°]+D %, | 322[%]+D22%,
(4.14) o o >
h 0
M)‘«V = J.GX,VZdZ =B, %4‘% +Dy, 0, + Py ,
(4.15) J o o o
ow,
M, 0,.zdz = o
(4.16) I 44 (40} a)} ]
h ow,
M. = .[o—szdZ =Bs| o+ — j,
4.17) ) =
where
(4.18)

h/2 /2 ) o
A=~ Cyde, B, = j CzdeDy=[ ¢, (i, j=12.6)

Substituting Egs. (4.10) to (4.18) into Eq. (4.9), the governing equations can be written as follows
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5. EXACT SOLUTION

Steady state solutions to the governing equations of the plate which relate to the simply

supported boundary conditions can be assumed as [13]

u(x,0,1) = ZZumcos[ J { /J,v(x@t) ZZUWSH{ jcos[nfy]
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4,00.0=3 3y, sin o
m=1 n=1 Lx Ly
Substituting the above ratios into the governing equations turns it into an algebraic equation expressed
as
Kll KIZ Kl3 Kl4 K]S umn
KZI KZZ K23 K24 K25 zJmn
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where K are constant. Setting the determinate of the above equation equal to zero yields the

buckling load of system.

6. NUMERICAL RESULTS AND DISCUSSION

A computer program is prepared for the numerical solution of buckling of CNTRC plates resting on
an elastic temperature-dependent foundation. Here, Poly methyl methacrylate (PMMA) is selected

for the matrix which has constant Poisson’s ratios of v,, =0.34, a temperature-dependent thermal

coefficient of ¢, :(1+0.0005AT )><10‘6/ K , and temperature-dependent Young moduli of
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E, =(3.52-0.0034T)GPa in which T =T, + AT and T, =300 K (room temperature). In addition,

(10, 10) SWCNTs are selected as reinforcements with the material properties listed in Table 1.
Table 1. Temperature-dependent material properties of (10, 10) SWCNT (L= 9.26 nm, R= 0.68 nm,

h=0.067 nm, 03" =0.175)

Temperature () pN(TPa)  E5)"(TPa) G5 (TPa) " (10°/K) a3,"(10°/K)

300 5.6466 7.0800 1.9445 3.4584 5.1682
500 5.5308 6.9348 1.9643 4.5361 5.0189
700 5.4744 6.8641 1.9644 4.6677 4.8943

The elastomeric medium is made of Poly dimethylsiloxane (PDMS) where the temperature-

dependent material properties of which are assumed to be v, =0.48 and E, =(3.22—0.00347)GPa
in which 7'=7, + AT and T, =300 K (room temperature) [16].

Depicted in Fig. 2 is the buckling load for the UD and three types of FG CNTRC plates versus length.
It should be noted that the mass fraction (w,,, ) of the UD and FG distribution of CNTs in polymer

are considered equal for the purpose of comparisons. As can be seen, the buckling load of FGA- and
FGO- CNTRC plates are lower than the buckling load of UD-CNTRC plates while the FGX- CNTRC
plate has higher buckling load with respect to the three other cases. It is due to the fact that the stiffness
of CNTRC plates changes with the form of CNT distribution in the matrix. However, it can be
concluded that CNT distribution close to the top and bottom are more efficient than those distributed
near the mid-plane for increasing the stiffness of plates. In addition, increasing length can decrease
the buckling load of the CNTRC plate. This is because with increasing length, the stability of the

plate decreases.

40 40
—4+— FGO V. _...=0
—V
35 FGA 35k V(,NT70 .
30 —6— UD 20 = Vonr
—e—FGX —0— Vi =0.14
25 254 ——V =0.17

CNT

20 20}

Dimensionless buckling load, P
Dimensionless buckling load, P

0 0.2 0.4 0.6 0.8
Length, L (m) 0 0.2 0.4 0.6 0.8

Length, L (m)
Fig. 2. Effects of CNT distribution on the buckling Fig. 3. Effects of CNT volume fraction on the
behavior of CNTRC plates versus length buckling behavior of CNTRC plates versus length
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The effect of the CNT volume fraction on the buckling load of the CNTRC plate with respect to
length is shown in Fig. 3. It can be found that thickening the plate can decrease the buckling load of
the CNTRC plate. It is also observed that increasing the CNT volume fraction increases the buckling
load of the CNTRC plate. This is due to the fact that the increase of CNT volume fraction leads to a
harder structure. Meanwhile, the effect of CNT volume fraction becomes more considerable at a
shorter length.

The effect of the elastic temperature-dependent medium on the buckling load of the CNTRC plate
with respect to length is illustrated in Fig. 4. In this figure three cases are considered without elastic
medium; Winkler medium and Pasternak medium. As can be seen, considering elastic medium
increases the buckling load of the CNTRC plate. This is due to the fact that considering elastic
medium leads to stiffer structure. Furthermore, the effect of the Pasternaktype is higher than the
Winklertype on the buckling load of the CNTRC plate. It is perhaps due to the fact that the
Winklertype is only capable of describing a normal load of the elastic medium while the
Pasternaktype describes both transverse shear and normal loads of the elastomeric medium.

The effect of temperature on the buckling load of the CNTRC plate with respect to the length is
demonstrated in Fig. 5. As in the other figures, increasing the length decreases the buckling load of
the CNTRC plate. It can be also found that the buckling load of the CNTRC plate decreases with

increasing temperature which is due to the higher stiffness of CNTRC plate with lower temperature.

120
—#— Without elastic medium —e— T=300
& 100 —6— With Winkler medium 9 ——T=500
] —6— With Pasternak medium -l —>—T=700
S k]
=80 )
= =
2
2 60 2
2 3
< 3
£ 0 ]
Z £
. :
2 a
0 02 0.4 0.6 038 02 03 04 05 06 07 08 09 1
Length, L (m) Length, L (m)
Fig. 4. Effects of elastic medium on the buckling Fig. 5. Effects of temperature on the buckling
behavior of CNTRC plates versus length behavior of CNTRC plates versus length

Fig. 6 illustrates the effect of magnetic field on the buckling load of the plate with respect to the
length. As in the other figures, increasing the length decreases the buckling load of the CNTRC plate.
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It can be also found that the buckling load of the CNTRC plate increases with increasing magnetic

field which is due to the higher stiffness CNTRC plate with a higher magnetic field.

—— HX=0

——H =lc6
—o—H =1¢7
—e—H =le8

60}

4o

Dimensionless buckling load, P

201

OO 0.2 0.4 0.6 0.8

Length, L (m)

Fig. 6. Effects of magnetic field on the buckling behavior of CNTRC plates versus length

7. CONCLUSION

Magneto-thermo-mechanical buckling analysis of an embedded plate was studied in this paper based
on orthotropic Mindlin plate theory. SWCNT distributions in polymer were considered as UD, FGA,
FGX and FGO and the equivalent material properties of structure are obtained using rule of mixture.
The elastic medium is simulated by a temperature-dependent Pasternak foundation. Using strain-
displacement relation, energy method and Hamilton's principle, the governing equations were
derived. In order to obtain the buckling load of the FG-SWCNT-reinforced plate, the Navier method
was performed. The effects of the volume fractions of carbon nanotubes, magnetic field, elastic
medium, temperature, length and distribution type of CNTs were considered. Results indicate that
considering elastic medium increases the buckling load of the FG-CNTRC plate. It was also
concluded that the buckling load gets larger as the CNT volume fraction increases. Furthermore, the
lowest and highest buckling loads were obtained for FGO- and FGX-CNTRC plates, respectively. In

addition, increasing magnetic field increases the buckling load of structure.
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ANALIZA MAGNETYCZNO-TERMO-MECHANICZNA WYBOCZENIA PLYTY MINDLINA WZMACNIANEJ

NANORURKAMI O FUNKCYJNEJ GRADACIJI.

Stowa kluczowe: Wyboczenie; Pole magnetyczne; nanorurki FG-SWCNT; zalezne od temperatury; ptyta Mindlina

STRESZCZENIE:

Badana jest analiza wyboczenia wbudowanych plyt zaleznych od temperatury wzmacnianych jedno$ciennymi
nanorurkami wegglowymi (SWCNT) poddawanych polu magnetycznemu. Nanorurki SWCNT sg rozpowszechniane jako
jednolite (UD), a takze istnieja trzy typy rozmieszczenia FG (FGA, FGO, FGX). W celu uzyskania rownowaznych
wilasciwosci materialowych nanokompozytow dwufazowych (tj. polimer jako matryca i nanorurka weglowa jako

wzmocnienie), stosuje si¢ zasade mieszaniny.

Do modelowania matematycznego obecnej struktury stosuje ortotropowa teori¢ ptyty Mindlina. W tej teorii odksztalcenie
normalne i przy $cinaniu sg rozpatrywane w kategoriach przemieszczenia punktu materiatu na plaszczyznie srodkowej
i obrotow normalnej i Srodkowej ptaszczyzny w kierunku osi XiY. W celu uzyskania obowiazujacych rownan, stosowana
jest metoda energetyczna i zasada Hamiltona. Catkowita energia potencjalna ptytki CNTRC to suma energii odksztatcenia
i pracy wykonanej przez osrodek elastomerowy i pole magnetyczne. W przypadku energii odksztatcenia, zaleznos$ci
przemieszczania w wyniku napre¢zenia sa definiowane w celu uproszczenia. Osrodek sprezysty zalezny od temperatury
otoczenia jest stymulowany jako podtoze Pasternaka ze stala sprezyny i $cinania. Poniewaz osrodek elastomerowy jest
stosunkowo miekki, zaktada si¢, ze sztywno$¢ fundamentu jest zalezna od temperatury. Ponadto, w przypadku ptytki
poddawanej statemu polu magnetycznemu, bierze si¢ pod uwage przytozona site masowa oraz ocenia si¢ elementy sity
Lorentza na jednostke ptytki. Na koniec, korzystajac z zasady Hamiltona i integrujac wg czgsci, uzyskuje si¢
obowiazujace rownania w zakresie wypadkowych naprezen. Nastgpnie, obliczajac wypadkowa naprezenia pod wzgledem

przemieszczenia i obrotow, uzyskuje si¢ ostateczng forme¢ obowigzujacych rownan.

Obciazenie wyboczeniowe struktury jest obliczane na podstawie doktadnego rozwigzania metoda Naviera. W tej
metodzie, zaktada si¢ rozwigzania dla stanu ustalonego obowigzujacych rownan ptytki, ktdre po prostu odnosza si¢ do
warunkow brzegowych. Podstawiajac réwnania Naviera do obowigzujacych rownan, staja si¢ one réwnaniem
algebraicznym. Ustawienie wyznaczenia wspomnianego réwnania na zero skutkuje obciazeniem wyboczeniowym
uktadu. W tym celu program komputerowy jest przygotowany na rozwigzanie numeryczne wyboczenia ptytki CNTRC

na sprezystym fundamencie zaleznym od temperatury.

Wplywy osrodka spre¢zystego, pola magnetycznego, temperatury i typu rozmieszczenia nanorurek SWCNT i objetosci
frakcji nanorurek SWCNT sa przedstawiane przez wyboczenie ptytki. Tutaj do macierzy dobiera si¢ polimetakrylan
metylu (PMMA), a nanorurki SWCNT sa wybierane jako wzmocnienia o wlasciwosciach materiatowych zaleznych od
temperatury. Ponadto o$rodek elastomerowy jest wykonany z polidimetylosiloksanu (PDMS) o wlasciwosciach
materialowych zaleznych od temperatury. Wyniki wskazuja, ze obcigzenia wyboczeniowe ptytek FGA - i FGO-CNTRC
sa nizsze niz obcigzenia wyboczeniowe ptytek UD-CNTRC, podczas gdy ptytka FGX-CNTRC ma wyzsze obciazenie
wyboczeniowe w odniesieniu do trzech innych przypadkow. Jest to spowodowane faktem, ze sztywnos¢ ptytek CNTRC

zmienia si¢ wraz z forma rozmieszczenia nanorurek weglowych w macierzy. Mozna jednak stwierdzi¢, ze rozmieszczenie
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nanorurek weglowych blisko czg¢sci gorme;j i dolnej jest wydajniejsze niz w przypadku nanorurek umieszczonych blisko
ptaszczyzny srodkowej w celu zwigkszenia sztywnosci ptytki. Ponadto zwigkszenie dtugosci moze zmniejszy¢ obciazenie
wyboczeniowe ptytki CNTRC. Jest to spowodowane faktem, iz wraz ze wzrostem dlugosci, stabilnos¢ ptytki spada.
Mozna stwierdzi¢, ze pogrubienie plytki moze zmniejszy¢ obcigzenie wyboczeniowe ptytki CNTRC. Zauwazono
réwniez, ze zwigkszenie frakcji objetosci nanorurek weglowych zwigksza obciazenie wyboczeniowe plytki CNTRC. Jest
to spowodowane faktem, iz zwigkszenie frakcji objetosci CNT prowadzi do utwardzenia struktury. Tymczasem wplyw
objetosci frakcji nanorurek weglowych staje si¢ znaczny przy mniejszej dtugosci. Jak widaé, wzigcie pod uwage osrodka
sprezystego zwigksza obcigzenie wyboczeniowe plytki CNTRC. Jest to spowodowane faktem, ze wzigcie pod uwage
osrodka sprezystego prowadzi do usztywnienia struktury. Ponadto wptyw podloza Pasternaka na obcigzenie
wyboczeniowe ptytki CNTRC jest wyzszy niz w przypadku podtoza Winklera. By¢ moze jest to spowodowane faktem,
ze podtoze Winklera jest w stanie jedynie opisa¢ normalne obcigzenie osrodka sprezystego, podczas gdy podtoze
Pasternaka opisuje zaréwno $cinanie poprzeczne i normalne obcigzenia osrodka elastomerowego. Mozna rowniez
stwierdzi¢, ze obcigzenie wyboczeniowe ptytki CNTRC spada wraz ze wzrostem temperatury, co jest spowodowane
wieksza sztywnoscia ptytki CNTRC przy nizszej temperaturze. Mozna réwniez stwierdzi¢, ze obcigzenie wyboczeniowe
plytki CNTRC wzrasta wraz ze wzrostem pola magnetycznego, co jest spowodowane wigksza sztywnoscia ptytki CNTRC

przy wigkszym polu magnetycznym.



