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Positive stable realizations of discrete-time linear systems
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Abstract. The problem of existence and determination of the set of positive asymptotically stable realizations of a proper transfer function
of linear discrete-time systems is formulated and solved. Necessary and sufficient conditions for existence of the set of the realizations are
established. A procedure for computation of the set of realizations are proposed and illustrated by numerical examples.
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1. Introduction

Determination of the state space equations for given trans-
fer matrix is a classical problem, called realization problem,
which has been addressed in many papers and books [1, 2, 3—
8]. An overview on the positive realization problem is given
in [1, 2, 9]. The realization problem for positive continuous-
time and discrete-time linear systems has been considered in
[10-16] and the positive realization problem for discrete-time
systems with delays in [14, 15, 17]. The fractional positive
linear systems has been addressed in [5, 18, 19]. The realiza-
tion problem for fractional linear systems has been analyzed
in [20] and for positive continuous-discrete systems in [21].
Stability of continuous-discrete linear systems has been con-
sidered in [22]. A method based on similarity transformation
of the standard realization to the discrete positive one has
been proposed in [16]. Conditions for the existence of posi-
tive stable realization with system Metzler matrix for transfer
function has been established in [12]. The problem of the
existence and determination of the set of Metzler matrices
for given stable polynomials has been formulated and solved
in [6]. The problem for computation of positive stable realiza-
tions for continuous-time linear systems has been addressed
in [7].

It is well-known [1, 3, 9] that to find a realization for a
given transfer function first we have to find a state matrix for
a given denominator of the transfer function.

In this paper necessary and sufficient conditions for exis-
tence of the set of positive stable realizations of a proper trans-
fer function of linear discrete-time systems are established and
a procedure for computation of the set of realizations is pro-
posed.

The paper is organized as follows. In Sec. 2 some pre-
liminaries concerning positive linear systems are recalled and
the problem formulation is given. The problem solution for
systems with real negative poles of the transfer function is
presented in Sec. 3. The problem of the existence and compu-
tation of the set of positive asymptotically stable realizations
for single-input single-output systems with complex conju-
gate poles is addressed in Sec. 4. The problem for general
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case (multi-input multi-output) is considered in Sec. 5. Con-
cluding remarks are given in Sec. 6.

The following notation is used: $ — the set of real num-
bers, R"*™ — the set of n x m real matrices, R’ ™ — the set

of n X m matrices with nonnegative entries and R" = ?RiXI,
I,, — the n x n identity matrix, A7 — transpose of the matrix
A, R"*™(z) — the set of n x m rational matrices in z.

2. Preliminaries and the problem formulation

Consider the discrete-time linear system
1€ Zy =40,1,...}

(1a)
(1b)

Tiy1 = Az + Buy,

where z; € R", u; € R™, y; € RP are the state, input
and output vectors and A € R"*", B € §™*™, C € NP>,
D e Rpxm,

Definition 1. [1, 9] The system (1) is called (internally) pos-
itive if x; € N7, y; € R, i € Z for any initial conditions
xo € R and all inputs u; € R, i € Z.

Theorem 1. [1, 9] The system (1) is positive if and only if
Ae Ry, BeRP™, CeR™, DeR™. ()

Definition 2. [1, 9] The positive system (1) is called asymp-
totically stable if

lim z; = Ofor any zo € R}. 3)

71— 00
Theorem 2. [1, 9] The positive system (1) is asymptotically
stable if and only if all coefficients of the polynomial
pn(2) = det[I,(z + 1) — 4]
=2"4a, 12" '+ ...+ a1z +ao

“

are positive, i.e. a; > 0 fori =0,1,....,n — 1.

Definition 3. [9] A matrix P € %" is called the monomial
matrix (or generalized permutation matrix) if its every row
and its every column contains only one positive entry and its
remaining entries are zero.
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The inverse matrix P~! of the monomial matrix P is
equal to the transpose matrix in which every nonzero entry is
replaced by its inverse and P~! € R} ™.

Lemma 1. If A € R}*" then A = PAP ! ¢ RTX" for
every monomial matrices P € 7" and

det[I,z — A] = det[[,,z — A]. 3)

Proof. Taking into account that if P € R}*" then P! €
RT*™ and A = PAP~! € R7™. It is easy to check that

det[I,,z — A] = det[I,,z — PAP™'] = det{P[I,z — A]P™'}
= det Pdet[I,,z — A]det P~ = det[I,,z — A]

since det Pdet P~ = 1.
The transfer matrix of the systems (1) is given by

T(z)=C[l,z— A]"'B+ D. (6)
The transfer matrix is called proper if
lim T(z) = K € RP*™ @)

and it is called strictly proper if K = 0.
Definition 4. Matrices (2) are called a positive realization of
transfer matrix 7'(z) if they satisfy the equality (6).

The realization is called asymptotically stable if the matrix
A is asymptotically stable.

Theorem 3. [9] The matrix A € R ™" is unstable if at least
one of its diagonal entries a;;, ¢=1,2,...,n is greater 1.
Lemma 2. The matrices

A = PAP e R By = PB, € R,

Uk = CkP71 € %ﬂxn, Ek =D € %ﬂxm,
k=1,...,q

are a positive asymptotically stable realization of the proper
transfer matrix 7'(z) € RP*™(z) for any monomial matrix
P e R1™ if and only if the matrices

®)

Ak S %LL_X", B € %ixm,
Cr € %ﬂxn, Dy € %ﬁxm, 9)
k=1,...,q

are its positive asymptotically stable realization.

Proof. Taking into account that P € R}*" is a monomial
matrix then P~% € R7*" is also monomial matrix and using

(8) we obtain Ay € R, B € RY™, Cf € RE™ if and
only if (9) holds. Using (6) and (8) we obtain

T(2) = Ci[Inz — Ay] ' By + Dy,
= CyP I,z — PALP'|7'PB,, + Dy,
= C,P P,z — A, )P~} "1PBy, + Dy,
= CyP 'P[l,z — Ay 'P'PBy, + Dy,
= Cyllz — Ag] !By + Dy, = T(2).

Therefore, the matrices (2.8) are a positive asymptotically
stable realization of T'(z) if and only if the matrices (2.9) are
also its positive asymptotically stable realization.

(10)

606

The problem under considerations can be stated as fol-
lows: Given a rational proper matrix T'(z) € RP*™(z), find
the set of its positive asymptotically stable realizations (8).

In this paper necessary and sufficient conditions for exis-
tence of the set of the positive asymptotically stable realiza-
tions for a given T'(z) will be established and a procedure for
computation of the set of realizations will be proposed.

3. SISO systems with only real positive poles

In this section the single-input single-output (SISO) discrete-

time linear systems with the proper transfer function
bpz™ + by 12" L.+ D b

T(z) = nZ + 0p—1% + ...+ 012+ 0o (11)

2" ap_12" " 4+ az+ag

having only real positive poles (not necessarily distinct) o,

a9, ..., Oy, 1.€.

dn(2) = (z —a1)(z — a2)...(z — ap)

=2" 4+ an_12"" 1+ ...+ a1z + ao,

an—1=—(a1 +az+ ...+ an),
an—2 = —ai(az +as+ ... + ay) 12)
—ag(ag +ag + ...+ ap)
———.— Qp_1Qpy, ..,
ap = (1) "aas...ap
will be considered.
Theorem 4. For the proper transfer function

b1z +b
1y - b "

there exists the set of positive asymptotically stable realiza-
tions

Zk:PAkP_l, EkZPBk,
6k:CkP_1, Ek:Dk, k=1,2

for any positive parameter P > 0 and Ay, By, Cj, Dy, having
one of the forms

(14)

A =[— By =1
1 [ a]a 1 [ ]7 (15a)
C, = [bo - abl]; D, = [b1]
or A
= |—al, By = [bg — aby],
2 [ a] 2 [ 0 — 1] (15b)
Co=11],  D2=[b]
if and only if
—1<a§0, b1 20, bo—abl 20 (16)

Proof. The matrix A; € %fl and is asymptotically stable if
—1 < a < 0. The matrices C; € ?Ri_Xl, D € §R}ﬁ<1 if and

only if by > 0, by — ab; > 0. By Lemma 2 the matrices
(14) are a positive asymptotically stable realization of (13) for
any P > 0 if and only if the matrices (15a) are its positive
asymptotically stable realization. Proof for matrices (15b) is
similar.

Lemma 3. The nonnegative matrix

a1l a2

A= € R (17)

a21 a2
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has only real eigenvalues z1, 2o such that z; + 2o > 0 and
one of the zeros is negative if and only if a12a21 > a11a929.

Proof. The characteristic polynomial of the matrix (17)

zZ—a —ai2

det[Trz — A] =

—a21 2 — a2

= 2% — (a11 + az)z + an1a22 — ar2a2 (18)
=224t az+ap=(z—21)(z — 22),
ar = —(a11 + az) = —(21 + 22),
ap = 11022 — 12021 = 2122
has only real zeros since

ai —4ap = (a11 + as2)® + 4(ar1a22 — a12a21)
= (a?y + a3y — 2a11092) + 4a12a91 (19)
2
= (a11 — ag2)” +4a2a21 > 0.

Taking into account that a; = —(a11 + a22) = —(21 + 22)
we conclude that at least one of the zeros is positive such
that 21 + 29 > 0. From the equality aj1a20 — a12a21 = 2122
it follows that one of the zeros is negative if and only if
a11az2 < a12021-

Theorem 5. For the transfer function

byz? +biz+b

T(z) = 22 1 0

z¢4+ a1z + ag
there exists the set of positive asymptotically stable realiza-
tions

A = PAP ' e R¥?, By = PBj € R7,
6k = CkP_l S %}rXQ, Ek =D, € %rd,
k=1,2

(20)

2y

for any monomial matrix P € ?Riw and Ay, By, Cr, Dy
having one of the forms

0
1

Z1 1

A1: y 31:

Y

0 z9
(22a)
Cr =1 boz? +b1z1 + by ba(z1+ 22) + b1 ],

Dy = [by]

z1 0
1 ) ’
bQZ% + bi1z1 + by

ba(z1 + 2z2) + b1
Co=[0 1], Ds=[bs]

or

Ay =AT =

B, - (22b)

)

if and only if the polynomial

do(2) = 22 + a1z + ao (23)
has two positive zeros z1, 2o satisfying the condition
k=1,2

lzi] < 1 for (24)
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and

b2 Z 07
(25)

bz + iz +bo >0, ba(z1 + 22) + by > 0.

Proof. The matrix A; is asymptotically stable and nonnega-
tive if and only if the polynomial (23) has real positive zeros
z1, 29 satisfying the condition (24). The matrix

D; = lim T(z) = [bo] € RV (26)

if and only if b2 > 0. The strictly proper transfer function has
the form

b1z + by
T =T(z2)— D) = ¥———— 27
P(z) (Z) 1 22 + a1z + ag ( )
where _ _
b1 = b1 - albg, bo = bo — aobg. (28)

Taking into account the forms of A; and B; given by
(22a) we obtain

Tsp(Z) = Cl [IQZ — Al]_lBl

-1
0
l 1 1 (292)

512 +l_)()
224+ a1z +ag

z—2z1 1

=[a 02][

o telz—2)

224+ a1z +ag

0 Z— 29

and
¢ = b1 = by — arby = ba(21 + 22) + by,
c1 = bo + c221
= bo — 212202 + [b2(21 + 22) + b1]21
= bng + b1z1 + bg.

(29b)

From (29b) it follows that the matrix C' € R1** if and

only if the conditions (25) are satisfied. The proof for (22b)
is similar.
Remark 1. If the polynomial (23) has two zeros zp < 1
for k = 1,2 and by > 0 for k = 0,1,2 then the transfer
function (20) has the set of positive asymptotically table re-
alizations (21).

Lemma 4. If the polynomial

dn(2) = 2"+ (=) ap_12" 71 + (=1)%G, 92" 2

- (30)
+...+ (—1)"ao
has only real positive zeros a, > 0, k =1,...,n then
ap— >0 for k=1,2,... n. 31

Proof. Proof will be accomplished by induction. The hypoth-
esis is valid for n = 1 and n = 2. For n = 1 we have
z2—a; = z+ (-1)lay = 2+ (=1)'ag, ap = a1 > 0.
Similarly for n = 2 we have

(z—a1)(z—a2) = 22— (1 + a2)z + arae

=22+ (=D 'arz + (—-1)%a
and

a] = (041 + Oég) > 0, Eio = 1o > 0.
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Assuming that the hypothesis is true for k > 1 (k€ N =
{1,2,...})
(z—a1)(z —ag)..(z —ag) = 2" + (—1)1ap_1 21
+(—1)2Adk_22k_2 —|— —|— (—1)]€Ado7
Adk_j > 0,

(32)
i=1,2,....n
we shall show that the hypothesis is also valid for £+ 1. Using
(32) we obtain
(z—a1)(z—ag)...(z — ag)(z — agt+1)
= (2" + () a1 2P (<) %A 02k 2

“+...+ (—1)k50)(2 — Oék+1)

=kt (—1)1(5k—1 + Oék_H)zk (33)
+(=1)2%(Ap_2 + Gp_1aps1)2 !
o+ (DR @0 + 1oy 1)z + (=) g
and
(@r—1 + apy1) >0, (Ag—2 + ar—10541) >0,...,
(@p + arag41) >0, apags+1 > 0.
This completes the proof.
Theorem 6. The polynomial
do(2) = 2" 4+ ap_ 12"+ ..+ a1z +ag (34)
has only real positive zeros satisfying the condition
zr<1l for k=1,2,...,n 35)
if and only if all coefficients of the polynomial
dp(2) =dp(z+1)=(z4+1)" +a,_1(z + 1)
+...+ai(z+1)+a
z”+an121"(1+.)..+;12+60, (36)
Gp—1 =N+ ap_1,...,0a0 =14+ag+ay+ ... + an_1
are positive, i.e.
ar >0 for k=0,1,...,n—1. (37

Proof. By Theorem 2 the asymptotically stable polynomi-
al (34) has positive zeros satisfying the condition (35) if and
only if all coefficients of the polynomial (36) are positive.

Theorem 7. There exists the set of positive asymptotically
stable realizations

Ay =PAP~ ' e RY", By =PB,e R},
Uk = CkP71 € §R_1,’_X", ﬁk =D € %}FX17
k=1,2

(38)

for any monomial matrix P € R7*" and Ay, By, Ck, Dy
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having one of the forms

ap 1 0 ... 0
0 as 1 ... 0
Ar=1| . . . . ;
0O 0 0 .. ap
0
Bl = )
1
bo — apbp, — G20C2 — A30C3 — ... — Gn,0Cn
ClT = N )
bp—2 — ap_2b, — Qp .n—2Cn
bp—1 — @n_1by,
D, = [bn]
(39a)
or
Ay =AT By,=0CT, Cy,=BI, Dy=D; (39)

of the transfer function (11) with only real poles a1, ao, ...,
ay, if and only if the conditions

Cp = bnfl - anflbn > 0

Cpn—1 = bn72 - an72bn — Qp,n—2Cn > 0

(40a)
c1 = by — apb, — G20C2 — A30C3 — ... — Ap,0Cn >0
where
a0 = —Q1, a30 = 102,
~ -1
ano=(—1)""oas...p—1, ...
n,0 ( ) 1662 n—1, ) (40b)

a31 = —(ou + a2), ..., Apn—2
= —(Oq + a4+ ...+ an—l)

are met.

Proof. The matrix A; € R*" is asymptotically stable if and

only if its eigenvalues zx = ag, k = 1,2,...,n are only real

positive and satisfy the condition (35).The matrix
D; = lim T(z) = [b,] € R

zZ—00

(41)

if and only if b,, > 0. The strictly proper transfer function has
the form

Tp(2) =T(2) — D1

. En_lz"_l + ...+ 512 +EO (42a)
24 12"+t arz+ag’
where
by = by —ayb, for k=0,1,...,n—1. (42b)

Bull. Pol. Ac.: Tech. 60(3) 2012
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Assuming B = 0 0 1]eR?*" we obtain

Tsp(Z) = Cl[InZ — A1]7131 = [ C1 . Cp, ]
s—ap -1 0 .. 0 “ro
0 z—ag —1 ... 0 :
: 0
0 0 0 zZ—Qp 1
43
p(2) (43a)
B [e1 o e ]| P2(2)
N dn(z) _
pn(2)
_api1(2) + eapa(z) + .. + capu(2)
B dn(2)
where

dn(2) = (z —a1)(z — a2)...(z — ag)
= 2"+ (D) 12"+ (<12 @02+ 4 (—1)"a
pi(z) =1,
p2(2) = 2 — a1 = 2 + @z,
a0 = —aq,
p3(2) = (z — 1)(z — a2) = 2° + Az12 + Aso,

a1 = —(o1 + a2), Gz = arae,

pn(z) = (z—a1)(z — a2)...(z — n—1)
=1 +Zt\n7n_gz”_2 + ..+ An12+ Gno,
Unn—2=—(a1+az+ ... +ap-1),...,

Qno=(—1)""tajag...;a,_1.

(43b)

From comparison of (3.33a) and (3.32a) we have
Cpn = Bn—l =bp_1 — an—lbn;

Cpn—1 = bn72 — Qp,n—2Cn = bn72 - an72bn — An,n—2Cn,

1 = by — G20Co — W30C3 — ... — Un0Cn
= by — apby, — Ggpc2 — A30C3 — ... — an,()cn-
(44)
From (44) it follows that C; € §R}FX” if and only if the
conditions (40a) are met. The proof for (39b) follows imme-
diately from the equality

T(z) = [T(2)]" = [Ch[Inz = A1) 7' Bi + Di]"

= BY I,z — A17'cf + Dy

= CQ[InZ - AQ]_lBQ + Dg.

(45)

By Lemma 2 the matrices (38) are a positive asymp-
totically stable realization of (11) for any monomial matrix

Bull. Pol. Ac.: Tech. 60(3) 2012

P e R if and only if the matrices (39) are its positive
asymptotically stable realization.

From above considerations we have the following pro-
cedure for computation of the set of positive asymptotically
stable realizations (38) of the transfer function (11) with real
negative poles.

Procedure 1.
Step 1. Check if the denominator

dn(2) = (z — 1) (z — a2)...(z — ag)
=2"+ (=) 'a,_12"!

+(=1) %8 22" 2+ ..+ (—1)"G

(46)

of the transfer function (11) satisfies the conditions
(31). If the conditions are satisfied go to the step 2,
if not then does not exist the set of positive asymp-
totically stable realizations (38).

Step 2. Check if all coefficients of the polynomial (36) are
positive. If the conditions are satisfied go to the step
4, if not then does not exist the set of positive asymp-
totically stable realizations (38).

Step 3. Check the conditions (40). If the conditions are sat-
isfied go to the step 4, if not then does not exist the
set of positive asymptotically stable realizations (38).

Step 4. Compute the zeros ay, k = 1,2,...,n of the poly-
nomial 46 and find the matrices (39a) or (39b).

Step 5. Using (38) compute the desired set of realizations.

Example 1. Compute the set of positive asymptotically stable
realizations of the transfer function

0123 +224+22+3

T(z)= . 47
()= 112+ 035: —0.0%5 “7)
Using Procedure 1 we obtain the following.
Step 1. The denominator

d3(z) = 23 — 1.122 + 0.352 — 0.025 (48)

of (47) satisfies the conditions (32) since a; = 1.1 >
0, a; =0.35 > 0 and ag = 0.025 > 0.
Step 2. All coeflicients of the polynomial

ds(z) =ds(z+1) = (z+1)3

—1.1(z +1)* +0.35( + 1) — 0.025 (49)
= 2% +1.92% + 1.152 + 0.225
are positive.
Step 3. The conditions (40) are also met since
c3 = by —aghs =1.11 > 0,
co =by —a1bs — 63103 = 3.075 >0, (50)

c1 = by — agbs — asgca — aszges = 4.2625 > 0.

Step 4. The zeros of the polynomial (48) are z; = 29 = @1 =
as = 0.5, z3 = ag = 0.1. Using (39a) and (50) we
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obtain 4. Systems with complex conjugate poles
0.5 1 0 0 In this section the single-input single-output linear discrete-
A=1o0 05 1 B =10 time system with the proper transfer function (11) having at
0 0 01 ’ 1 ’ least one pair of complex conjugate poles will be considered.
’ First we shall consider the system with the transfer func-
Cy=[4.2625 3075 1.11], D;=][0.1]. tion \ ,
Step 3. The desired set of realizations is given by 23 + az2? + a1z + ag
having one real pole z; = « and a pair of complex conjugate
05 1 0 _ : - I
- . poles zo0 = aq + jf1, 23 = a1 — jfh, iee.
Air=P| 0 05 1 P~ . )
7 d3(2) = (2 — a)(z — o1 + jS1) (2 — a1 — jfBh)
0 0 01 3 9 (59a)
= 2"+ a2z” + a1z + ap,
_ 0 (52) where
Bi=FP101, as = =201 — q, a; = a? + 37 4 200y, (59)
1
— ag = —a(af + G7).
Ci1=[4.2625 3.075 1.11 P %,
— Lemma 5. Let
D, =D; =[0.1]
ailp a2 a3
for any monomial matrix P ¢ 8?33(3. A= | ay as ass | € §R§rX3 (60)
Remark 2. If the conditions (31), (40) are met and the condi- 31 azz asg
tions (37) are not satisfied then there exists the set of positive  gnd
but unstable realizations (38) of the transfer function (11). d3(z) = det[I3z — A]
Example 2. The transfer function Z—a11 —a12 —a13
23,2 +22 = | —a21 Z —a22 —asgs (61)
TC) = 3327 225:—05 >3) —a31  —Gzz  Z— a3

satisfies the conditions (32) and (40) since as = 3 > 0,
Adl =2.25>0, Ado =0.5>0 and

03:b2—a2b3=2>0,

co = by —aibs — 63103 =1.75> 0, (54)
c1 = by — agbz — 62()02 — 63()03 =0.875> 0.
The conditions (37) are not satisfied since
ds(z) = (2 +1)* =3(z + 1) +2.25(2 +1) — 0.5 5)
=23 —0.752 — 0.25.
The poles of (53) are 21 = 20 = a1 = az = 0.5,
z3 = ag = 2. Using (39a) and (54) we obtain
05 1 0
Ai=10 05 1|, B=
0 0 2 (56)

C,=[0875 1.75 2], Dy=][1].

and the set of positive but unstable realizations is given by

05 1 0 0
Ai=P|0 05 1 |PtY Bi=P|o0],

0o 0 2 1
Ci=[087 175 2]|P°' Dy=D =]l

(57)
for any monomial matrix P € %ixg.
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=23 +a222 + a1z 4+ ag

The eigenvalues z7,29,23 of the matrix (60) are located in the
open unit circle on the complex plane z if and only if all
coefficients of the polynomial

dz(w) = dz(w + 1) = w® + Gw? + ayw + @ (62)
are positive, i.e.
a2 =3+ az > 0,
a; =3+ 2a2+a; >0, (63)

ag=ag+a;+as+1>0.

Proof. It is well-known [1, 9] that the matrix (60) is asymp-
totically stable (Schur matrix) if and only if the matrix A — I3
is an asymptotically stable Metzler matrix, i.e. A — I3 € M3,
and this matrix is asymptotically stable if and only if all co-
efficients of its characteristic polynomial are positive. Using
(60) and (63) we obtain

dz(w) = dz(w + 1) = det[I3(w + 1) — A]
= (w+1)’ +az(w+1)* + ar(w+ 1) + ao
=w? + (3 + azx)w? + (3 + 2az + a1)w + ag

+ai +as+1 = w? + aw? + aqyw + ao

and the conditions (63).

(64)

Lemma 6. The characteristic polynomial (61) of asymptoti-
cally stable matrix (60) with positive trace, i.e.

trace A = a1 + age + azsz > 0, (65)

Bull. Pol. Ac.: Tech. 60(3) 2012
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has as < 0 satisfying the condition

34+ as > 0. (66)
Proof. It is well-known that
ag = —trace A = —(a11 + aze + assz). (67)

From (65) it follows if (62) holds then as < 0. By con-
ditions (63) of Lemma 5 the matrix (60) is asymptotically
stable only if the condition (66) is satisfied.

Remark 3. From (59b) it follows that ay < 0 if and only if
o> —207.
The characteristic polynomial of

a1 1 a3
A = 0 a22 a23 S %ixs (68)
1 0 ass
has the form
z—ann —1 —ai3
det[l3z — A1l =1 0 zZ—a —a
I3 1) 22 23 (69)
-1 0 Z — a33
=23 + a222 + a1z + ap,
where
az = — (a1 + ag + asz),
a1 = a11(aze + as3) + ageass — ai3, (70)

ag = —a11a22033 + A22013 — A23.

Knowing ag, a2, as and choosing aii, a22, ass so that
a11 + ag2 + ass = —ay from (70) we may find
a13 = a11(aze + ass) + asazz — a1, a0
G23 = —@11022033 + G22013 — Q0.

Theorem 8. There exists the set of positive asymptotically
stable realizations

A = PAP e R
By = PBj, € R,
Cip=CpPt e R,
Dy, =Dy = [bs] e RV, k=1,2

(72)

for any monomial matrix P € ?Rixg and the matrices Ay, By,
Ck, Dy having one of the forms

1 0 ass

b1 + (a11 + a22)b2 — [(a11 + azz)as + a1]bs

Bi = | by + axebi + adybs — (ag + adqas + aseay)bs |,
b2 — a2b3
Ci=[0 0 1], D;i=][bs]
(73a)
or
Ao = AT, By=CT, Cy=BT, Ds=Dy (73b)
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of the transfer function (58) if and only if

a3 —3a; > 0, 2a3 — 9ayay — 27ag > 0, (74a)
as < 0, 3+as >0, 34 2a2+a; >0,
(74b)
apg+ar+a+1>0
and
b1 + (a11 + a22)ba — [(a11 + az2)as + a1]bs > 0,
bo + agaby + adebs — (ag + adeas + asgar)bs >0, (75)

b2 - agbg Z 0.

Proof. By Lemma 5 and 5 the matrix A; corresponding to
the denominator (61) of (58) is asymptotically stable if and
only if the conditions (74b) are met. It is well-known [7] that
the function a11 (ass +ass) +asgeass for a1y +ass +ags = as
reach its maximal values for
a2

a11 = Q22 = A33 = 3

From (71) we obtain

a2 2 2
a13:3(§) —a; >0 or a3 —3a; >0.

Similarly

. az\3 az a%
423 = (3)+(3)<3 a1> a0

az\3 aiaz
—9 (—) _ —a >0
3 3 ag >

or 2a§ —9aras — 27ag > 0.

Therefore, there exist a;3 > 0 and ass > 0 if and only if the
conditions (74a) are satisfied. The matrix

Dy = lim T(z) = [b3] € R

zZ—00

(76)

if and only if bs
has the form

> 0. The strictly proper transfer function

Z_)QZQ —+ Blz + BO
23 4+ agz?2 + a1z +ap

Tsp(2) =T(2) — D1 = (77a)

where

by = by — agbs, by =by —aibsy, by = by — agbs. (77b)

Assuming C1 =[ 0 0 1 | we obtain

Tsp(z) = Cl [I3Z - Al]ilBl

-1

z—a;; —1 —ai3 b1
=[0 0 1]]0 Z—a —a3 b1z
-1 0 Z —ass bis
_ 2 b11
B [ z—a 1 22— (a11+a2)z+anaz | b
o 23 +agz2 + a1z +ao 12
b3

_ bizz? + [b11 — (@11 + a22)bi3)z + b1z — a22b11 + a11a22b13

23 +agz?2 + a1z +ao
(78)
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Comparison of (77a) and (78) yields Step 2. Using (68) and (77) we obtain
b1z = by = by — azbs, ai; = aze = 0.1, azz = 0.2,
b1 = 51 + (au + a22)b13 a1z = 0.08, ags = 0.238,
= b1 + (@11 + a22)b2 — [az(a11 + a22) + a1]bs, (79) 0.1 1 0.8
b1z = bo + assbin — ar1azebiz = by + assby Ar=10 0.1 0238 |,
—HL%ng — (a0 + a§2a2 + agzai)bs. 1 0 0.2
2.24 (82)
From (73a) it follows that By € %iﬂ if and only if the con- B —
ditions (75) are met. The proof for (73b) follows immediately 1= | 1022 |,
from the equality (45). By Lemma 2 the matrices (72) are 0.6
a positive asymptotically stable realization for any monomial 0
matrix P € §RiX3 of (48) if and only if the matrices (73) are T
. .. . . Ci=|01|, Di=H4
its positive asymptotically stable realization.
1

Remark 4. If |ag| + |a1]| + |az| < 1 then the matrix A; is
asymptotically stable and the conditions (74b) are met.

From considerations we have the following procedure for
computation of the set of positive asymptotically stable real-
izations (72) for the transfer function (58).

Procedure 2.

Step 1. Check the conditions (74) and (75). If the conditions
are met, go to Step 2, if not then does not exist the
set of realizations (72) of (58).

Step 2. Using (71) and (73a) compute a3, ass and the ma-
trices Ay, By, C1, D;.

Step 3. Using (72) compute the desired set of realizations.

Example 3. Compute the set of positive asymptotically table
realizations of the transfer function

423 — 224+ 22-0.1
23 —0.422 — 0.032 — 0.232°

T(z) = (80)

Using Procedure 2 we obtain the following.

Step 1. The transfer function (80) satisfies the conditions (64)
and (65) since
a3 —3a; = 0.25 > 0,

3 (81a)
2a5 — 9a1a2 — 27ap = 6.028 > 0,

as =—0.4 <0,
34+a3=2.6>0,
3+2as4+ay =2.17>0,
ag+ai +as+1=0.338>0

(81b)

and
by — ashs = 0.6 > 0,
b1 + (a11 + ag2)bz
—laz(a11 + ag2) + a1]bs = 2.24 > 0,
bo + ag2b1 + a§2b2
—(ag + a3yaz + azzar )bz = 1.022 > 0.

(81c)

612

Step 3. Using (68) and (78) we obtain the desired set of re-
alizations

A, =PA P,
61 = Clpil,

B, = PBy,

— 83
B, — D, (83)

for any monomial matrix P € %iw.

Note that the set of realizations (83) depends on three ar-
bitrary parameters which are the entries of the matrix P. The
set of realizations depends on five parameters if we choose
a1 = p1, 22 = P2, a3z = Gz — p1 — P2. In this case using
(71) we obtain

a1z = p1(az — p1) + p2(az — p1 — p2) — ax,

azs = —(az — p1 — p2)p1p2 + p2[p1(az — p1) (84)
+p2(ag — p1 — p2) — a1] —ao
and the matrices Ay, B;, C1, D; have the forms
p1 1 a3
Ai=10 p2 ags ;
1 0 az—p1—p2
b1 + (p1 + p2)be — [a2(p1 + p2) + a1]bs
By = | bg + pab1 + p3bs — (ao + azp3 + a1p2)bs |
ba — azbs
Ci=[0 0 1], D;=]Ibs]
(85)

where 0 < ags — p1 — p2 < as.

Remark 5. The matrix A; in Theorem 8 can be replaced by
the matrices

pt 0 1
A3 =1 axn p2 O ;
as1 1 a2 —p1—p2
(86)
p1 a2 O
A4 = 0 P2 1
1 azx az—p1—p2
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and the matrix Ay by A, AT. For A3 the matrices B3, C3
have the forms

by — agbs

bo + p1b1 4 pibe + (a1p1 — ao — piaz)bs |,

b1 — (p1 4 p2)bz + [(p1 + p2)az — a1]bs
Cy=[1 0 0]

B3 =

(87)
and the A4 the matrices B4, C4 have the forms
bo + (p1 + p2 — a2)by + [(p1 + p2)? — a3lbs
+(p1 + p2 — a2)[a3 — a1 — az2(p1 + p2)]bs
bQ — agbg
b1+ (p1 + az)ba + (a3 — azp1 — a1)bs

Cy=[0 1 0]
(83)

5. General case of SISO systems

In general case it is assumed that the transfer function (11)
has at least one pair of complex conjugate poles.

Theorem 9. There exists the set of positive asymptotically
stable realizations

Zk = PAkP_l S %an,
6k = CkP_l € %}rxn,

for any monomial matrix P € R}*" and Ay, By, Cy, Dy
having one of the forms

By = PBj, € R,

_ 89
Dy = Dy, € ! ®

_pl 1 0 0 ain i
0 P2 1 0 az.n
0 0 p3 .. 0 as.n
Ap=| 0 0 : ;
o o0 0 .. 1 An—2n
0 0 oo Pn—1 Gn—1,n
L 1 0 0 0 An—1 —P1 — -+ — Pn—1]
bp—1 — an_1by
bn72 - an72bn - anfl,n72b1,n
Bl = )
bo — agbn, — n0b1.n — G10b11 — ... — Ap—2,001,n—2
Cr'=[0 .. 0 1], D;=b
(90a)

where 0 < py +pa+ ... +pn_1 < —ap_1 OF

Ay =AT By,=cCT, Cy=BY, Dy=D; (90b)
and
ai1,n = —p1(an—1 +p1) — p2(an—1 + p1 + p2)
—eee = Pn—1(Gp—1+p1+ .. + Pp_1) — an_2,
oD

An—1,n = pl-npnfl(anfl +p1+... +pn71)

—a1001,n — -+ — Gn—2,00n—2,n
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of the transfer function (11) if and only if the coefficients of
its denominator

do(2) = 2" 4+ ap_ 12"+ ..+ a1z +ag (92)
satisfies the conditions
n+ap—1>0,..,a0+a1+..+a,_1+1>0 (93a)
2
Cg (an_l) — Qp—2 Z 07
n
Ap—1\3 Ap—1\ 2
s (52) - e (52) o]
n n
'0?72 (an_1> —an—3 >0,
n
: (93b)
Ap—1\" an—1
or ()"~ ex () s
n—2
CIL—Q (anfl) L 011 (anfl) —ap >0
n
n!
Ccr =
FTR(n— k)
and
brn—1— Gn—1bp > 0,
bn72 - an72bn - anfl,n72b1,n 2 07
bo — aobn, — Gn,0b1,n — @10b11 — ... — An—2,0b1,n—2 >0,
(94a)
where
A1n—3=—(az2 +ass+ ...+ apn-1,n-1),..., 10
= (—=1)" 2ag0a33...an—1,n-1,
Q2.n—a = —(ass + Gaa + ... + An—1,n—1), .., 20
= (—1)""%a33a44...ap—1,n—1, (94b)
an,n72 = *(all +ag + ... + anfl,nfl)a ~"7an,0

= (—1)”71a11a22...an_l,n_l.

Proof. The matrix Ay € R'*" corresponding to the denomi-
nator (46) is asymptotically stable if and only if all coefficients
of the polynomial

dp(w) = dp(w + 1) = det[L,(w + 1) — A{]
=(w+1D)"+an1(w+1)" 1+ . +a(w+1)+ao

= w4+ T+ .+ @ w + ag
95
are positive, i.e. (93a) holds. The characteristic polynomial of
A7 has the form

613



www.czasopisma.pan.pl P N www.journals.pan.pl

Y
T. Kaczorek
zZ—a11 -1 0 0 —a1n
0 Z — Q922 -1 0 —a2.n
0 0 Z — as3 0 —as,n
det[I,z — Aq] =
0 0 0 -1 —ap—2.n
0 0 0 2 —0n-1,n—-1 —On-1n
-1 0 0 0 Z— Gnn
—1 0 0 —Q1,n
(96a)
Z — a2 -1 0 —az.p
0 Z — ass 0 —a3.n
n+2
= (Z — an)(z — agg)...(z — an,n) + (—1)
0 0 -1 —0p—2n
0 0 Z2—=0Qpn-1n-1 —Aan-1n
=(z—a11)(z — a22)...(2 — ann) — a1n(z — a22)(z — ags)...(2 — an—1,n—1)
—agn (2 —a33)(z —aa4) (2 —@pn_1n-1) = . —An24(2 — An_1n—1) = An_1n
-1
=z2"4+a, 12"+ ...+ a1z + ao,
where From (96b) we have
an—1=—(a11 + a2+ ... +ann),
(as2 + - ) a1,n, = a11(aze + ass + ... + an.n)
ap—2 = a11A022 ass Gn,n
+a22(a33 “+ aq4 + ... + an,n) =+ ...
+ags(ass + asa + ... + anyn) + ...
+an72,n72(an71,n71 + an,n)
+an72,n72(an71,n71 + an,n)
+0n—1,n—10n,n — An—2 >0,
+an71,n71an,n — Q1,n,
Gp—2,n = @11022033...An—1,n—1
a1 = (—1)" " ta11a22a33...an-1,n—1
. +a11022...05—2 n—20n n
+(=1)"""a11a92...0p—2.n—2a 97
(=1) 1 122 n—2n-2%n,n +0a22a33...0n,n — a1,n(A22033...0n—2,n—2 ©n
"
+( ].) 122G33...0n,n +_._+a33a44_._an_1,n_1)
1)n—2 (96b)
_al,n((_ ) 422033...0n—-2 n—2 + ... —a27n(a33a44...an_27n_2 + ...
n—3
+(—1)"""asza44...an—1,n—1) +A44055--Ap—1 1) — -
—4
_a2,n((_1)n a33044..-An—2,n—2 —0p—-3,ndn—2n—-2 — A1 Z 07
+...+ (71)n_4a44a55~~an71,n71) An—1,n = A11G022.-.Gnn
+.. .+ ap_3nAn—2n-—2+ an_2n, —a1,nA22...0n—-1,n—1 — A2 nG33...0n—-1,n—1
1 —0p—2nldpn—1,n—1 — A0 Z 0.
n—
apg = (*1) a11022...0p,pn '
(—1)"2ay @29 n1 The functions a11(aze+ass+...+an n)+a22(azz+asa+...+
n022...0n—1 n—
3 an,n) + ...+ an—2,n—2(an—1,n—1 + an,n)’ ceey 11022...00 0
—(-1) a2 na33...0n—1,n—1 for a11 +age + ... +an,n = ap—1 (given) reach their maximal
+an72,nan71,n71 — On—1,n- values if [7]
614
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The conditions (99) are equivalent to the conditions (93b).

11 = a2 = ... =0anpnp = ar;l_l. (98)  The matrix
Substitution of (98) into (97) yields Dy = lim T(z) = [by] € gﬁ_xl (100)
2 Z—00
aln:Cg (anil) 7(1»”,220, : : : :
’ n if and only if b, > 0. The strictly proper transfer function
3 2 has the form
oan =03 (*52)" = |08 (*52) s o
bp_12" 4+ ...+ biz+ by
T =T(z)— D, = ,
Cp? (anil) —ap_3 >0, p(2) =TG) = D= +ap_12"" 1+ ..+ a1z +ag
" (99) (101a)
where
n 2 7, — _ — _
— (anfl) B {C’Q (anfl) B %Q} b = by —agb, for k=1,2,....,n—1. (101b)
n n
o (Ap_1\"2 Ay
Cp? (Tl) —..=Cf ( " 1) —ag = 0. Assuming C; =[0 .. 0 1]€ §R}FX” we obtain

Tsp(Z) = 01 [Inz — Al]_lBl

~ - —1
Z—ail -1 0 0 —Q1,n
0 Z — a22 -1 0 —a2.n
b11
0 0 Z — ass 0 —ag,n
=[0 0 1] :
b1
0 0 0 ~1 —n_om bt
b1,n
0 0 0 o 2= Qpn—-1n—-1 —Qn-1n . (1023)
—1 0 0 0 Z — Qp,n
b11
[ pi(2) - palz) ] : _ p1(2)bi 4+ p2(2)biz + .. + pn(2)bin
dn(’z) bl,n—l dn(Z)
bl n

where
p1(2) = (2 — a22)(2 — a33)..(2 — @n—1,n—1) = 2" 2 +A1,p—32""> + ... + @112 + G0,

p2(2) = (2 —a33)(z — Qaa) (2 — Qno1n—1) = 2" 2 + 2 n_a2™ "t + .. + Q212 + Gao,

: (102b)
pn—l(Z) = 17
pn(2) = (2 — a11)(z — az22)...(2 — ap_1,n-1) = P +'dn7n,gz”*2 + oo+ Gp,12 + oy
Q13 =—(as2 +a33+ .+ Gn_1.0-1)s - 810 = (—1)" 2920330101,
Qg = —(a33 + g4 + oo+ Qno1n-1); -y 20 = (—1)"2az3a44...0n 111,
(102¢)
Unn—2=—(a11+ a2 + ... + Gn_1n—1), -, Gn,o0 = (71)n71a11a22'.'an717n71.
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From comparison of (101a) and (102a) we have [4] T. Kaczorek, Polynomial and Rational Matrices, Springer-

bl,n =bp1=0bp_1— an—lbn;
bl,n—l =bp_2— an—l,n—2b1,n

=bp_2 — Gp_2b, — an—l,n—2b1,n7

(103)

b1,1 = bo — apbp — @p0b1,n
—aipob11 — ... — an72,0b1,n72~

From (103) it follows that B; € R’ if and only if the
conditions (94a) are met. The proof for (94b) follows immedi-
ately from (45). By Lemma 2 the matrices (89) are a positive
asymptotically stable realization of (3.1) for any monomial
matrix P € 7" if and only if the matrices (90) are its
positive asymptotically stable realization.
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