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ON THE DISTANCE BETWEEN POINT AND PLANE
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Summary

In this paper a series discussing the possibility of analytical evaluation of the uncertainty of
coordinate measurements is presented. It presents models of evaluation of uncertainty of some
geometric deviations (such as flatness, perpendicularity of axes, position of point, axis and plane)
based on the formula for the point-plane distance. An important element of the presented
methodology for determining the uncertainty of measurement is the use of mathematical minimum
number of characteristic points of the measured workpiece and expressing the deviation as a
function of coordinates’ differences of the points.
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Analityczne wyznaczanie niepewnosci wspétrzednosciowych pomiaréw odchytek
geometrycznych. Modele bazujace na odlegtosci punktu od ptaszczyzny
Streszczenie

W artykule oméwiono mozliwos¢ analitycznego okreslania niepewnosci pomiaréw wspotrzednoscio-
wych. Przedstawiono modele wyznaczania niepewnosci niektorych odchytek geometrycznych (np.
ptaskosci, prostopadtosci osi, pozycji) bazujace na réwnaniach na odlegtos¢ punktu od ptaszczyzny.
Istotnym elementem tej metodyki wyznaczania niepewnosci pomiaru jest przyjecie minimalnej liczby
charakterystycznych punktéw mierzonego przedmiotu oraz wyrazenie odchytki jako funkgji réznic
wartosci wspodtrzednych tych punktow.

Stowa kluczowe: wspotrzednosciowa technika pomiarowa, niepewno$¢ pomiaru, odchytki geome-
tryczne

1. Introduction

The previous paper [1] presented the theoreticalkgraund of the
analytical evaluation of uncertainty of coordinateasurements and the models
based on the formula for the distance betweentmat pod a line. In particular, it
described the models to assess the uncertaintyeasunement of geometric
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deviations such as straightness, concentricitygligdism of the axis (cylindrical
tolerance zone) and the perpendicularity of axiegard to the plane.

This article presents models based on the fornarldéhie distance between
a point and a plane. In particular, the models ¢eeas the uncertainty of
measurement of geometric tolerances such as: $stparallelism of axes in the
plane normal to common plane, position of a paris and plane in regard to
datum plane, perpendicularity of axes in spaceyeyeticularity of a plane to the
datum axis, total axial run-out, parallelism of sxi& the common plane,
parallelism of axis in regard to datum plane, galiam of planes, parallelism of
a plane to datum axis, parallelism of planes amgguelicularity of planes.

2. General model of measuring the distance betwe@oint and plane

In the coordinate measuring technique the distdrmiepoint S from the
planep given by any poinP belonging to this plane and the unit normal veator
is calculated as follows:

I(S, p)=|(P - )| @)

Particular tasks described below differ in the mimm number of points
required for their determination and a way to defime vectou.

It should be noted that in all models the deviatisra function of the
difference of coordinates of points used to deteenthe deviation. In all the
formulae a simplified notation of the difference adfordinates of two points is
used — for examplexg, = Xg — X, -

3. Measurement models of the flatness, the paralisin of axes
in the plane normal to the common plane and the pdn
of the point in regard to the primary datum plane

The flathesscan be determined as the distahdeetween the poin® and
the plane defined by three poitksB andC of this plane (Fig. 1). This model
refers to the simplified classical method of flaameneasurement. The minimum
number of points required to determine the deviaiso4. PointSis nominally in
the plane containing the poimtsB andC.

The parallelism of axesin the plane normal to the common plane can be
determined by the distantdetween the poirs of the toleranced axis and the
plane defined by the two point& &ndB) of the datum axis and one poid) (of
the toleranced axis. The minimum number of poietpuired to determine the
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deviation is 4 (Fig. 2). In this case, the poinominally lies in the plane
containing the points, B andC.

a) £7[0,05] b PN

AB S c s B
&s T >
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Fig. 1. Measurement of flatness: a) a design drgawin
with characteristic points, b) measurement model

Fig. 2. Measurement of parallelism of axes in tla@@ normal to the common plane:
a) a design drawing with characteristic pointsyieasurement model

In the above tasks, plane(from the formula (2)) is given by the three
pointsA, B andC. As the pointP to the formula (1) you can adopt one of these
points @, B or C) and the normal unit vectorcan be calculated according to the
formula:

4= ABxAC )
|AB x AC|

Depending on whichever point we assume as the fginve get the
following three models:
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Xy + by, + 02
|, =|Z Ysa + CZap 3)
m
Ay + by +CZ
|2 - 8B Y= 8B (4)
m
Ao~ + by +cz
1y == < (5)

where:

a=YpaZca ~ ZgaYea
b = XcaZga — XaaZca
C=XgaYca ~ XcaYea

m=+a’ +b? +c?

As the uncertainty of measurement the smallesthef three combined
uncertainties calculated on the basis of the afmveulae is assumed:

(6)

u= min{u|1,u|2,u|3} (7)

The position of the point, axis or plane in regardo the datum plane
defined by three points (Fig. 3-5) can be deterohiags the doubled difference
between the distandeof this point from the plane and the theoreticakact
distancdqgp.

a)

\/

Fig. 3. Measurement of position of the point inaebto the datum plane:
a) a design drawing with characteristic pointsyigasurement model
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A=20) =l (®)

It can be proved that the uncertainty of the deiteation of the position
deviation is two times bigger than the uncertaiofy measurement of the
distance of the characteristic poitrom the datum planaBC.

a) —401[D] b) _ /5;&:
A_XS B .
F 5}@>
AT <, s
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Fig. 4. Measurement of position of the axis in relga the datum plane:
a) a design drawing with characteristic pointsyigasurement model

Fig. 5. Measurement of position of the plane irardgo the datum plane:
a) a design drawing with characteristic pointsyigasurement model

4. Measurement model of perpendicularity of axes,grpendicularity
of plane in regard to axis and total axial run-out

The perpendicularity of axes in spacean be calculated as the distahce
of the pointSfrom the plane perpendicular to the straight iBand containing
the pointK (Fig. 6). The minimum number of points requireddetermine the
deviation is 4. The datum axis is represented ppiftsA andB. The axis the
orientation of which is toleranced is representgthie pointK andS

The perpendicularity of a plane in regard to a datun axis as well as
total axial run-out (Fig. 7) can be calculated in the same way as the
perpendicularity of axes in space. The minimum nemmdf points required to
determine the deviation is 4. The datum axis iseggnted by 2 poin#s andB.
The plane the orientation (or the run-out) of whisholeranced is represented
by the pointK andS.
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Fig. 6. Measurement of perpendicularity of axespace:
a), b) design drawings with characteristic poinjgneasurement model
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Fig. 7. Measurement of perpendicularity of planedgard to axis
and the measurement of total axial run-out: a)cdryesponding
design drawings with characteristic points, ¢) measient model

In the above described measuring tasks, the gdr@m the formula (1) is
perpendicular to the straight lid and contains the poilt. As the pointP in
the formula (1) the poirk is to be assumed and the normal unit vegtoan be
calculated as:

AB

a8l ®)

u

Finally, the formula takes the form:
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| = |XKS [(Xga * Yks Wea + Zks [Zaa

2 2 2 (10)
\/ Xea t Yea T Zga

5. Measurement model for parallelism of axes in theommon plane

The parallelism of axes in the common planes calculated as the distance
| of the pointS from the plane parallel to the straight liAB, perpendicular to
the planeABK and containing the poirk (Fig. 8). The minimum number of
points required to determine the deviation is 4e @latum axis is represented by
two pointsA andB. The axis the orientation of which is tolerancedepresented
by the pointK andS.

Fig. 8. Measurement of parallelism of axes in themon plane:
a) a design drawing with characteristic pointsyigasurement model

In this measuring task, the plapérom the formula (1) is perpendicular to
the planeABK, parallel to the straight lin@B and contains poir. As the point
P in the formula (1) the poirK is to be assumed and the normal unit veator
can be calculated as the vector product of the abwactor of the plan@&BK
and the vectoAB divided by its length:

. (ABx AK)x AB
|(ABx AK )x AB|

(11)

Finally, the formula for calculating the parall@lisof axes in the common
plane is:
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| = \/ (axe )" + (b?/nSK ) +(czs ) (12)

where:

a= yBA(XBAyKA - yBAXKA) ~ Zgp (ZBAXKA - XBAZKA)
b= ZBA(yBAZKA - ZBAyKA) ~ Xga (XBAyKA - yBAXKA)
C = Xga (ZBAXKA - XBAZKA) - yBA(yBAZKA - ZBAyKA)

m=+a® +b? +¢?

(13)

6. Measurement model for parallelism of axis in regrd to plane
and for parallelism of planes

The parallelism of axis in regard to planecan be determined as the
distancel between the poing and the plane parallel to the plaABC and
intersecting the poinK (Fig. 9). The minimum number of points required to
determine the deviation is 5. The datum plane psasented by the three points
A, B andC. The axis the orientation of which is tolerancededpresented by the
pointsK andS.

a) /101]0] b) -
_®k_?é_
D
A CB //// ¢ pE~
Y .. 4 >
%%_?éé ~& -- D

Fig. 9. Measurement of parallelism of axis in regar plane:
a) a design drawing with characteristic pointsynigasurement model

The parallelism of planescan be determined as the distahbetween the
point S and the plane parallel to the plaABC and intersecting the poirk
(Fig. 10)The minimum number of points required to deterniime deviation is
5. The datum plane is represented by the thredagbjmB andC. The plane the
orientation of which is toleranced is representgthie pointK andS.
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Fig. 10. Measurement of parallelism of planes: dg¢sign drawing
with characteristic points, b) measurement model

In both measuring tasks, the plamérom the formula (1) is given by the
pointK and the normal unit vectarcalculated as:

u= ABx AC (14)
|ABx AC|
The distance between the poB#ind the plane is calculated as:

| = |aXKS +byys + CZKS|
m

(15)

where:

A= Yap LZac = Zpg Wac
b =27 Kac = Xac ac
C=Xag Wac = Yas Kac

m=+a%+b?+c?

(16)

7. Measurement model for parallelism of plane in rgard to axis

The parallelism of plane in regard to axiscan be determined as the
distance between the poirfs and the plane parallel to the a¥B intersecting
pointsK andL (Fig. 11)The minimum number of points required to determine
the deviation is 5. The datum axis is representethé two pointsA andB. The
plane orientation of which is toleranced is repnése by the pointk, L andS.
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Fig. 11. Measurement of parallelism of the planeemard to axis:
a) a design drawing with characteristic pointsyigasurement model

In the task, the plane from the formula (1) is parallel to both the gft#i
line AB and the straight lin&L. The normal unit vectar of that plane:

_ KLxAB

" TIKLx AB] a7

Finally, we can assume the following formulae foetetmining the
perpendicularity of axis in regard to the plane:

| = |aXKS +byys + CZKS|

18
1 i 18)
= |aXLS +hby s+ CZLS| (19)
m
where:
a=¥YeaZik ~ZgaYik
b= Zga Xk — XgaZik (20)

C=XgaYik ~ YeaXik

m=+a® +b? +c?

As the uncertainty of measurement of paralleliss ¢hmaller value of the
two values calculated on the basis of the abovadtae is assumed.
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8. Measurement model for perpendicularity of planes

The perpendicularity of two planescan be determined as the distahce
between the pointS and the plane perpendicular to the plafBC and
intersecting point& andL (Fig. 12) The minimum number of points required to
determine the deviation is 6. The datum plane psesented by the poinfs B
and C. The plane the orientation of which is toleranégdepresented by the
pointsK, L andS.

a) b) e
80 A,B@ K,L ®c X
P B® K
X
L/s
S

Fig. 12. Measurement of perpendicularity of thenpka a) a design
drawing with characteristic points, b) measurenmeotiel

In this task, the planp from the formula (1) is perpendicular to the plane
ABC and intersects point§ andL. The normal unit vectau of the plane can be
calculated as:

(ABx AC)x KL

|(ABx AC)x KL| =)

u-=

As the pointP in the formula (1) the poin€ or the pointL can be assumed.

9. Summary

The accuracy evaluation is the key element of aagsarement [2]. Using
in the mathematical model of the measuring taskntiaghematical minimum
number of characteristic points of the measuredkpiece and expressing the
deviation as the function of difference of the cboates of the characteristic
points enables analytical evaluation of uncertainftycoordinate measurement
fully consistent with the GUM requirements [3]. Theesented algorithms were
tested and used to develop the special software.séfiware is fully consistent
with the rules of geometrical product specificati@tescribed in ISO 1101 [4].
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