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Abstract. In this paper, we propose a method for approximating ballistic curves and determining ballistic limit velocity based on a data-driven
approach as a function of two variables: thickness and initial velocity, allowing for the approximation of these parameters for material thicknesses
that were not present in the training set. This differs from previous work in this area, where a random division was made between the training
and validation sets, which did not guarantee separability in terms of material thickness between the training and validation sets. To prove the
effectiveness of this approach, we performed leave-one-out cross-validation. Our method was trained on ballistic experimental data, which was
extended using the finite element method. We also proposed a new method of data oversampling based on fitted ballistic curves estimated
using the Recht-Ipson method. Oversampling involves the use of stochastic sampling in which the cumulative distribution function is a mixture
of uniform sampling and the first and second derivatives derived from ballistic limit curves. We have evaluated several deep neural network
architectures. Our experiments have shown that it is possible not only to approximate the shape of the curve but also to accurately predict the
ballistic limit velocity for material thicknesses not present in the dataset. The inclusion of information about the first and second derivatives in
the stochastic oversampling process allowed for a significant increase in prediction accuracy over uniform sampling.
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1. INTRODUCTION
Research and modeling of terminal ballistics issues is a chal-
lenge for scientists and engineers. This is due to the speed of pro-
jectiles moving toward the target, the very short duration of the
collision with the target, and the complexity of the projectile’s
penetration process, followed by the fragmentation of both ob-
jects. In practice, achieving repeatability of the initial conditions
of the phenomena under study and standardizing observations is
very costly and requires specialized equipment and specialized
research staff. For these reasons, in some cases, in addition to
experimental data, ballistic research uses simulations, such as
the finite elements method (FEM), which complement experi-
mental measurements. The usefulness of data-driven modeling
using machine learning (ML) techniques is increasingly being
analyzed for specific terminal ballistics issues.

1.1. State-of-the-art

Some recent studies propose ML models designed to approxi-
mate the outcome parameters of an experiment using selected
initial parameters and information about the materials under in-
vestigation. For example, in [1], a deep neural network (DNN)
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is proposed to assist in identifying blast-loading scenarios that
predict out-of-plane displacement. The authors tested five rela-
tively simple feedforward networks with between two and eight
hidden layers, differing in the number of neurons with Sig-
moid or Tanh activation functions. The authors also used the
characteristic [2] explaining the impact of input parameters on
network performance. The work [3] used several popular ML
algorithms, such as extreme gradient boosting (XGBoost), arti-
ficial neural network (ANN), support vector regression (SVR),
and Gaussian process regression (GP) were applied to two typ-
ical terminal ballistics problems: predicting the ballistic limit
V50 [4] of monolithic metal armor under the impact of small-
and medium-caliber projectiles and fragments, and predicting
the depth to which a projectile penetrates a target of semi-infinite
thickness. The authors of [5] created a model based on a genera-
tive adversarial network (GAN), trained using data from ballistic
testing, which allows for generating ballistic samples instead of
performing additional destructive experiments. In [6], an ANN
was used to approximate the relation between target thickness,
impact angle, and projectile nose shape on the ballistic limit
velocity. Another promising application of ML methods in ter-
minal ballistics is the use of physics-informed neural networks
(PINNs) [7,8] proposed in [9], in which the authors incorporate
physics knowledge in the form of existing ballistic limit equa-
tions into the network training process to solve the classification
problem of projectile penetration through material.
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Knowledge about the physical properties of the modeled prob-
lem can be applied in ML not only in the optimization process
but also in the process of generating additional samples (over-
sampling), which can improve the performance of the model in
both classification and regression problems [10, 11]. Suppose
we want to use the samples generated in this way to train a
data model that will allow us to extend the known model with
additional input parameters. In that case, the sampling must not
only satisfy the fundamental Nyquist-Shannon sampling theo-
rem that a band-limited signal can be perfectly reconstructed
from its samples if the sampling rate is at least twice the highest
frequency in the signal [12], but it must also address a crucial
gap between the approximation theory of DNNs trained with
stochastic gradient descent and their practical performance on,
for example, smooth functions [13, 14]. Although deep learn-
ing has the potential to achieve significant performance gains,
it is poorly understood from a theoretical perspective, espe-
cially regarding sample complexity – the amount of training
data needed to learn good DNN approximations for specific
classes of functions [15]. The process of properly preparing
samples for machine learning training remains an open issue.
A naive approach to such problems often leads to sample waste
and inefficient approximation schemes. For example, uniform
sampling can result in significant sample waste in approxima-
tion problems [16].

1.2. Novelty of this paper

Based on the state-of-the-art, the application of ML methods in
terminal ballistics is a promising research area with great poten-
tial for practical applications, particularly in expanding knowl-
edge about modeled phenomena through data-driven learning.
In this paper, we propose a method for approximating ballistic
curves and determining ballistic limit velocity based on data
(data-driven approach) as a function of two variables: thickness
and initial velocity, allowing for the approximation of these pa-
rameters for material thicknesses that were not present in the
training set. This differs from previous work in this area, where
a random division was made between the training and vali-
dation sets, which did not guarantee separability in terms of
material thickness between the training and validation sets. To
prove the effectiveness of this approach, we performed leave-
one-out cross-validation. Our method was trained on ballistic
experimental data extended with FEM data. We also proposed
a new method of data oversampling based on fitted ballistic
curves estimated using the Recht-Ipson (R-I) method [17]. Over-
sampling involves the use of stochastic sampling in which the
cumulative distribution function is a mixture of uniform sam-
pling and the first and second derivatives derived from ballistic
limit curves (physically-based oversampling). Our goal is not
to replace FEM simulations with machine learning models, but
only to demonstrate that, by using knowledge about material
properties (in our case, analytical R-I formula) fitted by a rel-
atively small number of samples and appropriately constructed
stochastic sampling, it is possible to model ballistic limit curves
effectively.

2. MATERIAL AND METHODS

In this section, we will discuss ballistic experiments that result
in ballistic limit curves and the dataset created from these ex-
periments. Next, we will introduce the probabilistic sampling
method, which uses analytical formulas describing the phenom-
ena under study. Next, we will use approximation models based
on deep neural networks. This approach will enable us to define
and train machine learning models that expand our knowledge of
the analyzed phenomenon with additional parameters for which
no analytical formulas exist.

2.1. Problem formulation and the dataset

The data set we used in our work consisted of data from an
experimental investigation aimed at determining the ballistic
limit curves for S355 steel plates subjected to impacts from
small-calibre 7.62 × 51 mm P80 (0.308 Win) armor-piercing
rounds. The ballistic impact experiments concerned two steel
target thicknesses, 8 mm and 16 mm. The tests were performed
at an instrumented terminal ballistic laboratory, which allowed
for in-situ measurements and observations. The initial impact
velocity of the projectiles was measured by the optical light
barrier. Prior to the impact, the pitch and yaw angles of the
projectiles were measured to ensure that the analyzed shots were
not affected by too high an initial yaw impact angle. Each shot
was captured from the side using flash X-ray imaging to observe
the projectile behaviour and to calculate its residual velocity. In
all cases which resulted in the perforation of the S355 target
plates (of thicknesses 8 mm and 16 mm), the armour-piercing
rounds were not damaged or fragmented (Fig. 1). Due to the
shots with varied velocities, the ballistic limit curves and the
ballistic limit velocities for the two test configurations were
determined (Fig. 3a).

Fig. 1. An example of an X-ray image taken during a shot at an 8 mm
thick plate, with an initial velocity of 473 m/s

Ballistic curves show the relationship between the velocity of
a projectile immediately before impact with a material (initial
velocity 𝑣𝑖) and the velocity of the projectile after impact with
the material and possible penetration (residual velocity 𝑣𝑟 ). If
the projectile fails to penetrate the material, we assume that its
𝑣𝑟 is 0. An important parameter of the material is the so-called
ballistic limit velocity 𝑣𝑏𝑙 . It is assumed that this is the lowest
velocity below which projectiles are stopped by the material and
above which projectiles penetrate the material. In practice, 𝑣𝑏𝑙
is determined statistically. The shape of ballistic curves is often
approximated using the Recht-Ipson model [17], which defines
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the following equation:

𝑣𝑟 ≈ 𝑅𝐼 (𝑣𝑖 , 𝑎, 𝑝) =
{
𝑎 · (𝑣𝑝

𝑖
− 𝑣

𝑝

𝑏𝑙
)

1
𝑝 when 𝑣𝑖 ≥ 𝑣𝑏𝑙 ,

0 when 𝑣𝑖 < 𝑣𝑏𝑙 ,
(1)

where 𝑣𝑖 – initial velocity, 𝑣𝑟 – residual velocity, 𝑣𝑏𝑙 – the
sought ballistic limit velocity, 𝑎 – parameter calculated consid-
ering mass of the projectile and its possible plugs and fragments,
𝑎, 𝑝 - parameter to be fitted from experimental data. Parameter
fitting is often performed by a numeric solver, for example, non-
linear least squares with bounds [18] or generalized reduced
gradient method [19]. Note that the function (1) is differentiable
in the interval (−∞,∞), but does not have a second derivative at
the point 𝑣𝑏𝑙 . The initial form of equation (1) proposed in [20]
was derived by analyzing the energy balance during the pro-
cess of a projectile penetrating a thin plate, and it has physical
justification.

In our investigation, steel samples with thicknesses of 4 mm,
6 mm, 8 mm, 10 mm, 12 mm, 14 mm, 16 mm, and 18 mm were
analyzed. For 8 mm and 16 mm, an experiment was conducted
to determine the relationship between initial and residual ve-
locities, aiming also to calibrate the numerical model. For the
remaining thicknesses, a simulation was performed using the
finite element method (FEM).

The goal of the numerical simulation using the finite element
method (FEM) in the Lagrangian solver of Impetus Afea was to
expand the experimental dataset. The Impetus software automat-
ically generated the meshes for the components of the impact
configurations, including the 7.62 P80-caliber projectile and
the steel target with various thicknesses (Fig. 2). The software
automatically defined the contact, allowing both configuration
components to fail due to a contact. The numerical model did not
account for pitch and yaw angles upon the impacts. The details of
modeling approaches may be found in the Impetus manual [21]
and also in, e.g., [22] or [23]. The models defining the behavior
of the materials used to build the projectile were proposed by the
Impetus library and applied to all components, including both
the target and the projectile. The flow and fracture models of the
steel S355, as well as those of the projectile brass jacket and its
lead cup, are implemented using generic functions proposed by
the software developers. To model the flow and fracture behav-
ior of the projectile core, the classical Johnson-Cook modeling
approach has been used, [24] and [25]. This well-known model
contains the three sets of brackets that represent the strain hard-
ening, strain rate hardening and thermal softening to describe

Fig. 2. Numerical configuration: cross-section of the projectile before
impact and after the plate perforation

the flow of a ductile metallic structure. Whereas, in the Johnson
and Cook fracture strain model, the damage evolution takes into
account the influence of stress triaxiality, strain rate, and tem-
perature on the fracture strain, e.g., [26–28]. The parameters
of the model of the high-strength steel of the projectile core,
originated from [29] and [30].

Figure 3 shows the entire set of measurement points with the
corresponding fitted ballistic curves. The data from the exper-
iments (blue circles and black triangles) are marked in Fig. 3
with the abbreviation EXP, and the remaining data from the
simulations (numerical data) are marked with the symbol FEM.

The use of FEM to supplement data in ballistic experiments is
well justified. Conducting ballistic experiments is costly because
it requires specialized equipment and skilled personnel. How-
ever, it should be remembered that the results obtained through
simulation cannot replace actual experimental data. Further-
more, FEM calculations of complex ballistic models require
significant computing resources. Even in dedicated computer
centers, performing a full simulation for a single material sam-
ple with given physical parameters is a lengthy process. For
this reason, there is a justified need to create numerical mod-
els that generalize known relationships, such as (1), so that the
behavior of materials for other sets of input parameters can be
modeled accurately and quickly. For this reason, the possibilities
of applying various machine learning methods to approximating
such relationships are increasingly being explored. A significant
problem with using machine learning for ballistics issues is the
limited data available from experiments and the necessity of
performing time-consuming simulations to generate numerical
data. This problem can be solved by using stochastic oversam-
pling, which utilizes known physical parameters of materials to
create new samples for ML training, ensuring they retain the
required constraints. In the case of experiments involving deter-
mining ballistic limit curves, we can accurately model depen-
dencies between 𝑣𝑖 and 𝑣𝑟 material with specified thicknesses
using (1), which we then want to generalize to material thick-
nesses that were not the subject of the experiments. In other
words, we want to extend (1) with an additional parameter re-
lated to thickness:

𝑣𝑟 (𝑣𝑖 , 𝑡,Π) : min
Π

𝐸𝑅𝑅(𝑣𝑟 , 𝑣𝑟 ), (2)

where 𝑡 is a material thickness, Π are the parameters of the ML
model that minimize the error 𝐸𝑅𝑅 between the data derived
from the model predictions 𝑣𝑟 and the data from the training
set 𝑣𝑟 .

Our goal is not to replace FEM simulations with machine
learning models, but only to demonstrate that, by using knowl-
edge about material properties (in our case, analytical R-I for-
mulas (1)) fitted by a relatively small number of samples and
appropriately constructed stochastic sampling, it is possible to
model ballistic limit curves effectively. Since ML approxima-
tions are usually very fast, it will be possible to use them to
model ballistic limit curves across the entire thickness range of
a given material (𝑡min, 𝑡max), where these are, respectively, the
smallest and largest thicknesses of materials for which we have
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Ballistic limit curves for configurations 7.62x51 against S355 steel target
EXP 8 mm, Vbl=450 m/s
EXP 16 mm, Vbl=645 m/s

(a) Experimental results
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FEM results: S355 vs. 7.62 mm x 51 AP P80 Impacts at 0° NATO
FEM 4 mm
FEM 6 mm
FEM 10 mm
FEM 12 mm
FEM 14 mm
FEM 18 mm

(b) Simulation results with finitie element method

Fig. 3. The entire set of measurement points in our dataset with the corresponding fitted ballistic curves. The data from the experiments (blue
circles and black triangles) are marked in Fig. 3 with the abbreviation EXP, and the remaining data from the simulations (numerical data) are

marked with the symbol FEM

experimental or numerical data and for which we have calculated
ballistic limit curves. This assumption excludes extrapolation for
values smaller than 𝑡min and larger than 𝑡max.

2.2. Calculation of cumulative distribution function
for probabilistic sampling

To train a machine learning model, a statistically representa-
tive and sufficiently sized data sample must be provided in the
training set, allowing observation of significant nuances in the
variability of the modeled function. It is obvious that if the
modeled function has global or local extremes that need to be
mapped for the machine learning model to be useful in real-
world applications, the training data set must be prepared with
enough samples for this mapping. While the issue of a “suffi-
ciently large data set” is difficult to define precisely, it is possible
to define data sampling in such a way that it includes those areas
of the modeled function where there is proportionally high vari-
ability in its course. The simplest way to collect data is uniform
sampling, in which each value in a given interval [𝑏1, 𝑏2] has
the same probability of being selected. However, such sampling
does not take into account the fact that in some areas the function
may be increasing or decreasing. This information is contained
in the absolute value of the first derivative. Another important
piece of information is acceleration, understood as a change in
the increment of the variable. Information about acceleration is
contained in the second derivative of the function. Sampling a
random variable should therefore consider both uniform sam-
pling and information about the first and second derivatives of
the function. This approach ensures that the diversity of the data
is fully reflected, enabling the machine learning method to learn
such variability correctly. We will now define the cumulative
distribution function (CDF), which will take into account the
three values mentioned above.

Let us assume that 𝑓 (𝑥) is a function that has first and second
derivatives in the interval [𝑏1, 𝑏2]. Using the function 𝑓 (𝑥), let
us define the function 𝑔(𝑥), which is the weighted sum of the

constant term and the absolute values of the first and second
derivatives of the function 𝑓 (𝑥).

𝑔(𝑥)[𝑏1 ,𝑏2 ] = 𝑐1 + 𝑐2 ·
����𝑑𝑓 (𝑥)𝑑𝑥

����+ 𝑐3 ·
����𝑑2 𝑓 (𝑥)

𝑑𝑥2

���� , (3)

where 𝑥 ∈ [𝑎, 𝑏] ∧ 𝑐1 + 𝑐2 + 𝑐3 = 1∧ 𝑐1, 𝑐2, 𝑐3 ∈ [0,1], |𝑥 | is
absolute value of 𝑥.

Next, let us define a function:

𝐹𝑥 (𝑣) = 𝑃(𝑥 ≤ 𝑣) =

∫ 𝑣

𝑏1

𝑔(𝑥)[𝑏1 ,𝑏2 ] d𝑥∫ 𝑏2

𝑏1

𝑔(𝑥)[𝑏1 ,𝑏2 ] d𝑥
. (4)

Function (4) is continuous monotone nondecreasing function in
[𝑏1, 𝑏2] which satisfies conditions:

𝐹𝑥 (𝑏1) =

∫ 𝑏1

𝑏1

𝑔(𝑥)[𝑏1 ,𝑏2 ] d𝑥∫ 𝑏2

𝑏1

𝑔(𝑥)[𝑏1 ,𝑏2 ] d𝑥
= 0 (5)

and:

𝐹𝑥 (𝑏2) =

∫ 𝑏2

𝑏1

𝑔(𝑥)[𝑏1 ,𝑏2 ] d𝑥∫ 𝑏2

𝑏1

𝑔(𝑥)[𝑏1 ,𝑏2 ] d𝑥
= 1. (6)

Based on the above calculations, the function (4) in the inter-
val [𝑏1, 𝑏2] can be used to generate random samples of data
with a distribution in which the parameters [𝑐1, 𝑐2, 𝑐3] define
the proportion of uniform distribution and distribution propor-
tional to the first and second derivatives of the function 𝑓 (𝑥)
in a random sample. We can use CDF directly to draw a ran-
dom sample of data using, for example, inverse transform even
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from a non-Gaussian distribution [31] or with the help of other
methods [32]. Equation (4) can be used if we substitute (1)
for 𝑓 (𝑥), but we must exclude the point 𝑣𝑏𝑙 where the second
derivative (1) is discontinuous. For this reason, we can calcu-
late the CDF for 𝑣𝑟 in the interval [𝑣𝑏𝑙 + 𝜖, inf), where 𝜖 is a
small number greater than zero. To use the CDF calculated in
this way to generate a sample for machine learning training, we
obviously limit the domain to the interval in which we perform
the approximation, so 𝑏2 is a finite value.

In Fig. 4, we present the first and second derivatives for the
example function 1 from our dataset (thickness = 16 mm) and the
CDF values calculated according to the formula (4) for different
values of the parameters [𝑐1, 𝑐2, 𝑐3] in range [𝑣𝑏𝑙 + 0.05, 𝑣𝑏𝑙 +
200]. We chose this range to ensure that both the characteristics
of the curves near 𝑣𝑏𝑙 and the upward trends with increasing
arguments are visible.
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Fig. 4. The first and second derivatives for the example function (1)
from our dataset (thickness = 16 mm) and the CDF values calculated
according to the formula (4) for different values of the parameters

[𝑐1, 𝑐2, 𝑐3] in range [𝑣𝑏𝑙 +0.05, 𝑣𝑏𝑙 +200]

We will now discuss the plots of the values considered in
the examined interval. The absolute value of the first derivative
represented by the brown dashed line reaches its maximum value
near 𝑣𝑏𝑙 where the ballistic curve has the greatest increase. Then,
because the rise in the value of the function is close to linear, the
value decreases exponentially, approaching the value 1.25. The
absolute value of the second derivative, representing the change
in the value of the first derivative, represented by the dotted
black line, reaches a value close to 𝑣𝑏𝑙 and has a greater value
than the modulus of the first derivative. Since the value of the
first derivative of the ballistic curve in the further considered
interval is almost linear, the second derivative in that area is
close to zero.

The CDF calculated using formula (4) if 𝑐1 = 1 and the re-
maining coefficients 𝑐2 = 𝑐3 = 0 has a uniform distribution be-
cause the only nonzero component is a constant value. For this
reason, the CDF is a straight line segment at point (𝑏1,0) and
ends at point (𝑏2,1). In Fig. 4, it is represented by a red line.

If 𝑐2 = 1 and the other coefficients 𝑐1 = 𝑐3 = 0, the CDF
increases rapidly at the beginning of the interval under consid-
eration and then approaches (𝑏1,0) almost linearly. In Fig. 4, it
is represented by a green curve.

If 𝑐3 = 1 and the other coefficients 𝑐1 = 𝑐2 = 0, the CDF takes
a value close to 1 almost at the beginning of the interval under
consideration and then asymptotically approaches (𝑏1,0) with
an increment close to zero. Both of the above cases correspond
perfectly to the graphs of the absolute values of the first and
second derivatives of the CDF. In Fig. 4, it is represented by a
blue curve.

The remaining values shown in Fig. 4 are scaled linear combi-
nations of the previously discussed cases. When all coefficients
are equal to 𝑐1 = 𝑐2 = 𝑐3 = 0.(3), the resulting CDF starts with
a higher initial value than the first derivative and has a higher
value over the entire interval under consideration. This is due to
the significant contribution of the second derivative to the ini-
tial sum and the insufficient contribution of the linear uniform
distribution. In Fig. 4, this case is represented by the cyan curve.

If we mix the first and second derivatives in (4) in proportions
0.(3) and 0.(6), omitting the uniform factor, we obtain a graph
whose initial values are greater than the first derivative and
𝑐1 = 𝑐2 = 𝑐3 = 0.(3) and which grows faster than linearly. In
Fig. 4, the magenta curve represents this case.

The last case considered is a mix consisting of a uniform
distribution and the second derivative, in proportions of 0.98
and 0.02, respectively. The graph initially has a value greater
than [0,0.(3),0.(6)] and then grows linearly and slightly slower
than the magenta curve. In Fig. 4, this case is represented by the
yellow curve.

As can be easily seen, manipulating the three coefficients
[𝑐1, 𝑐2, 𝑐3] allows the shape of the CDF to be modified. It en-
ables the characteristics of the curve to be considered to varying
degrees in the sampling process.

Figure 5 shows example results of sampling using a CDF con-
structed based on (4) for different configurations of [𝑐1, 𝑐2, 𝑐3]
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Recht-Ipson fit for S355 (16 mm) vs. 7.62 mm x 51 AP P80 Impacts at 0° NATO
with 5 example stochastic samples per CDF
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Fig. 5. Example results of sampling using a CDF constructed based on
(4) for different configurations of [𝑐1, 𝑐2, 𝑐3] for the same seed value
used in generating pseudo-random numbers. For each CDF configura-

tion, five samples were randomly selected
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for the same seed value used in generating pseudo-random num-
bers. For each CDF configuration, five samples were randomly
selected. When the CDF is uniform, i.e., [1,0,0], the samples are
evenly distributed as the initial velocity increases (see red stars).
A higher value of the parameter 𝑐2, responsible for the contribu-
tion of the first derivative to the CDF mixture, results in a larger
number of samples in the initial areas of the curve, which are
characterized by a higher value of the first derivative than is the
case with an increase in initial velocity. This can be seen in the
distribution of samples for the green squares. The contribution
of 𝑐2 to the mixture CDF increases the number of samples at the
very beginning of the curve, in the immediate vicinity of 𝑣𝑏𝑙 (see
blue circles). The combination of different parameters allows
for a balance between these three properties provided by (4),
for example, as is the case for [0.98,0,0.02] (yellow triangles)
and for [0.(3),0.(3),0.(3)] (cyan triangles) and [0,0.(3),0.(6)]
(magenta triangles), where the sampled points are present both
in the immediate vicinity of 𝑣𝑏𝑙 and at successive points on the
ballistic curve.

Selecting the appropriate size of the random sample for train-
ing the approximation algorithm is one of the key issues. The
sample should be large enough for the algorithm to adapt to
the data, but not too large to prevent overfitting. No universal
method has yet been proposed to determine the optimal sample
size. Still, research [33, 34] suggests that for slightly simpler
cases where regression was used, the minimum sample size was
around 25. Since the models we used contain between 103 and
4.5 · 104 parameters, we decided to use a random sample twice
as large, i.e., 50.

2.3. Approximation model

In many cases, neural networks are useful nonlinear approxi-
mators that, with a properly prepared training dataset, allow for
the generalization of approximation results to data on which the
network was not trained. In our study, we used a deep neural
network with an architecture similar to that presented in [3]. At
the input, each network (input layer) accepted the initial veloc-
ity 𝑣𝑖 and material thickness 𝑡, and at the output, it returned
the predicted residual velocity 𝑣𝑟 . We tested the performance of
six DNNs with pyramid topologies, in which each successive
layer contained fewer neurons than the previous one. Each level

of the pyramid consisted of three consecutive layers: a dense
(fully connected) layer, followed by batch normalization (BN)
and dropout. We used Scaled Exponential Linear Unit (SELU)
as the activation function in the fully connected layer:

𝑆𝐸𝐿𝑈 (𝑥) =
{
𝛼 · 𝛽 · (𝑒𝑥 −1) when 𝑥 ≤ 0,
𝛽 · 𝑥 when 𝑥 > 0,

(7)

where 𝛼 = 1.67326324 and 𝛽 = 1.05070098.
The role of batch normalization and dropout layers is to per-

form regularization, ensuring the network is not overfit and it
can generalize results to unknown input parameters, particularly
thicknesses that did not occur in the training set. For this reason,
the dropout rate was set to a relatively high value of 0.1. The
output layer of the network consisted of a single neuron with a
rectified linear unit (ReLU) activation function:

𝑅𝑒𝐿𝑢(𝑥) =
{

0 when 𝑥 ≤ 0,
𝑥 when 𝑥 > 0.

(8)

Table 1 presents descriptions of the topologies of neural net-
works used in our research. All networks have the same two-
dimensional input [𝑣𝑖 , 𝑡]. Each network has hidden layers fol-
lowing the same topology: a fully connected layer followed by
batch normalization and dropout. However, the number of hid-
den layers and neurons in them differs. For example, the first
layer has 256 neurons in a dense layer with SELU activation
(7), followed by BN and dropout with a parameter of 0.1. Next,
there are 128 neurons in a hidden layer with SELU activation,
followed by BN and dropout with a parameter of 0.1, etc. All
networks have the same fully connected output layer with ReLu
activation (8) that returns predicted residual velocity 𝑣𝑟

Our networks, therefore, approximate the generalization of
formula (1), which is extended by a parameter related to the
thickness of the analyzed material. It is important to note that this
approximation does not have a ready-made analytical formula.
Thanks to this, the approximation we have obtained expands
our knowledge of the analyzed phenomenon and is not merely
a simple replacement of the analytical formula with machine
learning.

Table 1
Descriptions of the topologies of neural networks used in our research

ID Input Dense # neurons Hidden layers topology Output # param.

1 [𝑣𝑖 , 𝑡] [256,128,64,32,16] 𝐷𝑒𝑛𝑠𝑒(𝑆𝐸𝐿𝑈) → 𝐵𝑁 → 𝐷𝑟𝑜𝑝𝑜𝑢𝑡 (0.1) 𝐷𝑒𝑛𝑠𝑒(𝑅𝑒𝐿𝑢) → 𝑣𝑟 45 541

2 [𝑣𝑖 , 𝑡] [128,64,32,16,8] 𝐷𝑒𝑛𝑠𝑒(𝑆𝐸𝐿𝑈) → 𝐵𝑁 → 𝐷𝑟𝑜𝑝𝑜𝑢𝑡 (0.1) 𝐷𝑒𝑛𝑠𝑒(𝑅𝑒𝐿𝑢) → 𝑣𝑟 11 893

3 [𝑣𝑖 , 𝑡] [128,64,32,16] 𝐷𝑒𝑛𝑠𝑒(𝑆𝐸𝐿𝑈) → 𝐵𝑁 → 𝐷𝑟𝑜𝑝𝑜𝑢𝑡 (0.1) 𝐷𝑒𝑛𝑠𝑒(𝑅𝑒𝐿𝑢) → 𝑣𝑟 11 749

4 [𝑣𝑖 , 𝑡] [64,32,16,8] 𝐷𝑒𝑛𝑠𝑒(𝑆𝐸𝐿𝑈) → 𝐵𝑁 → 𝐷𝑟𝑜𝑝𝑜𝑢𝑡 (0.1) 𝐷𝑒𝑛𝑠𝑒(𝑅𝑒𝐿𝑢) → 𝑣𝑟 3 189

5 [𝑣𝑖 , 𝑡] [64,32,16] 𝐷𝑒𝑛𝑠𝑒(𝑆𝐸𝐿𝑈) → 𝐵𝑁 → 𝐷𝑟𝑜𝑝𝑜𝑢𝑡 (0.1) 𝐷𝑒𝑛𝑠𝑒(𝑅𝑒𝐿𝑢) → 𝑣𝑟 3 045

6 [𝑣𝑖 , 𝑡] [32,16,8] 𝐷𝑒𝑛𝑠𝑒(𝑆𝐸𝐿𝑈) → 𝐵𝑁 → 𝐷𝑟𝑜𝑝𝑜𝑢𝑡 (0.1) 𝐷𝑒𝑛𝑠𝑒(𝑅𝑒𝐿𝑢) → 𝑣𝑟 885
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2.4. Ballistic curve fitting and estimation of ballistic limit
velocity

The optimization of the parameters of the models described in
Section 2.3 was performed using the stochastic gradient descent
(SGD) algorithm [35], and the minimized function was the mean
square error (MSE).

𝑀𝑆𝐸 (𝑋, 𝑋) = 1
𝑛
·

𝑛∑︁
𝑖=1

(𝑥𝑖 − 𝑥𝑖) , (9)

where 𝑋 is actual value, 𝑋 is a predicted value.
The MSE metric is absolute, so to further evaluate the ef-

fectiveness of the ballistic curve fit by the neural network, we
will use two other metrics. The first is the coefficient of deter-
mination, which indicates the proportion of the variance in a
dependent variable that is predictable from one or more inde-
pendent variables (𝑅2):

𝑅2 (𝑋, 𝑋) = 1−

∑︁𝑛

𝑖=1
(𝑥𝑖 − 𝑥𝑖)2∑︁𝑛

𝑖=1
(𝑥𝑖 − 𝑥)2

, (10)

where 𝑥 is a mean value.
We also used symmetric mean absolute error (SMAE):

𝑆𝑀𝐴𝐸 (𝑋, 𝑋) = 1
𝑛
·

𝑛∑︁
𝑖=1

|𝑥𝑖 − 𝑥𝑖 |��𝑥𝑖 ��+ |𝑥𝑖 |
2

. (11)

To determine the prediction of the ballistic limit velocity
𝑣𝑏𝑙 in a given interval [𝑏1, 𝑏2], we iterate successive values of
the residual velocity prediction 𝑣𝑟 (𝑣) until Δ𝑣𝑟 (𝑣) > 𝜖𝑣𝑟 and
𝑑𝑣𝑟 (𝑣)
𝑑𝑣

> 0 where 𝜖𝑣𝑟 is a threshold value. In other words, the
searched value 𝑣𝑏𝑙 will be the first value 𝑣 in the considered
interval for which the relative change in velocity Δ𝑣𝑟 (𝑣) will be
above 𝜖𝑣𝑟 and for which the first derivative will be positive (the
function 𝑣𝑟 (𝑣) will be locally increasing).

In order to evaluate the precision of 𝑣𝑏𝑙 approximation we
utilized absolute error (AE):

𝐴𝐸 (𝑥, 𝑥̂) = |𝑥− 𝑥̂ | (12)

and relative error (RE):

𝑅𝐸 (𝑥, 𝑥̂) =
����𝑥− 𝑥̂

𝑥𝑖

���� . (13)

3. RESULTS

We have implemented our approach presented in Section 2
in Python 3.10 using packages Scikit-learn 1.5.2, which con-
tains implementations of selected metrics, Keras 2.10, and
Tensorflow-gpu 2.10 for deep learning optimization, Numpy
1.26 for matrices and tensors operations, Matplotlib 3.9.2 for
plotting. We have also used the R language 4.3.1 for additional

data processing of results. For the neural network training, we
used the following parameters in the SGD algorithm: a starting
learning rate of 10−4, a total of 1200 epochs, and after every 400
epochs, the learning rate was multiplied by 0.1 to decrease it.

Our experiment aimed to verify the effectiveness of the ap-
proximation models described in Section 2.3 when trained with
data calculated using the method described in Section 2.2. We
performed leave-one-out cross-validation by dividing the data
set into a training and validation part. We removed individual
thicknesses 6, 8, 10, 12, 14, and 16 from the training set and
created a test set containing only data related to these excluded
thicknesses. We did not make a test set for thicknesses 4 and 18
because we did not want to perform extrapolation. We thus cre-
ated six pairs of training and validation data sets, for example:
the training set contained data related to all thicknesses except
6 mm, extended by probabilistic sampling for each thickness
[4,8,12,14,16,18] by 6 · 50 random samples, and the test set
contained data related to thicknesses of 6 mm and so on. We
trained each of the six neural networks described in Section 2.3,
and from these networks, we selected the one that minimizes the
MSE value for a given thickness in the training set. The “best”
network found in this way is then used to predict values from
the test set of residual velocity values. Predictions are made for
thicknesses that were not in the training set of this network. The
predictive performance is quantified using the MSE, SMAPE,
and R2 metrics, considering only data points with values ex-
ceeding 𝑣𝑏𝑙 by at least 10%. This criterion excludes points in
proximity to 𝑣𝑏𝑙 , which, owing to their higher uncertainty, do
not adequately capture the characteristics of the anticipated ex-
perimental curve.

The network is then used to predict the ballistic limit velocity
𝑣𝑏𝑙 . The values of 𝑣𝑏𝑙 are compared with the actual values of
𝑣𝑏𝑙 using the RE and AE metrics. We also test the performance
of our proposed probabilistic sampling method depending on
different values of the parameters [𝑐1, 𝑐2, 𝑐3]. We tested the same
six configurations that we discussed in Section 2.2 and presented
in Fig. 4. So, we conducted a total of 6 · 6 · 6 experiments, the
results of which we aggregated with respect to the parameter
values [𝑐1, 𝑐2, 𝑐3]. The results for individual parameters of the
probabilistic sampling method are presented in Tables 2, 3, 4,
5, 6, 7.

Table 2
The performance of the best DNN network (see Section 2.3) is accord-
ing to minimizing MSE on the training dataset. Results were calculated
with a leave-one-out cross-validation approach as described in Sec-

tion 3. The stochastic sampling parameters (4): [0,0,1]

Thickness MSE SMAPE R2 𝑣𝑏𝑙 𝑣𝑏𝑙 RE AE

6 1115.017 0.742 0.967 400 413 0.032 13
8 208.943 0.168 0.991 450 452 0.004 2
10 843.319 0.722 0.973 490 496 0.012 6
12 1047.394 0.718 0.958 530 535 0.009 5
14 4384.130 1.209 0.881 570 595 0.044 25
16 11533.472 1.215 0.643 645 619 0.040 26
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Table 3
The performance of the best DNN network (see Section 2.3) is accord-
ing to minimizing MSE on the training dataset. Results were calculated
with a leave-one-out cross-validation approach as described in Section

3. The stochastic sampling parameters (4): [0,1,0]

Thickness MSE SMAPE R2 𝑣𝑏𝑙 𝑣𝑏𝑙 RE AE

6 575.002 0.107 0.991 400 392 0.020 8

8 1871.402 0.124 0.980 450 434 0.036 16

10 112.547 0.054 0.998 490 482 0.016 8

12 77.787 0.063 0.999 530 516 0.026 14

14 3029.294 0.157 0.932 570 578 0.014 8

16 8392.437 0.400 0.795 645 602 0.067 43

Table 4
The performance of the best DNN network (see Section 2.3) is accord-
ing to minimizing MSE on the training dataset. Results were calculated
with a leave-one-out cross-validation approach as described in Section

3. The stochastic sampling parameters (4): [0,0.(3),0.(6)]

Thickness MSE SMAPE R2 𝑣𝑏𝑙 𝑣𝑏𝑙 RE AE

6 895.697 0.294 0.987 400 403 0.007 3

8 2164.763 0.167 0.978 450 445 0.011 5

10 160.639 0.049 0.998 490 492 0.004 2

12 54.851 0.098 0.999 530 530 0.000 0

14 4056.827 0.222 0.914 570 584 0.025 14

16 9407.316 0.520 0.793 645 612 0.051 33

Table 5
The performance of the best DNN network (see Section 2.3) is accord-
ing to minimizing MSE on the training dataset. Results were calculated
with a leave-one-out cross-validation approach as described in Section
3. The stochastic sampling parameters (4): [1,0,0] (uniform distribu-

tion)

Thickness MSE SMAPE R2 𝑣𝑏𝑙 𝑣𝑏𝑙 RE AE

6 933.257 0.077 0.983 400 388 0.030 12

8 2176.813 0.082 0.973 450 415 0.078 35

10 117.891 0.023 0.998 490 457 0.067 33

12 118.588 0.034 0.998 530 495 0.066 35

14 2492.610 0.086 0.929 570 545 0.044 25

16 7417.893 0.201 0.703 645 567 0.121 78

We have also prepared detailed graphs for thicknesses of
8 mm and 16 mm, as these are experimental data (not calcu-
lated using FEM). In Fig. 6, we present the Recht-Ipson curve
plot for 8 and 16 mm, actual (experimental) data for these thick-
nesses, and ballistic curve predictions made by a network that
minimized MSE on the training set for stochastic learning pa-
rameters [0.98,0,0.02]. In Fig. 3, we present a surface plot of

Table 6
The performance of the best DNN network (see Section 2.3) is accord-
ing to minimizing MSE on the training dataset. Results were calculated
with a leave-one-out cross-validation approach as described in Section

3. The stochastic sampling parameters (4): [0.(3),0.(3),0.(3)]

Thickness MSE SMAPE R2 𝑣𝑏𝑙 𝑣𝑏𝑙 RE AE

6 835.399 0.200 0.988 400 405 0.012 5

8 2005.270 0.105 0.978 450 446 0.009 4

10 104.946 0.061 0.998 490 491 0.002 1

12 71.471 0.072 0.999 530 526 0.008 4

14 2757.843 0.166 0.935 570 583 0.023 13

16 8151.024 0.367 0.801 645 609 0.056 36

Table 7
The performance of the best DNN network (see Section 2.3) is accord-
ing to minimizing MSE on the training dataset. Results were calculated
with a leave-one-out cross-validation approach as described in Section

3. The stochastic sampling parameters (4): [0.98,0,0.02]

Thickness MSE SMAPE R2 𝑣𝑏𝑙 𝑣𝑏𝑙 RE AE

6 474.367 0.094 0.992 400 410 0.025 10

8 2014.390 0.057 0.975 450 452 0.004 2

10 176.367 0.044 0.996 490 496 0.012 6

12 120.304 0.067 0.998 530 536 0.011 6

14 5157.080 0.187 0.854 570 611 0.072 41

16 7108.285 0.193 0.718 645 616 0.045 29

residual velocity as a function of initial velocity and thickness
calculated on the same DNN as in Fig. 6. Predictions were made
with a step of 0.25 mm to show the smoothness of the approxi-
mated surface.
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Fig. 6. The Recht-Ipson curve plot for 8 and 16 mm, actual (experi-
mental) data for these thicknesses, and ballistic curve predictions made
by a network that minimized MSE on the training set for stochastic

learning parameters (4) [0.98,0,0.02]
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4. DISCUSSION
Based on the results presented in Section 3, we can see that the
stochastic sampling method we propose allows for the effective
training of a deep neural network algorithm to approximate the
ballistic curve for unknown (not present in the training dataset)
thickness values. Among the various DNN configurations tested
and described in Section 2.3, all obtained similar results. Based
on the calculations performed, we cannot determine which one
is best for the problem we are investigating. However, our exper-
iments clearly showed the impact of the selection of parameters
[𝑐1, 𝑐2, 𝑐3]. In most cases, the values of MSE, SMAPE, and R2
correlated with each other, meaning a decrease in MSE also
led to a proportional reduction in SMAPE and R2. Of course,
the correlation is not entirely linear because MAE is an abso-
lute error, while SMAPE is a relative error and R2 indicates
the proportion of the variance in the dependent variable that is
predictable from the independent variable. Taking into account
the MSE, SMAPE, and R2 metrics, is seemed that the best fit of
the ballistic curve as a whole is obtained when the distribution
of stochastic samples is close to uniform sampling (parameters
[1,0,0]). However, it turned out that adding components related
to the first and second derivatives to the CDF mixture can fur-
ther reduce the fitting error. For 6 mm with parameters [0.98 0
0.02], the MSE was 474.367, the SMAPE was 0.094, and the
R2 was 0.992.

For 8 mm [0,0,1] MSE 208.943, SMAPE 0.168, and R2
0.991. For 10 mm with parameters [0.(3),0.(3),0.(3)] MSE
was 104.946, SMAPE 0.061, and R2 0.998. For 12 mm with
parameters [0,0.(3),0.(6)] MSE was 54.851, SMAPE 0.098,
and R2 0.999. For 14 mm with parameters [1,0,0], MSE was
2492.610, SMAPE was 0.086, and R2 was 0.929. For 14 mm
with parameters [0.98,0,0.02], MSE was 7108.285, SMAPE
was 0.193, and R2 was 0.718. It can therefore be concluded
that adding information about the first and second derivatives
to the CDF mixture has a decisive impact on the effectiveness
of fitting the ballistic curve to the data and the possibility of
approximation to unknown thicknesses.

Thanks to the use of the ReLu activation function in the last
layer of the tested networks, even though they were not trained

on data with values 𝑣𝑖 < 𝑣𝑏𝑙 , DNN predictions have values prac-
tically equal to zero in the area 𝑣𝑖 < 𝑣𝑏𝑙 . This allowed us to apply
the heuristic for calculating 𝑣𝑏𝑙 described in Section 2.3. Using
only a uniform distribution significantly worsens the predic-
tive capabilities of ballistic limit velocity. The highest RE and
AE (meaning the worst predictive capabilities) were obtained
for the [1,0,0] configuration, where only uniform sampling is
used. The best prediction results, where 𝑣𝑏𝑙 is closest to 𝑣𝑏𝑙 ,
were obtained for 6 mm for [0,0.(3),0.(6)] where RE = 0.007
and AE = 3, for 8 mm for [0,0,1] and [0.98,0,0.02] where
RE = 0.004 and AE = 2, for 10 mm for [0.(3),0.(3),0.(3)]
where RE = 0.002 and AE = 1, for 12 mm for [0,0.(3),0.(6)]
where RE = 0.000 and AE = 0, for 14 mm for [0,1,0] where
RE = 0.014 and AE = 8, for 16 mm for [0,0,1] where RE = 0.040
and AE = 26. The RE and AE errors for all methods using the
first and second derivatives in the mixture are relatively low and
comparable to a typical experimental error.

The above discussion based on numerical data is very well
reflected in Fig. 6. It shows a very accurate estimate of 𝑣𝑏𝑙 for
8 mm and 16 mm for parameters (4) equal to [0.98,0,0.02],
which is RE = 0.004, AE = 2 for 8 mm and RE = 0.045, AE = 29
for 16 mm, respectively. In the case of the approximation of
the entire 8 mm curve, the error according to Table 7 is MSE
2014.390, SMAPE 0.057, and R2 0.975, indicating a relatively
low level. In the case of 16 mm, the error is MSE 7108.285,
SMAPE 0.193, and R2 0.718, which is greater than in the case of
8 mm. This is because the shape of the ballistic curve for 16 mm,
with an increase in initial velocity, has different characteristics
than the curves generated by FEM for similar thicknesses. The
experimental curve for 8 mm has similar characteristics to the
FEM data. For this reason, it is obvious that if we trained the
DNN without the participation of 16 mm, the quality of the pre-
diction of the entire curve will be worse for cases that deviate
more from the training data. This behavior of the approximating
model is therefore fully justified. This does not change the fact
that the results we obtained are satisfactory. This conclusion is
also confirmed in Fig. 7. For both surface plots created for mod-
els trained without 8 mm and 16 mm at parameters (4) equal
to [0.98,0,0.02], we obtain a smooth surface without disconti-
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Fig. 7. Surface plot of residual velocity as a function of initial velocity and thickness calculated by a network that minimized MSE on the training
set for stochastic learning parameters (4) [0.98,0,0.02] trained on data without information about 8 mm thickness (a), and on data without

information about 16n mm thickness (b). Predictions were made with a step of 0.25 mm to show the smoothness of the approximated surface
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nuities and singularities. However, it is clear that if the dataset
contains data for 16 mm (see Fig. 7a), a characteristic depres-
sion is visible for 16 mm and its neighbors, resulting from the
characteristics of the experimental data. If the approximation
model was trained without this data, the depression does not oc-
cur because the values are approximated by neighboring values
from the training set (see Fig. 7b). This leads to an important
conclusion that in ballistics, data obtained from FEM, even if the
model was calibrated for a specific experiment, should be treated
with caution and cannot replace experimental data entirely. In
our experiment, however, this does not significantly affect the
demonstration of the satisfactory approximation capabilities of
the method we propose, both for predicting the entire ballistic
curve and the values of ballistic limit velocities. The evaluation
results we obtained (numerical error values) are very similar
to those published in earlier works discussed in Section 1.1.
However, the use of leave-one-out cross-validation, which other
authors did not employ, better motivates the predictive capabil-
ities of our approach.

4.1. Applications and limitations of the proposed
method

The stochastic oversampling proposed in this paper is not lim-
ited to the Recht–Ipson equation; we anticipate that it can also be
used to generate samples for any phenomenon with an analytical
(physical-based) or engineering (experimental-based) equation
describing the observed phenomenon. The method proposed in
this work should be used in particular cases, when we want to
build a numerical (machine learning-based) extension of our
method to additional dimensions that do not have counterparts
in the analytical formula. In such an extension, the approxima-
tion may uncover new physical understanding. Based on known
laws of physics and engineering formulas, we can guarantee that
the newly generated data meets the assumptions supported by
these laws and experience for the examined ranges of input ar-
guments. After developing new samples using stochastic-based
oversampling, we can use them to train a method to approxi-
mate the phenomenon under study, accounting for parameters
not used in the original set, such as material thickness in the
case of ballistic events. The numerical method we can use for
approximation is not limited to neural networks – in practice,
we can use any method that allows nonlinear approximation,
such as a Gaussian process, a random forest, or a support vector
machine. Our choice of a multilayer feedforward neural network
as an approximator was motivated by universal approximation
theorems [36].

In our use case, i.e., the approximation of two-dimensional
ballistic limit curves, accurate estimation of the slope charac-
teristic near 𝑣𝑏𝑙 is subject to uncertainty, as shown in Fig. 3a.
For this reason, training an effective method for approximating
the terminal ballistic curve over its entire length above 𝑣𝑏𝑙 is
practically impossible with the small number of samples that
occur in real ballistic experiments. Therefore, the use of some
form of oversampling, such as uniform sampling or an advanced
method like ours, is necessary to do so.

The idea of our approach is similar to that of physics-informed
neural networks. PINNs incorporate the laws of physics rele-

vant to a given phenomenon into the loss function to reduce
the search space during optimization. However, like any other
approximation method, such networks cannot effectively fit the
data without a sufficiently large training set. Our method is there-
fore a natural complement to PINNs: it allows the training set to
be expanded with additional points that not only meet the physi-
cal assumptions of a given phenomenon but are also distributed
in such a way that it is possible to effectively map the studied
function in the area where it is subject to the greatest vari-
ability. Therefore, the stochastic physical-based oversampling
proposed in this work is not a standalone method—it requires
an additional approximation method (usually nonlinear) that can
cover the solution space.

4.2. Determining the impact of oversampling parameter
selection on approximator training results

An interesting question is whether and to what extent selecting
different oversampling parameters affects the results of approxi-
mation training. In other words, are there statistically significant
differences in the performance of networks trained for different
parameters [𝑐1, 𝑐2, 𝑐3] in (3). To perform this test, we conducted
a statistical analysis by examining the confidence interval for the
difference in means between predictions for methods trained on
data without information about 8 mm thickness and validated
on 8 mm thickness across all parameter configurations (3) (see
Fig. 4). We used the absolute differences between the predicted
and actual values on BLC as the random variables. Since the
distribution of this variable is not normal, we used the pair-
wise Bootstrap, a nonparametric statistical technique. We set
the confidence coefficient at 0.95 and the Bootstrap sample size
at 105. The results of the pairwise comparisons are presented
in Fig. 8. Since the confidence interval for the means of two
random variables is symmetric, the plots are presented as a tri-
angle over the diagonal. We interpret those plots as follows:
if 0 does not belong to the confidence interval, we conclude
that there is a statistically significant difference between two
distributions, which means that the change in the oversampling
configuration of the training dataset resulted in significantly dif-
ferent error values generated during prediction on the test set.
If 0 belongs to the confidence interval, we conclude that there is
no statistically significant difference between two distributions.
According to the calculations, there is a statistically significant
difference between the mean absolute values of the difference
between predicted and actual residual velocities with oversam-
pling in all tested configurations except [0.0(3),0.0(6)] and
[0.98,0.0,0.2]; [0.1,0] and [0.(3),0.(3),0.(3)]; [0.1,0] and
[0.98,0,0.2]; [0.(3),0.(3),0.(3)] and [0.98,0,0.2]. It is worth
noting that a statistically significant difference always occurs for
the extreme cases, i.e., [1,0,0] and [0,0,1], in which we have
uniform sampling or sampling based on the second derivative
of the function, respectively. The other cases have very similar
CDFs, so it is not surprising that some pairs draw similar sample
distributions to the training set, meaning that the networks are
trained on almost the same data set and perform similarly. These
results confirm the impact of oversampling parameters on the
training results of the approximator.
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Fig. 8. Histogram visualization of Bootstrap statistical analysis examining the confidence interval for the difference in means between predictions
for methods trained on data without information about 8 mm thickness and validated on 8 mm thickness across all parameter configurations (3)
(see Fig. 4). We used the absolute differences between the predicted and actual values on BLC as the random variables. We set the confidence
coefficient at 0.95 and the Bootstrap sample size at 105. Since the confidence interval for the means of two random variables is symmetric, the
plots are presented as a triangle over the diagonal. Blue lines indicate differences of means, while red lines are confidence intervals with 0.95

confidence

5. CONCLUSION
As shown by the results presented in Section 3 and discussed in
Section 4, the stochastic physical-based oversampling method
presented in this paper allows for effective approximation of
two-dimensional ballistic limit curves in the range of material
thickness. The FEM-based experiments were calibrated to en-
sure their consistency with measurements obtained from exper-
iments. The use of FEM to calculate results for certain thick-
nesses was a trade-off between the accuracy of the laboratory
experiment and the significant cost of conducting it. To test the
consistency of our prediction with the experimental results, we
performed leave-one-out validation, in which we estimated the
values of ballistic limit curves for 8 mm and 16 mm (see Fig. 7),
obtained from laboratory experiments. In this way, we showed
that our results agree with real-world results. Of course, the

values plotted in Fig. 7 for thicknesses between those in our
dataset, i.e., 4 mm, 6 mm, 8 mm, 12 mm, 14 mm, 16 mm, and
18 mm (e.g., 7 mm) are approximations. We cannot assess their
accuracy, nor do we do so in our study. However, for values in
the range 6 mm, 8 mm, 10 mm, 12 mm, 14 mm, and 16 mm we
can reliably estimate the approximation’s accuracy, as we did
and described in Sections 3 and 4. The study aimed to present
the data-treatment method and to demonstrate the applicability
and effectiveness of the machine-learning approach used. In an
idealized world, all data would be obtained from experiments
that are free of experimental-setup limitations, operator influ-
ence, sample-geometry and heterogeneity, boundary and envi-
ronmental conditions, and so on. For now, however, the quality
of the output is as good as the quality of the input data. What the
obtained results demonstrated is that the chosen algorithmic im-
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plementation is capable of treating the given dataset efficiently
and would therefore be able to work on any other similar or en-
hanced data. Our experiments have shown that it is possible not
only to approximate the shape of the curve but also to accurately
predict the ballistic limit velocity for material thicknesses not
present in the dataset. The inclusion of information about the first
and second derivatives in the stochastic oversampling process
allowed for a significant increase in prediction accuracy over
uniform sampling. Oversampled datasets prepared in this way
allow for effective training of machine learning algorithms such
as deep neural networks. As we have shown, our method can
use a small number of samples from experimental data and FEM
simulations to create accurate two-dimensional approximations
of the relationship between residual velocity, input velocity, and
thickness. In practice, this allows for a significant reduction in
the cost of conducting a complete ballistic evaluation of the
material for different thicknesses. This is a very important prac-
tical application of our method. Our method belongs to a group
of algorithms that use known physical properties described by
analytical formulas. These formulas can be used to create a
machine learning model that generalizes the description of the
analyzed phenomenon to subsequent dimensions, as in the case
of ballistic curves with variable thickness. We do not consider
physical laws in the function minimized by the algorithm, as in
the physical-informed neural networks (PINNs) approach, but
instead integrate them directly into the data. This eliminates the
need to adapt the machine learning training algorithm and loss
function to a specific problem.

We also believe that our approach is not limited to ballistic
curves but extends to other one- or multi-dimensional problems
described by an analytical formula, which can be expanded by
additional dimensions not included in the formula. However,
such applications require further research, which we plan to
carry out in the future.
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