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Abstract: With the continuous development of railway systems in China, the speed grades
of trains have been consistently elevated, and the electrification of railways has become
increasingly widespread. Consequently, higher requirements have been placed on the safety
of electrified railway operations. However, during actual operation, pantograph-catenary
failures occur frequently, disrupting current collection and affecting normal train operation.
Particularly in the case of newly constructed tunnels employing rigid catenary systems, it is
essential to consider the impact of pantograph-catenary dynamic interactions on cantilever-
type supporting devices. Through finite element analysis of the cantilever assembly, the
regions of maximum stress and strain, as well as areas susceptible to fatigue, were identified.
Vibration characteristics and modal analysis were also conducted. The results indicate that
fatigue-prone failure points in the rigid catenary system are primarily concentrated at the
elastic clamps and rotating base. By reinforcing the material of these components to achieve
sufficient strength and increasing the vibration frequency, the torsional vibration mode of
the cantilever assembly was significantly improved. Furthermore, the addition of a leaf
spring structure to the clamp assembly demonstrated excellent shock absorption and energy
dissipation effects, thereby further enhancing the stability of the reinforced components.
Key words: catenary reliability, electrified railway, modal analysis, rigid catenary, vibration
characteristics

1. Introduction

In recent years, rigid catenary is more and more commonly used in new long tunnels, especially
in high plateau and high altitude areas, due to the harsh climate environment, resulting in frequent
pantograph-catenary accidents. Particularly, the resonance effects caused by trains passing by,
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and the ice accumulation effects on contact wires in extremely cold weather [1], have become
key research topics in mitigating these impacts and enhancing the stability of the catenary
system. Besides, rigid catenary has the characteristics of high hardness and high strength, can be
maintenance-free, and is widely used in long tunnels and subway tunnels. When the train enters the
tunnel at high speed, the surrounding space will be squeezed, the viscosity and compressibility of
the air itself will cause great fluctuations in the squeezed air, and the movement of the surrounding
flow field will be driven during the operation, forming a strong piston wind. The generated flow
field will have a strong impact on the rigid catenary and its supporting devices can increase the
load. The rigid catenary and its supporting devices are the most important components, which
bear the common load of the pantograph and train piston wind. When the shock and vibration
caused by the pantograph slide along with the action of piston wind, when these frequency of
vibration reach the natural frequency of the rigid catenary and its arm device, great resonance
phenomenon will occur to it, which will reduce the reliability of the rigid catenary and its arm
device [2], at the same time, it increases the risk to the smooth operation of the railway. Therefore,
it is necessary to analyze the vibration generated by the pantograph and to optimize the structure.

Modal analysis can be used for vibration studies, which analyzes the mode shape and resonance
properties at the natural frequency of a vibrating structure, and provides a theoretical basis for its
structural optimization. Pencody et al. [3] presented the modal analysis of the pavement slabs of
different thicknesses, and the vibration characteristics of the airport pavement slabs with different
thicknesses, to reduce the damage of the rigid pavement of the airport. Based on the influence of
contact line galloping, reference [4] shows that after the installation of spacer-type anti-galloping
devices, the main frequency of the conductor increases, thereby enhancing the current collection
stability of the pantograph-catenary system. Ma Qiming et al. [5] carried out the modal analysis of
the flexible catenary wrist arm based on ANSYS simulation. The resonance and other problems
in the process of the pantograph taking current from the flexible catenary were also analyzed
to improve the installation of flat and oblique wrist arms, and optimize the natural frequency
of the contact suspension to improve the operation safety. Liu Xinlong et al. [6] based on the
current-carrying wear test of rigid catenary, concluded that properly reducing the center distance
of the contact line is beneficial to reduce the abnormal wear of the rigid catenary anchored joint
part. In Sun Mengmeng et al.’s research [7], the vibration signals of the building structure are
measured experimentally, and variational mode decomposition is applied to obtain single-modal
signals. Then, the natural frequency and damping ratio of the structure are determined through
iterative optimization. In Montserrat Simarro et al.’s research [8], the wear of the pantograph was
determined by analyzing the variable parameters between the pantograph and the rigid catenary, as
well as the proper assembly position of the rigid catenary. Feng Xiaohe et al. [9] based his research
on the traditional rigid catenary busbar; six new types of busbars with high moment of inertia were
developed. The static and dynamic performance of these new busbars was analyzed, demonstrating
that this approach can effectively enhance the stability of both the rigid catenary busbar and the
contact wire. Reference [10] indicates that variations in both wind speed and wind angle can cause
wind-induced vibration in the contact line, and an increase in wind speed may lead to instability
in current collection. Zhang Yangyang [11] used the ANSYS finite element analysis method to
carry out static analysis and modal analysis of the rigid catenary. The resonant frequency and
mode shape were obtained. The rationality of the data was proved by combining the measured
data of the subway, which provided a basis for improving the stability of the pantograph-catenary
relationship in the future.
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This paper takes the rigid contact line inside a tunnel as the research object, analyzing the
vibration impact of the pantograph on the contact line in railway tunnels. It conducts dynamic-static
analysis and modal analysis on the vibration patterns and modal characteristics of the contact line
system when trains pass through. By modifying the material thickness of the cantilever assembly
and introducing a new geometric design for the clamp section of the cantilever assembly, a series of
optimization measures is implemented to enhance the stability of the contact line system. The study
provides references and a theoretical basis for the construction of contact line systems in subsequent
long-span tunnels. Compared to existing literature, most studies focus on resolving issues through
active control of the pantograph, with few considering optimization of the contact line assembly
itself. The material modifications and geometric designs proposed in this paper represent a novel
approach, and similar designs have not been encountered in related research to date.

2. Finite element analysis of rigid catenary

2.1. Rigid catenary and its supporting device structure

Compared to flexible catenary systems, the rigid catenary system inside tunnels is composed
only of vertical supports, movable bases, anchoring components, insulators, rigid clamps, and
a rigid busbar (typically configured as a hard crossbeam), along with some minor connecting
elements [12]. A schematic diagram of this system and its components, photographed during an
investigation of the Wushaoling Tunnel, is shown in Fig. 1.

In the finite element analysis of the rigid catenary, it is necessary to keep the meshing accurate
and avoid the phenomenon of segmentation failure, and the model needs to be simplified when
constructing the model, so that an intuitive model is obtained for analysis, and the simplified
three-dimensional model is shown in Fig. 2.

Cantilever mast

Rotating base

Insulator
Clamp connecting 

plate

Elastic Clip

Busbar and 
contact wire 

Fig. 1. Schematic diagram of the research system Fig. 2. Simplified rigid catenary support device

Due to the significant computational load involved in finite element analysis, and considering
the practical implications of the results, components that can be temporarily added based on site
conditions (such as shims) are omitted. Features with minimal impact on the study object, such as
non-connecting holes, chamfers, and fillets, are also disregarded. Additionally, bolts at connection
points and elastic clamp sections are simplified. These simplifications do not compromise the
accuracy of the results while enabling rapid computation of the overall system response.
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2.2. Meshing of rigid catenary wrist arms

When conducting static, modal, and dynamic analyses on the rigid catenary system and its
cantilever assembly, solid element types are used for meshing. For components with regular shapes
and simple structures, a larger mesh size (2.100006 mm) can be employed, though smaller sizes
may also be used for calculation. For more complex components or those with significant bending
deflection, a finer mesh size (0.999932 mm) is adopted. After meshing, the final model consists of
2 046 309 nodes and 901 385 elements. The meshed model of the rigid catenary system and its
cantilever assembly is shown in Fig. 3.

The boundary conditions for the rigid catenary support assembly are set at the mast location
of the cantilever. The fixed support of the catenary system is positioned at the top of the mast,
aligning with actual on-site installation conditions. The fixed support is illustrated in Fig. 4. The
cantilever assembly is constrained laterally by the mast, with the actual constraints comprising
bolt pre-tension force, contact friction, structural stiffness, and installation clearance. The actual
constraint characteristics provide limited bending stiffness while allowing slight rotation. In
practical installation, the mast is also connected to embedded parts in the tunnel vault, consistent
with the established boundary conditions.

Fig. 3. Meshing of the rigid catenary and its wrist arm Fig. 4. Boundary conditions of rigid catenary

2.3. Mesh independence study and sensitivity analysis

To ensure the accuracy of simulation results without being unduly influenced by discretization
errors, a mesh convergence study was conducted using the output equivalent stress as the
evaluation metric.

In the global model, a sequence of progressively refined mesh schemes was defined with
element sizes of 2.5 mm, 1.5 mm, 1.0 mm (currently selected), and 0.7 mm. While keeping the
loading, boundary conditions, and all other settings constant, only the mesh density was varied
across multiple simulations. The computational results are summarized in Table 1.



Vol. 75 (2026) Vibration influence and structural optimization analysis of rigid catenary in tunnel 5

Table 1. Mesh computational results

Mesh
scheme

Mesh
size

(mm)

Number
of nodes

Number
of units

Maximum
equivalent

stress
(MPa)

Maximum
displacement

(mm)

Calculate
time (s)

Coarse
mesh 2.1 18 565 13 100 60.971 0.318 26

Medium
mesh 1.5 65 832 71 500 83.373 0.371 45

Fine mesh 1.0 2 046 309 901 385 95.849 0.436 180

Finest
mesh 0.7 3 969 873 1 510 723 103.37 0.460 3 600

Meanwhile, the relative error and convergence of the computational mesh are evaluated. Using
the results from the finest mesh as the reference value, the relative errors of the results from coarser
meshes are calculated.

Relative Error (𝑒𝑖) =
����𝑆𝑖 − 𝑆ref

𝑆ref

���� × 100%, (1)

where 𝑆𝑖 represents the result of the i-th mesh scheme (stress value), and 𝑆ref denotes the result of
the finest mesh scheme.

It can be obtained that the stress error of the medium mesh is
(1.5 mm) = 83.373 − 103.37|/103.37 × 100% ≈ 19.3%.

The stress error of the fine mesh is
(1.0 mm) = 95.849 − 103.37|/103.37 × 100% ≈ 7.3%.

The results indicate that when the element size is refined below 1.0 mm, the change in
maximum equivalent stress significantly slows down. Using the results of the finest mesh (0.7 mm)
as a reference, the stress error of the fine mesh with an element size of 1.0 mm is only 7.3%, while
the computation time is merely 1/20 of that required for the finest mesh.

Therefore, considering both computational accuracy and efficiency, this study adopts the fine
mesh scheme (element size 1.0 mm, approximately 901 385 elements) for all subsequent analyses.
The results obtained with this scheme can be considered mesh-independent.

2.4. Rigid catenary materials and pantograph-catenary dynamic parameters
The most commonly used material for the rigid catenary system is carbon structural steel,

and there are two types of it: Q235B and Q345B. Q345B has better strength and toughness than
Q235B, and Q345B is more suitable for the study of its vibration characteristics in this paper.
The catenary clip and the base are connected by insulators, and the insulators are mostly made of
ceramic or hard rubber. The insulators have little influence on the overall during the vibration
analysis and modal analysis of the overall device, which can be ignored. In summary, the rigid
catenary and its wrist arm materials are shown in Table 2.
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Table 2. Material parameters

Parameter Quantity

Young’s modulus 124 000 MPa

Tensile strength 358 MPa

Vibrational quantity 2 × 106 times

Busbar weight 5.9 kg/m

Density 7.85 × 103 kg/m3

Moment of inertia 1 × 10−6 m4

This study is based on the rigid catenary system in the Wushaoling Tunnel of the Lanxin
Railway. The tunnel has a speed limit of 120 km/h, and the pantograph selected for this study is
the DSA200 model, which is capable of operating at speeds of up to 200 km/h. The operating
parameters of this pantograph at 120 km/h are presented in Table 3.

Table 3. Parameters of DSA 200 pantograph

Parameter Quantity

Average contact force/N 81.9

Maximum contact force/N 119.89

Maximum lifting height/mm 3 000

Minimum contact force/N 57.47

Natural frequency/Hz 20.557

2.5. Static structural analysis
When the rolling stock is stationary on the track or moving at a constant speed (under absolute

conditions), the rigid catenary and its cantilever assembly are subjected to a static contact force
applied by the pantograph. Meanwhile, due to the varying connection methods within the catenary
system, the transmission of the pantograph’s static contact force results in different constraints and
deformations across the components.

The overall rigid catenary system inside the tunnel consists of a cantilever post, rotating
base, anchor bolts, insulators, clamp connecting plates, elastic clamps, a busbar, and a contact
wire [12]. When the pantograph slider exerts an upward force on the contact wire, the force is
transmitted through the elastic clamp to the clamp connecting plate, then to the insulator, and
finally to the rotating base, which is connected to the post. The post provides fixed support for the
entire cantilever assembly. In the static analysis, a fixed support is applied to the post connection
surface, the static uplift force of the pantograph is applied to the bottom of the rigid catenary, and
gravitational acceleration is applied to the cantilever assembly.
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Under actual conditions, the static uplift force of the pantograph is typically around 120 N [13].
The static analysis reveals that the maximum stress under this condition is approximately
95.849 MPa, primarily located at the connection between the insulator and the rotating base.
This stress concentration occurs because the pantograph’s uplift force is transmitted through the
elastic clamp connecting plate to the insulator and the rotating base, making this area particularly
stressed, as shown in Fig. 5. The rigid catenary cantilever structure can be equivalently modeled as
a cantilever beam, with one end fixed to the post via the rotating base and the other end supporting
the rigid catenary beam in a suspended arrangement. The free end of the cantilever beam is
analogous to the suspended end of the structure, which is most prone to deformation under load,
exhibiting the largest displacement. Accordingly, the maximum deformation in the static analysis
occurs at the rigid catenary beam and the elastic clamp connecting plate, with a displacement
of 0.43639 mm, as illustrated in Fig. 6. This deformation falls within the design requirements,
confirming the structural adequacy of the catenary system.

Fig. 5. Stress-load diagram under static analysis Fig. 6. Total deformation under static analysis

2.6. Dynamic structural analysis

Dynamic load analysis involves applying loads that vary over time. Under dynamic contact
conditions at speeds not exceeding 250 km/h, the maximum contact force should not exceed 250 N,
the minimum contact force should not be less than zero, and the average contact force should not
exceed 130 N [13]. Under these conditions, the maximum stress is approximately 118.21 MPa,
with stress concentrations still primarily located at the insulator and rotating base.

Compared to static analysis, dynamic analysis involves varying stress and total deformation at
each time step. These variations can generally be represented using time functions or harmonic
signals. This condition reflects the scenario when a locomotive pantograph dynamically traverses
the rigid catenary system, applying random dynamic loads from the pantograph’s uplift force to
the cantilever support assembly. This force is applied to the surface of the rigid catenary.

The dynamic load analysis reveals that the maximum stress, elastic strain, and total deformation
of the rigid catenary and its support assembly are greater than those under static loads. Additionally,
the load values vary at different time steps, exhibiting greater randomness compared to static loads.
However, the critical load-bearing areas remain concentrated at the insulator and clamp connecting
components. The maximum stress and total deformation are shown in Fig. 7 and Fig. 8.
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Fig. 7. Equivalent stress under dynamic load Fig. 8. Total deformation under dynamic load

3. Theoretical analysis of rigid catenary

3.1. Initial deflection and stress calculation analysis

Based on its structural characteristics, the system can be equivalently modeled as a cantilever
beam structure with a concentrated mass and a concentrated force applied at one end. A schematic
cross-sectional view illustrating the principle of the pantograph uplift force acting on the rigid
catenary and its support assembly is shown in Fig. 9.

Pantograph 
l i ft  force

Fig. 9. Cross-sectional view of the force principle

The schematic diagram of the coordinate system can be simplified for easy calculation, and
the simplified schematic diagram is shown in Fig. 10.

m

L

X

Y

A(x)

Fig. 10. Cross-sectional of the simplified principle
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According to the simplified schematic diagram, the equivalent mass can be solved, and the
corresponding coordinate system can be established firstly, and the bending moment equation can
be obtained:

𝑚 (𝑥) = −𝐹 (𝑙 − 𝑥) . (2)

Differential equations for deflection curves of beams:

𝑚 (𝑥) = −𝐸𝐼𝑤′′ (𝑥), (3)

where EI represents the bending stiffness of the beam and 𝑤′′ (𝑥) represents the curvature of the
beam, which can be obtained by combining the above formulas:

𝐹 (𝑙 − 𝑥) = 𝐸𝐼𝑤′′ (𝑥). (4)

Using twice the integral method, one can get:

𝐶𝑥 + 𝐷 + 𝐹
(
𝑙

2
𝑥2 − 1

6
𝑥3

)
= 𝐸𝐼𝑤(𝑥). (5)

When the rotation angle of the rigid catenary and its cantilever device at the fixed end is 0
(horizontal position), the deflection at this time is also 0 and corresponding to the equation, that is,
𝑥 = 0 → 𝑤 (𝑥) = 0, 𝑤′ (𝑥) = 0. Bringing this resolution into Eqs. (4) and (5), 𝐶 = 0 and 𝐷 = 0
can be obtained, then importing the result into Eq. (5) yields the following:

𝑤 (𝑥) = 𝐹

𝐸𝐼

(
𝑙

2
𝑥2 − 1

6
𝑥3

)
. (6)

Similarly, let 𝑦max be the distance from the neutral axis of the cross-section to the outermost
edge. The maximum normal stress in the beam during bending can be expressed by the bending

formula as 𝛿max =
𝑦max𝑚 (𝑥)

𝐼
. Substituting the bending moment equation 𝑚(𝑥) from Eq. (2) into

this, we obtain:
𝛿max =

𝑦max𝐹𝐿

𝐼
. (7)

If a section of the rigid cantilever beam with a length of 𝐿 = 2 m is considered, and
a concentrated force of 𝐹 = 1 kN is applied to the cantilever beam, the maximum stress calculated
using Formula (7) yields 𝛿max = 100 MPa. This value is essentially consistent with the static
maximum stress of 95.845 MPa obtained from the simulation experiment, thereby validating the
theoretical simulation as fundamentally correct. Moreover, the selected parameters align well with
actual field conditions.

3.2. Post-equivalence quality analysis

In the equivalent analysis of the whole system, the equivalent mass of the rigid catenary at
the free-end of the cantilever beam is 𝑚𝑒𝑞 , the concentrated mass of the model is also at the
free-end, and the bending deflection of the model is greatest when the free-end of the cantilever is
dynamically lifted by the pantograph and 𝑥 = 𝑙, as shown in Fig. 11.
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L1

y1

X

X mg

Y

Fig. 11. Section view of cantilever after stress bending

The maximum displacement set is 𝑤max =
𝐹𝑙3

3𝐸𝐼
. Since 𝐹 = 𝑚𝑔, 𝑤max =

𝑚𝑔𝑙3

3𝐸𝐼
. We obtained:

𝑚𝑔 =
3𝐸𝐼
𝑙3

𝑤max (𝑥). (8)

Bringing Eq. (8) into Eq. (6) yields:

𝑤 (𝑥) = 𝑤max

(
3𝑥2

2𝑙2
− 𝑥3

2𝑙3

)
. (9)

In the impact state, the dynamic response of the cantilever beam can be calculated by the
energy method, and when the object acts on the cantilever beam with a certain impact force, the
dynamic response of the cantilever beam can be simulated and analyzed by the law of conservation
of kinetic energy. The maximum kinetic energy is set as T𝑚:

𝑇𝑚 =
1
2

𝑙∫
0

𝐴(𝑥)𝜌
(
d𝑤
d𝑡

)2

𝑚

d𝑥, (10)

where 𝜌 represents the unit volume mass of the beam, and because(
d𝑤
d𝑡

)
max

=

(
d𝑤𝑚

d𝑡

)
max

(
3𝑥2

2𝑙2
− 𝑥3

2𝑙3

)
.

Bringing this equation into Eq. (9) yields:

𝑇𝑚 =
1
2

𝑙∫
0

𝐴(𝑥)𝜌
(
d𝑤𝑚

d𝑡

)2 (
3𝑥2

2𝑙2
− 𝑥3

2𝑙3

)
d𝑥. (11)

When the equivalent mass 𝑚𝑒𝑞 is present, the maximum kinetic energy after equivalent is:

𝑇𝑚 =
1
2
𝑚𝑒𝑞

(
d𝑤𝑚

d𝑡

)2
. (12)
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Dividing Eq. (11) by Eq. (12) yields:

𝑚𝑒𝑞 =

𝑙∫
0

𝐴(𝑥)𝜌
(
3𝑥2

2𝑙2
− 𝑥3

2𝑙3

)2

d𝑥, (13)

where 𝐴 (𝑥) in all of the above equations is the cross-sectional area of the beam, and when 𝐴 (𝑥)
is a linear function, the equivalent mass is:

𝑚𝑒𝑞 = 𝜌

𝑙∫
0

(𝑎𝑥 + 𝑏)
(
3𝑥2𝑙 − 𝑥3

2𝑙3

)
d𝑥 =

𝜌

4𝑙6

𝑙∫
0

(𝑎𝑥 + 𝑏) (9𝑥4𝑙2 + 𝑥9 − 6𝑥5𝑙)d𝑥,

𝑚𝑒𝑞 =

(
43
224

𝑎𝑙 + 33
140

𝑏

)
𝜌𝑙. (14)

When 𝐴 (𝑥) is constant, that is, when 𝐴 (𝑥) = 𝑎, the equivalent mass is:

𝑚𝑒𝑞 =
33
140

𝜌𝑙𝑎. (15)

Based on the review of relevant materials [14] and in combination with the actual working
conditions on site, by substituting them into Eq. (14) or Eq. (15), the equivalent mass 𝑚𝑒𝑞 can be
obtained as approximately 27.3 kilograms.

Equivalent mass is not a simple sum of all individual masses; it represents the total inertia
exhibited by the system when motion occurs in the vertical direction (at the contact point). It is
a mass in the "dynamic sense."

Simultaneously, it reflects the degree of mass participation. When the pantograph lifts the
contact line, it does not need to raise the entire infinitely long contact wire, but primarily excites
vibrations in a localized region of the conductor. The equivalent mass quantitatively describes
the magnitude of the "effective mass" participating in this localized vibration. The coefficient 𝛼
indicates how much of the contact line’s mass is involved in the motion.

3.3. Equivalent stiffness analysis
As shown in Fig. 11, when the load on the cantilever beam is mg, it is assumed that the

longitudinal displacement of 𝑦1 is generated:

𝑦1 =
𝑚𝑔𝐿3

3𝐸𝐼
. (16)

And because the equivalent stiffness of the entire cantilever beam structure is the generalized
force at the loading point divided by the generalized

𝑘 ′𝑒𝑞 =
𝑚𝑔

𝑚𝑔𝑙3

3𝐸𝐼

=
3𝐸𝐼
𝑙3

. (17)

The pantograph and the rigid catenary system can be equivalent to the elastic model, and the
pantograph is equivalent to the spring with stiffness 𝑘𝑐. Since the equivalent mass 𝑚𝑒𝑞 of the
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free-end of the equivalent rear beam is consistent with the displacement direction of the pantograph
lifting of the locomotive, the pantograph stiffness 𝑘𝑐 and 𝑘 ′𝑒𝑞 are superimposed together to obtain
the final overall equivalent stiffness:

𝑘𝑒𝑞 =
𝑘 ′𝑒𝑞𝑘𝑐

𝑘 ′𝑒𝑞 + 𝑘𝑐
. (18)

Based on the review of relevant materials [14] as well as the actual working condition values
on site and substituting them into Eq. (18), it can be concluded that the simplified equivalent
elastic stiffness 𝑘𝑒𝑞 is approximately 6.9×107N/m. According to the above reasoning, the stiffness
equivalent model can be made as shown in Fig. 12.

Fig. 12. Stiffness equivalent of free-end of rigid catenary

The equivalent stiffness 𝑘𝑒𝑞 represents the structure’s ability to resist static deformation or
dynamic displacement. Physically, it characterizes the comprehensive resistance to deformation of
the entire catenary system by an "equivalent spring" stiffness. In other words, it reflects the total
elastic restoring force generated by the system when the pantograph lifts the contact line by a unit
height.

The equivalent stiffness primarily stems from two sources: first, the pantograph stiffness k𝑐,
where the lifting device acts like a spring attempting to push the sliding plate upward; second, the
stiffness of the rigid catenary, which mainly arises from the bending stiffness of the conductor,
rather than the tension as in flexible catenary systems. This is one of the most fundamental
distinctions between rigid and flexible catenary systems.

3.4. Fatigue life analysis
The catenary support assembly is subjected to fluctuating stresses at certain points due to

variations in the pantograph uplift force. After a sufficient number of cyclic loadings, cracks may
initiate or complete fracture may occur, indicating fatigue failure in the support assembly. The
number of cyclic loadings is generally denoted as N. Currently, a widely used fatigue analysis
method is the stress-based S-N approach. As long as the material properties, stress conditions,
and loading spectrum remain identical, the fatigue life does not vary with changes in the specific
structural form.

For a known relationship between material properties, applied stress, and fatigue life (S-N
method), the correlation between power density and fatigue life for the studied object can be
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derived. Its mathematical expression is as follows:

d𝑆
d𝑡

= 𝑓 1(𝑁 𝑓 ), (19)

where dS/dt represents the power density of the load signal and 𝑁 𝑓 denotes the limiting number of
cycles for fatigue failure of the studied object.

For the signals to be studied in this paper, which are generally broadband signals, there should
be a corresponding power density at each time instant. Using the short-time Fourier transform
(STFT), these signals can be decomposed into a sum of multiple cosine functions with different
dominant frequencies. The mathematical expression is shown in Eq. (20):(

d𝑆
d𝑡

)
𝑡=𝑡0

=
∑︁
𝑖

𝐴𝑖 cos (𝐹𝑖Δ𝑡), (20)

where 𝐹𝑖 represents the dominant frequencies at different time instances obtained through the
short-time Fourier transform, and the corresponding power density value is:

𝐴𝑖 = (d𝑆/d𝑡)𝑡=𝑡0 ,𝑖 (21)

According to fatigue damage theory, when 𝑡 = 𝑡0 the damage rate within the adjacent time
interval Δ𝑡 caused by the power density at that time can be expressed mathematically as:

𝐷 =
∑︁
𝑖

𝑁𝑖/(𝑁 𝑓 )𝑖 , (22)

where the fatigue damage rate within the time interval Δ𝑡 is denoted by D.

𝑁𝑖 = 𝐹𝑖Δ𝑡, (23)

where: 𝐹𝑖 denotes the dominant frequency, Δ𝑡 represents the time interval at 𝑡 = 𝑡0, and 𝑁𝑖

indicates the total number of cycles within this time interval.

(𝑁 𝑓 )𝑖 = 𝑓 2
[
(d𝑆/d𝑡)𝑡=𝑡0,𝑖

]
, (24)

where (𝑁 𝑓 )𝑖 represents the total number of cycles until fatigue failure occurs in the material of the
studied object.

Given a total of m time steps, the cumulative fatigue damage generated within this range can
be expressed as:

𝐴𝐷 =

𝑚∑︁
𝑗=1

(∑︁
𝑖

𝑁 𝑗 ,𝑖/(𝑁 𝑓 ) 𝑗 ,𝑖

)
, (25)

where j denotes the time step index, 𝑗 = 1, 2, . . . 𝑚, and AD represents the cumulative damage
generated during this period. Accordingly, the criterion for fatigue failure of the studied material
is defined as:

𝐴𝐷 =

𝑚∑︁
𝑗=1

(∑︁
𝑖

𝑁 𝑗 ,𝑖/(𝑁 𝑓 ) 𝑗 ,𝑖

)
≥ 1. (26)
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Therefore, based on fatigue damage theory, if the material of the studied object accumulates
a fatigue damage of AD within a given time period T, its fatigue life can be estimated as follows:

𝐿𝐹 =
𝑇

𝐴𝐷
, (27)

where T represents the duration of the load acting on the studied object, in seconds (s). LF denotes
the estimated fatigue life of the material of the studied object, in seconds (s).

4. Integral modal analysis of rigid catenary system

According to the simulation results presented in Section 1, the fatigue-prone areas of the rigid
catenary system and its support assembly are located at: the busbar of the catenary and the elastic
clamp section; the riveted connection between the elastic clamp connector and the insulator; and
the riveted connection between the insulator and the rotating base of the cantilever.

By performing a modal analysis of the assembly, the natural frequencies are examined to
identify regions susceptible to resonance. Based on this, optimization measures are proposed to
address vibration-related issues.

4.1. Theoretical analysis
The vibration of the unit beam structure can be expressed by the differential equation:

𝑀𝑥′′ + 𝜁𝑥′′ + 𝐾𝑥 − 𝐹 = 0. (28)

The mass matrix of the vibration system can be expressed by M, the damping matrix is 𝜁 , K is
the stiffness matrix, F is the external force, and x is the displacement of the structure under the
applied force.

In the modal analysis, different modes will correspond to different vibration frequencies, so
that the above equation 𝐹 = 0, and when there is no external force, the catenary device works
under-damping conditions, corresponding to the formula 𝜁 = 0. The differential equation under
the underdamping condition can be obtained:

𝑀𝑥′′ + 𝐾𝑥 = 0. (29)

By the solution of differential equations, the general form of the solution of Eq. (29) is

𝑥 = 𝜑𝑒𝑖𝜔𝑡 . (30)

Bringing Eq. (30) into Eq. (29) gives the solution to the vibration equation of the device:

𝐾𝜑 = 𝜆𝑀𝜑, (31)

where: 𝜑 is the eigenvector of the system, and its corresponding eigenvalues 𝜆, i represents the
imaginary units, 𝜔 is the natural frequency of the vibrating device, and t is the vibration time.
According to Liang Jun’s research [15] in the theoretical analysis of working modes, it can be seen
that when 𝜆 = 𝜔2, the eigenvalues in the modal analysis can be obtained. 𝜆𝑖 denotes the i-th order
eigenvalue and also the intrinsic frequency 𝜔𝑖 =

√
𝜆𝑖 , and 𝜑𝑖 denotes the eigenvector at the i-th

order, which corresponds to the structural deformation in the i-th mode shape in the vibration model.
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4.2. Analysis of results
For mechanical structures, different modes correspond to distinct modal shapes. Lower-order

modes generally have a greater impact on the dynamic performance of the structure, as they
represent the most fundamental vibration patterns of the structure [16]. In contrast, higher-order
modes typically exhibit vibration frequencies greater than the natural frequency, with rapid
amplitude decay, making them less likely to cause resonance-induced structural damage [17].
For an intuitive analysis, the first four vibration frequencies or modal shapes can be extracted.
The deformation magnitudes of the extracted first four modal shapes are shown in Fig. 13, with
the measurement point locations referenced from the actual maintenance practices of the rigid
catenary system in the tunnel located in the western plateau region, as illustrated in Fig. 14.
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The first-order modal shape of the rigid catenary system is primarily characterized by torsional
vibration. When the locomotive pantograph moves along the contact wire, uneven force distribution
– caused by changes in the catenary stagger or when the train passes through curved sections
– can induce torsion in the rigid catenary. This phenomenon may lead to insulator fracture or
clamp displacement, resulting in pantograph-catenary faults, as illustrated in Fig. 15. The third to
fifth-order modal shapes are predominantly characterized by first-order bending vibration.

Fig. 15. Total deformation under first order mode shape

Analysis of the first six low-order modal shapes reveals that their natural frequencies range from
23.87 Hz to 364.39 Hz, with each mode exhibiting either torsional or bending vibrations. According
to the ANSYS modal analysis, the first torsional mode occurs at 23.87 Hz, and the first bending
mode appears at 71.978 Hz. These two modal shapes constitute the primary low-order vibration
modes of the system and have a significant impact on pantograph-catenary interaction failures.

According to relevant literature, when a conventional pantograph slider moves along the
contact line as a rigid body, the excitation frequency between the pantograph and the catenary is
typically around 20 Hz [19]. The current un-optimized first and second natural frequencies are
found to be 23.87 Hz and 31.1 Hz, respectively, which are close to the 20 Hz excitation frequency.
This proximity increases the risk of resonance and therefore requires modification.

The first-six modes of the rigid contact line system are shown in Table 4.

Table 4. The first six natural frequencies of the rigid catenary system

Modal order Natural frequency/Hz
1 23.87
2 31.1
3 50.437
4 71.978
5 139.29
6 264.39
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5. Design and optimization of rigid catenary system

5.1. Optimization idea

(I) Based on the results of stress fatigue analysis and modal analysis, to reduce resonance
induced by low-order modes, the material strength can be appropriately increased or the structure
can be reinforced by adding material thickness. This method can appropriately increase the first-
order torsional frequency [18]. However, compared to flexible catenary systems, the rigid catenary
uses Q345B structural steel, which already meets the required material stiffness. Therefore, only an
appropriate increase in material thickness is needed to achieve a more stable state. A comparison
of the assembly before and after optimization is shown in Fig. 16.

Fig. 16. Comparison of device before and after thicken

By appropriately adjusting the thickness of the rigid catenary clamp connecting plate (mea-
surement point 3), the corresponding changes in vibration frequency under different modes caused
by thickness variations can be obtained, as shown in Fig. 17.

Fig. 17. Vibration frequencies for different thicknesses

As shown in Fig. 17, when the thickness of the base of the elastic clamp connecting plate
increases from 7 mm to 18 mm, the modal frequencies also continuously rise. The changes in the
1st to 3rd order frequencies are relatively small, while the changes in the 4th to 6th order frequencies
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are more significant. This verifies that modifying the material thickness can optimize the vibration
frequencies of the system. Selecting an appropriate material thickness helps reduce the likelihood
of resonance and improves the stability of the system under actual working conditions.

(II) On the basis of structural reinforcement, a Π-shaped leaf spring is installed above the
clamp. It is an elastic leaf spring structure, as shown in Fig. 18. The leaf spring structure offers
excellent damping and self-resetting capabilities. When the pantograph passes through, it lifts the
busbar, which then comes into contact with the spring. This mechanism helps cushion the impact
from the pantograph and enhances the elasticity of the transition section. Such a device has not
been used in rigid catenary systems domestically or internationally, making it a novel solution.

(a) (b)

Fig. 18. Schematic diagram of the structure after optimizing the spring leaf

5.2. Optimized results

(I) After structural optimization, a modal analysis was conducted again, and the new six-order
modal frequencies are shown in Table 5. It can be observed that when the reinforcement thickness
reaches 13 mm, the low-order modes are effectively controlled post-optimization. The first-order
modal frequency increases from 23.87 Hz to 31.02 Hz, and the third-order modal frequency rises
from 50.437 Hz to 52.638 Hz. This improvement moderately enhances the vibration frequency
characteristics of the system and optimizes the overall dynamic performance of the assembly.

Table 5. The first-sixth natural frequencies of the optimized system

Modal order Natural frequency/Hz

1 31.02

2 39.632

3 52.638

4 70.96

5 149.829

6 320.532
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A comparison of frequencies before and after the modification shows that, after optimization
through increased thickness, the frequencies are concentrated within the range of 31.02 Hz to
320.532 Hz. When a conventional pantograph slider moves along the contact line as a rigid body,
the excitation frequency between the pantograph and the catenary is typically around 20 Hz [19].
The natural frequency of the optimized rigid catenary system now exceeds the vibration frequency
induced by pantograph uplift. As a result, the impact of the pantograph on the overall catenary
system is reduced, leading to more stable current collection during locomotive operation and
a decreased probability of pantograph-catenary faults.

(II) Similarly, a modal analysis was performed on the assembly with the added leaf spring
structure. Installing the leaf spring at the clamp connection area allows for better control of the
vibration frequencies. The low-order modes are further improved compared to the reinforced-only
structure. The resulting six-order modal frequencies are listed in Table 6. Specifically, the first-order
modal frequency increases from 31.02 Hz (after reinforcement) to 60.594 Hz, and the third-order
modal frequency rises from 52.638 Hz to 66.75 Hz. This further enhances the structural vibration
characteristics beyond the initial reinforcement, leading to improved stability during train operation.

Table 6. The first sixth natural frequencies with leaf spring structure

Modal order Natural frequency/Hz

1 60.594

2 62.716

3 66.75

4 160.613

5 236.83

6 380.93

A comparison shows that after the addition of the leaf spring structure, the frequencies are
concentrated in the range of 60.594 Hz to 380.93 Hz. The low-order modal frequencies now exceed
the maximum vibration frequency between the pantograph and the catenary [19]. As a result, the
frequency generated by pantograph motion no longer coincides with the natural frequencies of
the structure, reducing the likelihood of resonance. This improvement allows for better current
collection during locomotive operation and provides significant support for progressively higher
speed levels.

By comparing the mathematical model of the cantilever assembly with simulation results
from the pre-optimized design, it is evident that the improved cantilever system exhibits notably
enhanced bending resistance and vibration damping characteristics. Particularly after implementing
the leaf spring support structure, the low-order natural frequencies are elevated, effectively avoiding
resonance caused by frequency overlap. This enhancement significantly improves the stability of
locomotive operation under high-speed conditions.



20 Xia Zhao et al. Arch. Elect. Eng.

6. Conclusions

As the most widely used current collection system in long railway tunnels and urban rail transit
today, the rigid catenary system can experience pantograph-catenary faults or even threaten normal
train operation if any of its components are damaged. This study primarily conducts ANSYS finite
element analysis on the rigid catenary system to examine its vibration behavior under static and
dynamic contact forces, employing modal analysis to mitigate the impact of natural frequencies on
the overall system. The optimized design of the cantilever assembly demonstrates both innovation
and practicality, with key conclusions summarized as follows:

1. A finite element model of the rigid catenary system was constructed based on actual field
conditions, revealing that fatigue-prone areas are most prominent at the connections between
the insulator and the anchor base, the insulator and the elastic clamp connecting plate, and
the elastic clamp and the contact wire beam.

2. Under real-world operational conditions, the dynamic uplift force exerted by the pantograph
during motion has a slightly greater impact on the system compared to static conditions.

3. Modal analysis indicates that the system’s vibrations are primarily characterized by first-
order torsional and bending modes. The simulation results confirm that post-optimization;
the system exhibits enhanced stability and reduced failure rates, validating the rationality of
the improvements.

4. By incorporating modal theory, modal analysis of the rigid catenary system revealed that the
first-order natural frequency closely approximates the dominant excitation frequency, posing
a resonance risk. Increasing the thickness of the assembly raised the first-order torsional
frequency from 23.87 Hz to 31.237 Hz, surpassing the dominant excitation frequency and
altering the torsional and bending modes, thereby preventing pantograph-catenary faults
and potential railway safety incidents.

5. The addition of a Π-shaped leaf spring to the clamp section of the rigid catenary cantilever
assembly represents a highly innovative approach, as no similar studies have been reported in
rigid catenary systems domestically or internationally. Simulation experiments demonstrate
that this leaf spring structure further enhances the low-order modal frequencies compared
to mere structural reinforcement, ensuring safer and more reliable current collection for
locomotives. This advancement lays a solid foundation for future research on rigid catenary
systems adapted for higher-speed applications.
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