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Abstract The present work contains the results of the comparative
analysis of the literature data and the own investigations on mass and
heat transfer coefficients occurring under conditions of the convective fluid
flow through channels characterised by a specific geometry. The authors
focused on the available experimental investigations on mass transfer. The
considered experiments were carried out using the electrochemical method
named limiting current technique. Two channel geometries were discussed:
the annular channel of the conventional size and the long minichannel with
a square cross-section area. Taking into consideration dimensionless num-
bers: Schmidt and Nusselt – analogical for mass and heat transfer – the
formulas describing the phenomena under consideration were included. In
the case of the annular channel the laminar and turbulent range of Reynolds
numbers was studied. For the square minichannel – the laminar flow is con-
sidered. The analogy between mass and heat transfer introduced by Chilton
and Colburn was applied in the analysis. An equivalent boundary condi-
tion is included in considerations concerning the mass and heat transfer. It
is the Dirichlet boundary condition characterised by constant temperature
of the wall which corresponds to the situation of constant ion concentra-
tion at the cathode surface in the limiting current technique. The main
purpose of the present work was to verify the method for the determina-
tion of heat transfer coefficients using the analogy between mass and heat
transfer processes in the case of convective fluid flow through the annular
and square channels. The problem discussed in the present work is impor-
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tant and actual due to the possibility of the elimination of temperature
measurements in the investigations of heat transfer processes occurring in
channels characterised by a specific geometry. It should be noted that some-
times temperature measurement may be difficult or even impossible. This
situation also causes high uncertainty of the obtained results. Due to this
problem, the presented analysis was performed also with the use of ther-
mal results based on the analytical solution. The verification of the use
of mass/heat transfer analogy method in specific cases gives the extended
knowledge of correct application of the limiting current technique in heat
transfer research. The main objective of the work was achieved by conduct-
ing a comparative analysis of the adequate mass and heat transfer results.
The existing literature data do not provide an answer to the question about
the correctness of using the limiting current technique in the case of dis-
cussed annular channels or long square minichannels. The received results
make us be critical of applying the mass/heat transfer analogy method in
some heat transfer cases.

Keywords: Limiting current technique; Analogy method; Annular channel; Square
minichannel

Nomenclature
A – surface area, m2

a – thermal diffusivity, m2s−1

C – ion concentration, kmol·m−3

D – diffusion coefficient, m2s−1

d – diameter, m
dH – hydraulic diameter, m
F – Faraday constant, A·s·kmol−1

f – friction factor
I – current, A
L – channel length, m
Nu – Nusselt number, = α · dH/λ
Pr – Prandtl number, = ν/a
Re – Reynolds number, = w · dH/ν
Sc – Schmidt number, = ν/D
Sh – Sherwood number, = β · dH/D
T – temperature, ◦C, K
t – time, s
w – mean velocity of the fluid, m·s−1

Greek symbols

α – heat transfer coefficient, Wm−2K−1

β – mass transfer coefficient, m·s−1

λ – thermal conductivity, Wm−1K−1

ν – kinematic viscosity, m2s−1
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1 Introduction

Annular channels and square minichannels represent important kinds of
channel geometry applied in different thermal systems. These may be: sim-
ple heat exchangers, heat sinks, elements of heating systems, minichannel
heat exchangers, electronic equipment or even most complicated nuclear
reactors. The problem of convective heat transfer during the fluid flow
through the annular channel seems to be well recognized, however, there
are selected issues that cannot be recognized as fully examined. Recent
investigations indicate such problems. These include: ducts with special
additional elements for enhancement of heat transfer (spiral wire inserts
in cooling processes of high-temperature reactors [1], pin fins arrays man-
ufactured by selective laser melting technology for applications in internal
combustion engine components [2]), channels with special fluids transferring
heat (molten salts [1, 3], new types of refrigerants [4, 5]), or channels with
two-phase flow (convective boiling [4–6]). For example, the work [1] includes
the results of numerical study of the flow and heat transfer of molten salt in
an annular channel with a wire coil. The results were compared with those
for the smooth annular channel. In turn, the paper [3] presents the results
of the investigations of the heat transfer performance of molten salt steam
generator used in the solar power tower plant. Various experiments on the
heat transfer performance of molten salt with high pressure water/steam in
a horizontal tube-in-tube have been carried out. Another topic addressed
in contemporary works on heat transfer in annular channels is the problem
of rotating internal cylinders. This issue is studied in works [7,8] where the
authors investigated the convective heat transfer for an annulus with an
inner rotating wall. Additionally, the work [8] presents the results for the
finned inner pipe.

In turn, the topic of heat transfer in minichannels has also been widely
researched in recent times. The comprehensive review of mathematical and
numerical models applied in thermal analysis of minichannels characterized
by different cross-sections is included in [9]. In the case of square minichan-
nels the researchers studied the problem of convective nanofluid flow in
minichannel heat sinks [10] or cooling performance of heat sinks for heat
dissipation from electronic components [11]. Experimental investigation on
laminar flow and heat transfer in square minichannels with twisted tapes is
presented in [12], while the paper [13] includes the results of the numerical
study of heat transfer enhancement in a square minichannel heat sink with
butterfly inserts.
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Another recently investigated problem related to the presented examples
is mass transfer during the fluid flow through channels with an annular
cross-section and square minichannels. Similar to the thermal investiga-
tions, the results of an experiment on mass transfer in an annular channel
with an obstruction were reported in [14]. In turn, the special fluid na-
noelectrolyte flowing through the annular channel with the inner surface
working as the cathode was studied in [15]. In the case of square minichan-
nels the works [16–18] present the results of investigations of mass transfer
coefficients under conditions of the laminar and turbulent flow through the
system of long square minichannels.

The main and important topic in heat and mass transfer considerations
is the determination and validation of formulas for obtaining mass or heat
transfer coefficients, taking into account certain boundary conditions.

In the present study, the comparative analysis of the results of mass/heat
transfer coefficients in the case of the fluid flow through channels with annu-
lar and mini-square cross sections has been performed. Based on the avail-
able literature data and our own research, the comparison of the mass/heat
transfer coefficients with the use of the analogy method has been performed.
The main goal of the work is to validate the received equations in appli-
cation to the considered channel geometry. The results obtained from the
validation may be important in further mass/heat transfer studies.

2 Mass transfer – experimental investigation
This section discusses the results of experimental research on mass transfer
during the electrolyte flow through the annular and square channels. The
considered data are the results of measurements of mass transfer coeffi-
cients. The investigations have been performed using the limiting current
technique.

2.1 Limiting current technique in the investigation of mass
transfer in channels

The electrochemical method named the limiting current technique is a met-
hod used to determine mass transfer coefficients. The limiting current tech-
nique involves observing the controlled diffusion of ions at the electrode
surface. Most often it is the cathode. Once the external voltage is applied
to electrodes, which are immersed in the electrolyte, the reduction of anions
occurs at the cathode and the oxidation process at the anode, by which the
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electric current arises in the external circuit. The current is proportional to
the number of reacting ions.

Taking into account Faraday’s law the current I is given by

I = nFAN, (1)

where: A – surface of the cathode, n – valence charge of reacting ions, N –
molar flux density, F – Faraday constant.

The process of ion transport occurs by three phenomena: convection, mi-
gration and diffusion. However, the convection element is negligibly small.
In turn, the migration process can also be neglected when the additional
background electrolyte is used. Taking into account only the diffusion pro-
cess, according to Fick’s law about molar flux density and based on the
Nernst model of linear dependence of ion concentration vs the distance
from the electrode surface in the diffusion layer [19], the following equation
is valid

I = nFAβ (Cb − Cw) , (2)

where: β – mass transfer coefficient, Cb, Cw – bulk ion concentration and
ion concentration at the electrode surface, respectively.

It is impossible to calculate the mass transfer coefficient from Eq. (2)
because Cw is practically non-measurable. In the limiting current technique,
an increasing current is caused to flow across the electrodes by increasing
the applied voltage.

If the anode surface is much bigger than the cathode surface, a further
increase in the applied voltage will not lead to increased current intensity
– segment AB in Fig. 1. This segment of the polarization curve is called

Figure 1: Current vs potential curve – voltammogram with the limiting current plateau
region.
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the limiting current plateau. Under these conditions the ion concentration
at the cathode surface Cw approaches zero. Based on the measurement of
the limiting current, the mass transfer coefficient can be calculated from
the equation

β = Il

nFACb
, (3)

where: Il – limiting current. The experiment performed with the presented
method requires measurements of the limiting current and the bulk ion
concentration Cb.

Different electrochemical systems are used in the limiting current met-
hod. The ferri-ferrocyanide system is useful among others due to minimiz-
ing the reactions of deposition [20]. In this case, the oxidation-reduction
reaction under controlled convective-diffusion is given by

[Fe(CN)6]−4 ←oxidation reduction−−−−−−−−−−−−−−→ [Fe(CN)6]−3 + e. (4)

In order to achieve the controlled convective-diffusion process, oxygen must
be removed from the electrolyte. The bubbling of the electrolyte with ni-
trogen satisfies this condition. Electrodes made of nickel are useful in the
mentioned system. The value of the ferricyanide ions concentration Cb is
measured using iodometric titration. Figure 2 presents the electrochemical
system corresponding to Eq. (4).

Figure 2: Scheme of the electrochemical system applied in the limiting current method;
Electrolyte-aqueous solution of equimolar quantities of K3Fe(CN)6 and
K4Fe(CN)6 and molar solution of sodium hydroxide NaOH: 1 – nickel cath-
ode, 2 – nickel anode, 3 – electric insulation, 4 – construction element.
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Since the ferricyanide reduction at the cathode is a limiting reaction,
the cathode surface models the heat transfer surface in mass/heat transfer
analogy studies.

In the electrochemical research with the use of the limiting current tech-
nique for the determination of mass transfer coefficients, the boundary con-
dition characterised by constant ion concentration at the cathode surface
takes place. This is the analogous situation to the Dirichlet condition of
constant wall temperature in thermal research.

The discussed method has been applied in some studies of mass transfer
in channels with other geometries (in addition to those considered in this
paper): short ducts with varied shapes and surface areas along the curved
axes [21], short circular minichannels [22,23], long circular and rectangular
microchannels [24–26], conventional circular channels [27], or short ducts
consisted in cylindrical segments in different configurations [28].

Considering the convective heat transfer during the flow through the
concentric annular channel, the most common case, i.e. heat transfer from
the outer surface of the inner tube, is discussed. Thus, this surface works as
the cathode in mass transfer investigations. In the case of square minichan-
nel the whole inner surface of the channel was the cathode.

2.2 Experimental results — annular channel
The results of electrochemical research on mass transfer coefficients dur-
ing the electrolyte flow through the annular channel were reported in [29].
The tests covered a wide range of Reynolds numbers. Both turbulent and
laminar flow were studied. The work [29] includes the results of investiga-
tions of Chilton-Colburn coefficients. These results were transformed to the
dimensionless mass transfer coefficient that is the Sherwood number:

Sh = βdH

D
, (5)

where: dH – hydraulic diameter, dH = do − di, do – inner diameter of the
outer tube, di – outer diameter of the inner tube, D – diffusion coefficient.

The studies reported in [29] concerned two types of annular channels.
The first was characterized by L/dH = 4.19, and the second L/dH = 6.32.
The obtained Sh vs Re relationships in the laminar range are shown in
Fig. 3. Figure 3 also includes the classical formula – Leveque correlation
for tube [30]. The Leveque equation for mass transfer is given by

Sh = 1.615Sc1/3Re1/3
(

dH

L

)1/3
. (6)

Sc number was 1540 in the cited study.
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Figure 3: Sh number vs Re number for the laminar flow with mass transfer through the
annular channel.

As can be seen from the graph in Fig. 3, Eq. (6) differs from the results of
mass transfer research. The maximum deviation is about 30% for L/dH =
4.19. At L/dH = 6.32 (the longer channel), the deviation is smaller. It
should be noted that the classical Leveque correlation was obtained from
studies on the flow through the channel with a circular cross-section.

The results of mass transfer coefficients measurements in turbulent range
are included in Fig. 4. The results from [14] concern the electrolyte flow

Figure 4: Sh number vs Re number for the turbulent flow with mass transfer through the
annular channel.
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through the annular duct with an obstacle. The corresponding line in Fig. 4
was received for the section of the examined channel behind the obstacle.
In this case, the values of the mass transfer coefficient stabilized. In turn,
the data from work [29] were averaged for the two investigated surfaces.

Figure 4 also presents the results from work [15] which were received
for the same geometry of the annular channel as in [29]: do/di = 1.396
and L/dH = 4.19. Other lines in Fig. 4 present the relationship for mass
transfer during the turbulent flow in an annular channel [14]:

Sh = 0.86
(

di

do

)−0.16
Sh∗, (7)

where
Sh∗ = 0.023Re0.8Sc1/3. (8)

As can be seen in Fig. 4 the best agreement of the results from [15] with
Eq. (7) for the same geometry is in the range of Re from 6000 to 10 000.
The maximum obtained deviation is about 21%. It should be noted that the
classical formula (8), valid for mass transfer in turbulent region, was deter-
mined using the Chilton-Colburn analogy between mass and heat transfer.
Equation (8) is suitable for ducts with different cross sections. However, it
was found that the channel cross-section has a significant impact on transfer
processes [31]. In addition, measurement uncertainty must be taken into ac-
count. In [15] the authors reported the average relative uncertainty of ±2%
for determining the mass transfer coefficient and ±8% for the Re number.

2.3 Experimental results — square minichannel

The results of investigations of mass transfer coefficients during the laminar
flow through the square minichannel using the limiting current technique
were reported in [17]. The authors experimentally investigated the system
of 100 mm long, 2 mm wide minichannels. The hydraulic diameter charac-
terizing the square channel is equal to its width. The work analysed not
fully developed laminar flow region. Due to the long channel with a small
hydraulic diameter that was investigated, the change of ion concentration
along the channel length has been taken into account. Thus, the average
bulk ion concentration in Eq. (3) has been included.

The experiment was carried out on the stand, the diagram of which is
shown in Fig. 5.

Similar to the considerations concerning the mass transfer in the annular
duct, the results presented in the form of Chilton-Colburn coefficients were
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Figure 5: Scheme of the experimental system to measure the mass transfer coefficients
in square minichannels [17]: 1 – cylinder with nitrogen, 2 – tank with the
electrolyte, 3 – valve; 4 – pump, 5 – flowmeter, 6 – test section with the system
of square minichannels, 7 – laboratory digital multimeter, 8 – high precision
standard resistor, 9 – DC laboratory power supply, 10 – computer with data
logger.

recalculated to the Sherwood number form. The correlation obtained as
a fitting of the experimental results is given by

Sh = 0.468Re0.443Sc1/3. (9)

Figure 6 includes the received Sh results in the considered range of Re
numbers. It should be noted that the uncertainty of mass transfer coef-

Figure 6: Mass transfer in square minichannel.
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ficients determination was reported as equal to 2.5% [17]. In the case of
channels characterized by small hydraulic diameters, this factor is of great
importance.

3 Mass/heat transfer analogy results

3.1 Analogy between the heat and mass transfer

In the processes of mass transfer the concentration gradient of the trans-
ferred molecules or ions plays a major role. In heat transfer processes, it
is a temperature gradient. The analogy between heat and mass transfer
processes makes it possible to transform the results of thermal experiment
into analogous mass transfer results and vice versa. This is due to the
similarity of the differential equations for energy and mass transfer in the
boundary conditions when the transport gradients are expressed in terms
of dimensionless variables. The non-dimensional transport equations take
the form

DĈ

Dt
= 1

Re Sc
∂2Ĉ

∂x̂2 , (10)

for mass transfer, and
DΘ̂
Dt

= 1
Re Pr

∂2Θ̂
∂x̂2 , (11)

for heat transfer, where: Ĉ, Θ̂, x̂ – dimensionless variables representing the
concentration, temperature difference and the generalized coordinate. The

terms DĈ

Dt
and DΘ̂

Dt
are material derivatives.

The existence of the analogy between transfer processes requires that
certain conditions have to be fulfilled [32]: there is no mass or energy pro-
duced in the system, there is no radiation and no viscous dissipation, the
mass or heat transfer processes do not affect the fluid velocity profile, and
the fluid physical properties are constant.

Dimensionless concentration and temperature profiles as solutions of
Eqs. (10) and (11) are the same when the boundary conditions are equiv-
alent for a given geometrical configuration and dimensionless numbers Sc
and Pr are equal.
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Under steady-state conditions, the solution to the mass transfer problem
has a general form

Sh = f(Re, Sc), (12)

whereas the heat transfer has a form

Nu = f(Re, Pr). (13)

Thus, the Sh and Nu numbers are analogous terms which represent the mass
transfer intensity by diffusion and the heat transfer intensity by convection.

Based on the analytical description of the transfer processes and the
results of experimental research, the simple formula for determining the
unknown convective transfer coefficients from the mass/heat transfer anal-
ogy takes the form

Nu
Sh =

(Pr
Sc

)z

, (14)

where the exponent z is obtained from experiments.
Chilton and Colburn proposed that z = 1/3 [33]. Researchers determined

z from a large database which is the result of many experiments performed.
These were the experiments with the flow through circular pipes, around
cylinders as well as over flat smooth plates. The Chilton-Colburn analogy
has been found to be valid mainly for the fully developed turbulent flow.
However, the analogy can also be used in the case of laminar flow [34].
It is valid for gases and liquids within the ranges of Sc number from 0.6
to 2500 and Pr number from 0.6 to 100 [32]. In turn, the validation of
the Chilton-Colburn mass/heat transfer analogy for processes occurring in
minichannels is presented in [35]. The author focused on circular and rect-
angular channels with a small hydraulic diameter. The conducted analysis
did not give a clear answer to confirm the Chilton-Colburn analogy in the
considered minichannels because both convergence and divergence of the
results were noted.

3.2 Comparison of the mass and heat transfer results –
the case of annular channel and square minichannel

In order to make a comparative analysis of the results of mass/heat transfer
analogy, some correlations for the convective fluid flow through channels
were considered.
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The first formula based on the theoretical analysis relates to the laminar
flow through the circular pipe [36]. It is given by

Nu =

3.663 + 0.73 +
[
1.615

(
RePr d

L

) 1
2
− 0.7

]3

+
[( 2

1 + 22Pr

) 1
6

(
RePr d

L

) 1
2
]3

1/3

. (15)

Equation (15) is valid for the Dirichlet boundary condition of constant wall
temperature. This is the analogous condition to the constant ion concen-
tration at the cathode surface for mass transfer phenomena.

In turbulent region of the flow through the annular channel the com-
prehensive formula based on the results of many experiments [37, 38] is
given by

Nu =
fann

8 (Re−1000) Pr

1 + 12.7
(

fann
8

)1/2(
Pr2/3−1

)
[
1+

(
dH

L

)2/3]
0.75

(
di

do

)−0.17
W. (16)

The friction factor fann in Eq. (16) depends on the diameter ratio di

doi

. It

is given by [37]

fann =

〈
1.8 log10 Re



[
1+

(
di

doi

)2]
ln

(
di

doi

)
+

[
1−

(
di

doi

)2]
[
1−

(
di

doi

)2]
ln

(
di

doi

)
− 1.5

〉−2

. (17)

Equation (16) is valid when the process of heat transfer occurs from the
outer surface of the inner pipe, and the outer pipe is insulated. The pa-
rameter W in Eq. (16) characterizes the fluid properties temperature de-
pendence. For gases, W can be written as a ratio of the bulk temperature
Tb to the wall temperature Tw, raised to the specific power. In the case of
liquids, the variations of fluid properties with temperature can be expressed
as a ratio of Prb to Prw, raised to the specific power. Prb and Prw repre-
sent the Prandtl numbers of the fluid at the bulk and wall temperature,
respectively.
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Heat transfer coefficients received from the investigation on mass trans-
fer [29] and Eq. (15) for the laminar range of Re numbers at different values
of Pr number are included in Fig. 7a and 7b. Figure 7a presents the results

(a)

(b)

Figure 7: Chilton-Colburn analogy results for the annular channel in laminar region.
Comparison with the theoretical solution for the circular channel: (a) L/dH =
4.19, (b) L/dH = 6.32.
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for the shorter channel (L/dH = 4.19). As can be seen, the analogy re-
sults lie above the theoretical line representing the boundary condition of
constant wall temperature. The maximum deviation between the results is
about 15%. For L/dH = 6.32 (Fig. 7b), there is a good agreement of the
mass/heat transfer analogy results with the analytical solution for a circular
duct. The maximum deviation is about 8%.

The results of comparative analysis for the turbulent region of the fluid
flow with mass/heat transfer through the annular channel are shown in
Fig. 8. The results of the mass transfer experiment were taken from the
authors’ investigations [15] due to their better agreement with Eq. (7), (see
Fig. 4).

Figure 8: Chilton-Colburn analogy results for the annular channel in turbulent region –
comparison with the thermal experimental results.

The analogy results were compared with the Gnielinski formula for the tur-
bulent range of the fluid flow through the annular channel (16). Similar to
the laminar region, three representative values of Pr numbers were consid-
ered. Parameter W in Eq. (16) was assumed as equal to 1. As can be seen
in Fig. 8, a better compliance of the results occurs for the liquid flow at
Pr = 7 and 70. The maximum deviation in this case is about 10% while for
gases (Pr = 0.7) it is 20%.

In the comparative analysis of the case of convective fluid flow through
the square minichannel, Eq. (15) valid for the laminar flow through the cir-
cular pipe was taken into account. Additionally, the analytical solution for
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a fully developed laminar flow in a straight minichannel with a rectangular
cross-section was considered. The approximate formula of this solution has
the form [39]:

Nu = 8.235
(
1− 2.0421K−1 + 3.0853K−2 − 2.4765K−3

+ 1.0578K−4 − 0.1861K−5
)

, (18)

where the parameter K is the aspect ratio of the channel cross section (the
ratio of the width to the height of the channel). In the case of a square
minichannel K = 1 and Nu number from Eq. (18) it is equal to 3.61.

Figure 9 presents the results of the comparison. Additionally, the litera-
ture data of experimental studies on heat transfer in a square minichannel
have been added [10]. These are the results of research of water convec-
tive fluid flow (Pr = 7) through the system of 75 mm long, 1 mm wide
minichannels.

Figure 9: Chilton-Colburn analogy results for the square minichannel. Comparison with
the theoretical solution for a circular channel and with heat transfer experi-
mental results.

As can be seen in Fig. 9, the results of analytical study [39] are closest to the
mass/heat transfer analogy results. In turn, these are lower than those from
the conventional theory (Eq. (15)) and from thermal experimental results.
The differences are large – even 75%. The reason for this discrepancy should
be considered. The main problem is the channel geometry. A square cross-
section with mini dimensions can have a major impact on the intensity of
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mass transfer processes. If the diffusion layer thickness is comparable with
the channel hydraulic diameter, the obtained mass transfer results may be
underestimated [40]. In turn, in thermal investigations, both higher or lower
Nu numbers for convective fluid flow through minichannels in comparison
to conventional cases can be found [41–43]. It should be noted that in the
thermal investigations of the flows in small-sized channels, it is very difficult
to measure the temperature, which may result in high uncertainty of the
results. Thus, it can be concluded that further research is needed.

4 Conclusions

In the present study the authors have tried to carry out a comparative
analysis of the Chilton-Colburn analogy results in the case of fluid flow with
mass/heat transfer through the annular channel and square minichannel.
The data of mass transfer were the results of measurements carried out with
the use of the limiting current technique. Based on the received results,
some conclusions can be drawn, such as those listed below.

The analogy between mass and heat transfer proposed by Chilton and
Colburn is a simple and very useful method in heat transfer research. The
analogy method may be applied when the heat experiment may be dif-
ficult to carry out. This is important when it is difficult to measure the
temperature. Then, the method makes the determination of the unknown
convective transfer coefficients become possible.

In the considerations of convective fluid flow through the annular chan-
nel, it is advisable to use the analogy method proposed by Chilton and
Colburn. The discussed method can be particularly useful for the liquid
laminar flow – in this case, the best agreement of the analogy results was
obtained. The considerations made in the present study can be a base for
applying the analogy method also for the annular ducts characterized by
various geometrical configurations.

In the case of convective fluid flow through a long square minichannel,
there is a large discrepancy between the mass and thermal experiment
results. One of the possible reasons for this could be that the boundary
conditions are not compatible. The Dirichlet condition characterizes the
limiting current technique while the Newman condition takes place in most
thermal experiments - also in the case of the experiment, the results of
which were included in the comparative analysis. In the analysis of the case
of annular channel, this agreement was maintained.
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The second issue that may have an impact on the discrepancy of the
results is the geometry of the investigated channel – mini dimensions and
the cross-section shape of the channel.

Received 2 March 2023
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