10.24425/acs.2023.148878

Archives of Control Sciences
Volume 33(LXIX), 2023
No. 4, pages 711-735

A new modified WINDMI jerk system with exponential
and sinusoidal nonlinearities, its bifurcation analysis,
multistability, circuit simulation and
synchronization design
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In this work, a new 3-D modified WINDMI chaotic jerk system with exponential and sinu-
soidal nonlinearities is presented and its dynamical behaviours and properties are investigated.
Firstly, some properties of the system are studied such as equilibrium points and their stability,
Lyapunov exponents and Kaplan-Yorke dimension. Also, we study the new jerk system dynam-
ics using numerical simulations and analyses, including phase portraits, Lyapunouv exponent
spectrum, bifurcation diagram and Poincaré map, 0-1 test. Next, we exhibit that the new 3-D
chaotic modified WINDMI jerk system has multistability with coexisting chaotic attractors.
Moreover, we design an electronic circuit using MultiSim 14.1 for real implementation of the
modified WINDMI chaotic jerk system. Finally, we design an active synchronization scheme for
the complete synchronization of the modified WINDMI chaotic jerk systems via backstepping
control.
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1. Introduction

In view of their complexity and unpredictability, chaotic dynamical systems
are applicable in several scientific and engineering areas such as machine learning
[1,2], image encryption [3-5], FPGA design [6, 7], memristors [8, 9], chemical
reactions [10], etc.

Autonomous chaotic jerk systems are characterized by third order differential
equations of the form

p=2g(p.p.p) (1)
which have Lyapunov exponents having the signs (+, 0, —). These chaotic sys-
tems are conservative when the sum of their Lyapunov exponents is zero and
dissipative when the sum of their Lyapunov exponents is negative [11].

It is convenient to represent the autonomous jerk ODE (1) in the following
representation of an autonomous system of first order differential equations.

P =q,
qg=r, 2)
F=g(p.q.,r),

where p(t), q(t) and r(¢) are the three states of the autonomous jerk system (2).
Chaotic jerk systems arise in mechanical engineering and the state variables p(7),
q(t) and r(¢) can be given a physical interpretation as displacement, velocity and
acceleration for a moving body.

Many research studies have been made on chaotic jerk systems in the recent
years [12—15]. Li and Zeng [12] described a multi-scroll attractor with multi-
stability behavior in a 3-D jerk system with a sinusoidal nonlinearity. Dongmo
et al. [13] reported the FPGA implementation of an an autonomous Josephson
junction jerk system with multistability. Ramadoss et al. [14] studied the circuit
realization of a chaotic jerk system with septic nonlinearity. Lai and Lai [15] found
a memristive chaotic system with multistability and offset shooting behavior and
described its hardware implementation.

A WINDMI Chaotic System stands for the Wind-Magnetosphere-lonosphere
system which represents the energy influx from the solar wind-magnetosphere-
ionosphere system [16]. A mathematical model of WINDMI chaotic system with
an exponential nonlinearity was proposed by Sprott [17]. In this research work,
we add a sinusoidal nonlinearity to the WINDMI chaotic jerk system and obtain
a new chaotic jerk system with more complexity.

We carry out a detailed bifurcation analysis of the new modified WINDMI
chaotic jerk system with exponential and sinusoidal nonlinearities. It is well-
known that bifurcation analysis of dynamical systems with respect to changes
in the parameter values give an in-depth view of the qualitative nature of the
underlying systems [18-20]. We also exhibit that the new modified WINDMI
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chaotic jerk system has multistability with coexisting attractors. Multistability of
a chaotic system refers to the coexistence of chaotic attractors for the same set of
parameter values but different initial states [21-23].

Next, we design an electronic circuit via MultiSim 14.1 for the new modified
WINDMI chaotic jerk system with exponential and sinusoidal nonlinearities.
Circuit design for chaotic systems is useful for applications [24-26]. Finally, as
a control application, we derive new results for the complete synchronization of
a pair of new modified WINDMI chaotic jerk systems taken as the master and
slave systems via backstepping control technique. Synchronization of chaotic
systems has many applications in control engineering such as cryptosystems,
secure communications, etc. [27-29]. The backstepping control technique is
a simple recursive design procedure that associates the choice of the control
Lyapunov function with the suitable design of a feedback controller [30, 31].
Backstepping control has many engineering applications [32,33].

2. Description of the new chaotic jerk system

A WINDMI Chaotic System stands for the Wind-Magnetosphere-lonosphere
system which represents the energy influx from the solar wind-magnetosphere-
ionosphere system. A mathematical model of WINDMI chaotic system was pro-
posed by Sprott [17] as the following jerk dynamics:

X =y,
y=z, 3)
z=—-az—-y+b-e",

where x, y, z are the state variables and a, b, ¢ are positive parameters.

It was shown by Sprott [17] that the WINDMI system (3) is chaotic for the
parameter values taken as follows:

a=0.7, b=25. 4)

For the initial state (x(0), y(0), z(0)) = (0.5,0.2,0.5) and (a, b) = (0.7,2.5),
the Lyapunov exponents for the WINDMI system (3) were calculated for 7 = 1E4
seconds as follows:

Ly =0.0758, L,=0, L3z=-0.7758. (5)

The Kaplan-Yorke dimension for the WINDMI chaotic system (3) is found as
follows:
Li+ L,

DK =2+
|L3]

=2.0977. (6)
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In this work, we obtain a modified WINDMI chaotic system by introducing
a sinusoidal nonlinearity to the WINDMI chaotic system (3). Thus, we propose
the following new jerk dynamics:

xX=y,
y=2, (7)
Z=—az—y+b+csin(y) — e,

where x, y, z are the state variables and a, b, ¢ are positive parameters.
In this work, we shall establish that the modified WINDMI system (7) is
chaotic for the parameter values taken as follows:

a=0.7, b=25 ¢=0.2 (8)

For the initial state (x(0),y(0),z(0)) = (0.5,0.2,0.5) and (a,b) =
(0.7,2.5,0.2) the Lyapunov exponents for the modified WIDMI system (7) were
calculated for 7' = 1E4 seconds as follows:

L;=0.0993, L,=0, L3=-0.7993. 9

The Kaplan-Yorke dimension for the modified WINDMI chaotic system (7)
is found as follows:
Li+1L»
|L3]

The values of the MLE and Dk for the modified WINDMI system (7) are
greater than the values of the MLE and Dg for the WINDMI chaotic system (3)
respectively, exhibiting that the modified WINDMI chaotic system (7) has more
complexity than the WINDMI chaotic system (3).

Clearly, the modified WINDMI system (7) has a unique equilibrium point
given by:

DK:2+

=2.1242. (10)

x=In(b), y=0, z=0. (11)

For the chaotic case (8), the unique equilibrium point of the system (7) is
obtained as
x=0.916290, y=0, z=0. (12)

The eigenvalues of the Jacobian matrix of the new modified WINDMI sys-
tem (7) at the equilibrium point: Ey = (0.916290, 0, 0) are found as follows::

A1 =-1.4017, A2 = 0.35085 + 1.28861,

A3 = 0.35085 — 1.2886i. (13)

Hence, Ej is a saddle-focus point and it is unstable for the new chaotic jerk
system (7).
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Figure 1 portrays the 2-D and 3-D plots of the chaotic attractor of the new
modified WINDMI chaotic jerk system (7) for (x(0), y(0), z(0)) = (0.5,0.2,0.5)

and (a, b, c) = (0.7,2.5,0.2).

Figure 2 shows the plots of the Poincaré section of the new modified WINDMI
chaotic jerk system (7) in different planes.
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Figure 1: 2-D and 3-D plots of the chaotic attractor of the new modified WINDMI jerk
system (7) for (x(0), y(0), z(0)) = (0.5,0.2,0.5) and (a, b,c) = (0.7,2.5,0.2)
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Figure 2: Plots of the Poincaré section of the new modified WINDMI chaotic jerk system
(7) in different planes for a = 0.7

3. Bifurcation analysis of the new modified WINDMI jerk system

3.1. Changes with respect to the parameter a

We fix the values of b and c as b = 2.5 and ¢ = 0.2.
When a € [0, 2], the behavior of the new modified WINDMI jerk system (7)
is either chaotic or periodic.
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Figure 3 shows the bifurcation diagram and Lyapunov exponents of the new
modified WINDMI jerk system (7) when a varies in the interval [0, 2].

o.s o.8 1 1.2 1.4 1.6 1.8 2
Bifuracation paramecter a

(a) Bifurcation Diagram

0.5

-0.5 |- ,

Lyapunov

0 0.2 0.4 0.6 o8 1 1.2 1.4 1.6 1.8 2
=

(b) Lyapunov Exponents

Figure 3: Bifurcation diagram and Lyapunov exponents of the new modified WINDMI
jerk system (7) when b = 2.5, ¢ =0.2 and a € [0, 2]

We divide the interval [0, 2] into two subsets A and B, which are defined as
follows:

A = (0,0.06) U (0.06,0.81) U (0.81,0.85), (14)
B = [0.24,0.26] U [0.85,2] U {0.06}. (15)



718 M.A. MOHAMED, S. VAIDYANATHAN, F. HANNACHI, A. SAMBAS, P. DARWIN

When a € A, we can see from Figure 3 that the Lyapunov exponents of
the new modified WINDMI jerk system (7) has signs (+, 0, —). Thus, the new
modified WINDMI jerk system (7) is chaotic for a € A.

When a = 0.05, the Lyapunov exponents of the new modified WINDMI jerk

system (7) are obtained as
Ly =0.03028, L,=0, L3=-0.08073. (16)

When a = 0.7, the Lyapunov exponents of the new modified WINDMI jerk
system (7) are obtained as

L; =0.1004, L,=0, L3=-0.8005. 17

Figure 4 shows the chaotic attractors of the new modified WINDMI jerk
system (7) for b = 2.5, ¢ = 0.2 and different values of a € A.
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’235 -20 -15 -10 -5 o 5
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Figure 4: Chaotic attractors of the new modified WINDMI jerk system (7) for b = 2.5,
¢ = 0.2 and different values of a € A
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When a € B, we can see from Figure 3 that the Lyapunov exponents of
the new modified WINDMI jerk system (7) has signs (0, —, —). Thus, the new
modified WINDMI jerk system (7) is periodic for a € B.

When a = 0.25, the Lyapunov exponents of the new modified WINDMI jerk
system (7) are obtained as

Ly=0, L;=-0.01243, L3;=-0.2382. (18)

When a = 0.85, the Lyapunov exponents of the new modified WINDMI jerk
system (7) are obtained as

Ly =0, L;=-0.08632, L3=-0.7638. (19)

When a = 0.9, the Lyapunov exponents of the new modified WINDMI jerk
system (7) are obtained as

L; =0, L;=-0.04905, L3=-0.8512. (20)

Figure 5 shows the periodic attractors of the new modified WINDMI jerk
system (7) for b = 2.5, ¢ = 0.2 and different values of a € B.
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Figure 5: Periodic attractors of the new modified WINDMI jerk system (7) for b = 2.5,
¢ = 0.2 and different values of a € B
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3.2. Changes with respect to the parameter b

We fix the values of ¢ and c as a = 0.7 and ¢ = 0.2.

When b € [2, 4], the behavior of the new modified WINDMI jerk system (7)

is either chaotic or periodic.

Figure 6 shows the bifurcation diagram and Lyapunov exponents of the new

modified WINDMI jerk system (7) when b varies in the interval [2,4].
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Figure 6: Bifurcation diagram and Lyapunov exponents of the new modified WINDMI
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We divide the interval [2,4] into two subsets A and B, which are defined as
follows:

A =1[2,2.28) U (2.35,3.32) U (3.32,3.44) U (3.84,4), 21)
B =[2.28,2.35] U [3.44,3.84] U {3.32}. (22)

When b € A, we can see from Figure 6 that the Lyapunov exponents of
the new modified WINDMI jerk system (7) has signs (+, 0, —). Thus, the new
modified WINDMI jerk system (7) is chaotic for b € A.

When b = 2.1, the Lyapunov exponents of the new modified WINDMI jerk
system (7) are obtained as

L; =0.1082, L,=0, L3=-0.8085. (23)

When b = 2.8, the Lyapunov exponents of the new modified WINDMI jerk
system (7) are obtained as

Ly =0.01873, L,=0, L3=-0.7818. (24)

When b = 3.95, the Lyapunov exponents of the new modified WINDMI jerk
system (7) are obtained as

L; =0.04806, L, =0, L3=-0.748. (25)

Figure 7 shows the chaotic attractors of the new modified WINDMI jerk
system (7) for a = 0.7, ¢ = 0.2 and different values of b € A.

When b € B, we can see from Figure 6 that the Lyapunov exponents of
the new modified WINDMI jerk system (7) has signs (0, —, —). Thus, the new
modified WINDMI jerk system (7) is periodic for b € B.

When b = 2.3, the Lyapunov exponents of the new modified WINDMI jerk
system (7) are obtained as

L =0, L;=-0.05161, L3=-0.6487. (26)

When b = 3.32, the Lyapunov exponents of the new modified WINDMI jerk
system (7) are obtained as

Ly=0, L,=-0.010881, L3=-0.6897. 27)

When b = 3.5, the Lyapunov exponents of the new modified WINDMI jerk
system (7) are obtained as

L =0, L;=-0.07064, L3=-0.6297 (28)

Figure 8 shows the periodic attractors of the new modified WINDMI jerk
system (7) for a = 0.7, ¢ = 0.2 and different values of b € B.
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Figure 7: Chaotic attractors of the new modified WINDMI jerk system (7) for a = 0.7,
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Figure 8: Periodic attractors of the new modified WINDMI jerk system (7) for a = 0.7,
¢ = 0.2 and different values of b € B

3.3. Changes with respect to the parameter c

We fix the values of @ and b asa = 0.7 and b = 2.5.

When ¢ € [0, 1], the behavior of the new modified WINDMI jerk system (7)
is either chaotic or periodic.

Figure 9 shows the bifurcation diagram and Lyapunov exponents of the new
modified WINDMI jerk system (7) when ¢ varies in the interval [0, 1].

When ¢ € [0, 1], we can see from Figure 6 that the Lyapunov exponents of
the new modified WINDMI jerk system (7) has signs (+, 0, —). Thus, the new
modified WINDMI jerk system (7) is chaotic for ¢ € [0, 1].
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(a) Bifurcation Diagram
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Figure 9: Bifurcation diagram and Lyapunov exponents of the new modified WINDMI
jerk system (7) whena = 0.7, b = 2.5 and ¢ € [0, 1]

When ¢ = 0.5, the Lyapunov exponents of the new modified WINDMI jerk
system (7) are obtained as

L1 =0.07448, L, =0, L3=-0.7745. (29)

When ¢ = 0.8, the Lyapunov exponents of the new modified WINDMI jerk
system (7) are obtained as

Ly =0.07626, L, =0, L3=-0.7762. (30)

Figure 10 shows the chaotic attractors of the new modified WINDMI jerk
system (7) for a = 0.7, b = 2.5 and different values of ¢ € [0, 1].

(@) c=0.5
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Figure 10: Chaotic attractors of the new modified WINDMI jerk system (7) for a = 0.7,
b = 2.5 and different values of ¢ € [0, 1]

3.4. Multistability in the new 3-D chaotic jerk

Multistability refers to a special property of a chaotic dynamical system which
stands for the coexistence of chaotic attractors for the same parameters but various
values of the initial states.

For the new modified WINDMI jerk system (7), we choose the system pa-
rameters as in the chaotic case, viz. a = 0.7, b =2.5 and ¢ = 0.2.

We choose two initial states as Xy = (1,0,—1) (blue orbit) and Yy =
(=1,-1,1) (red orbit).

Figure 11 shows the multistability and coexistence of two chaotic attractors
of the new modified WINDMI jerk system (7).

295 -20 15 -10 5 0 5
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Figure 11: Multistability and coexistence of two chaotic attractors of the new modified
WINDMI jerk system (7) where a = 0.7, b = 2.5 and ¢ = 0.2. The initial states are
chosen as Xy = (1,0, —1) (blue orbit) and Yy = (-1, —1, 1) (red orbit)

4. Complete synchronization of the new 3-D modified WINDMI
chaotic jerk systems

Since the jerk systems have a special structure, we use the backstepping
control technique [11] in order to achieve complete synchronization between the
master and slave chaotic jerk systems.

For the synchronization design, we consider the master and slave modified
WINDMI jerk systems, which are described as follows:

xm - )’m ’

)"m:Zm» (31)
Zm = —AZm — ym + b+ csin(y,,) — e,

xS - ys’

ys:ZSa (32)

s =—azs — ys+ b +csin(yg) — e + U.

In Eq. (32), U is an active backstepping control to be found.
We define the complete synchonization error between the modified WINDMI
jerk systems as follows:

Ex:xs_xm,
Ey=Ys—Ym, (33)
E,=2zy—2m,
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The error dynamics is derived by means of the following equations:
E,=Ey,
E,=E,, (34)

E.=-aE, - Ey + c[sin(ys) = sin(y,)] — [e* —e™] + U.
In this section, we shall establish the following main result.

Theorem 1 The backstepping control law defined by the equation

U=-3E,—4E, - (3-a)E; —c[sin(y,) —sin(ym)] + [e"* —e™™] — k¢, (35)

with gain k > 0 and , = 2E,+2E + E, globally and exponentially stabilizes the
modified WINDMI chaotic jerk systems (31) and (32) for all initial states in R>.

Proof. We begin with the Lyapunov function

1
Ql(l//x) = 5 lﬁf,

where

Then we get
Q1 =¢xx = _‘/’)% + Yy (Ex + E)’) :

Next, we define
Yy =Ex+E,.

Then Eq. (38) reduces to
Ql = —%% + ‘/’xlﬁy .

Next, we define the candidate Lyapunov function

1 1 1
QoW ¥ry) = Q1 () + 53 = SU5 + 505

We find that

02 =—y; -5 +yy (2E. +2E, + E;) .
To simplify the notations, we set

W, =2E+2E,+E,

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)
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Then Eq. (42) reduces to
On = —y7 — s + Uy . (44)

As a final step of the backstepping control design, we consider the candidate
Lyapunov function

1
QW ¥y, ¥) = Q2 b, By) + 5;1/3. (45)

It is easy to see that Q is a quadratic, positive definite function defined on R3.
We also find that

O, Wy, ) = %wf * %wi + %wi . (46)
A simple calculation yields the following:
Q=-E;-E,-EX+y.W, (47)
where .
W=yy,+y¢,+y,. (48)

A simple calculation shows that
W =3E,+4E,+ (3 —a)E; +c[sin(yy) —sin(y,)] = [e™ —e™]+U. (49)
Substituting the formula given in Eq. (35) for U into Eq. (48), we get

W =—xy,. (50)
Combining (47) and (50), we get
Q=—yr—u;—¢2(1+x). (51)

S%nce k > 0, we see that Q is a quadratic and negative definite function defined
on R”.

By Lyapunov Stability Theory, we deduce that the error dynamics (34) is
globally exponentially stable.

This completes the proof. O

For MATLAB simulations, we pick the parameter values as in the chaotic
situation, viz. a = 0.7, b = 2.5 and ¢ = 0.2. We choose « = 20.

For simulations, the initial condition of the master system (31) is assumed as
follows:

xn(0)=8.1, y,(0)=24, z,(0)=73. (52)
Also, the initial condition of the master system (32) is assumed as follows:
xs(0) =19, y,(0)=6.7, 2z,(0)=5.8. (53)

Figure 12 shows the convergence of the synchronization error (E(t), E,(t),
E (1)) between the jerk systems (31) and (32).
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Figure 12: MATLAB plot showing the synchronization error (Ey, Ey, E;) between the
jerk systems (31) and (32)

5. Circuit simulation of the new 3-D modified WINDMI chaotic jerk system

In this section, the new 3-D modified WINDMI chaotic jerk system (7) is
realized by the NI Multisim 14.1 platform. The electronic circuit design of the 3-
D chaotic jerk system (7) is shown in Figure 13 in which TLO84ACN is selected
as OPAMP and three diodes of type 1N4149. Applying the Kirchhoff’s laws, the
circuit presented in Figure 13 is described by the following equations:

B 1
1
o , 54
y R2C2Z (54)
: ! Lo v b Gny exp(x)
- — X — — Xp(X).
. R3C3 R5C3y RsC3  ReCs Y R7C5 P

Here x, y, z correspond to the voltages on the integrators U1C, U3C, USC,
respectively. The values of components in the circuit are selected as:

Ry =Ry =Rs5=R; =100k, Rz =142.857kQ, R4=2500k, (55)

R; =100k, i=8,9,...,19, Ry =20kQ, Ry =10kQ, (56)

and
Ci=C,=C3=1nF. (57)
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Figure 13: Circuit design of the new 3D modified WINDMI chaotic jerk system (7)
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MultiSim 14.1 outputs of the jerk circuit (54) in different planes are presented
in Figure 14. These results are consistent with the Matlab simulation results for
the new modified WINDMI chaotic jerk system shown in Figure 1.

Oscilloscope-XSC1 X Oscilloscope-XSC1 X

< > < 5
Channel B Channel_A Channel B Channel A

1 [€[9) s = Reverse L€ = = Reverse

{72 [« IRENCTC
5 Save £ Save

EE Ext. trigger Jizi Ext. trigger

+ Timebase Channel A Channel B Trigger - Timebase Channel A Channel B Trigger

'Range:‘ 500 s Scale: | 200 mV/Div Scale: | 200mVDiv | Edge: t/[a] ‘Range:| 500 s Scale: | 200 mV/Div Scale: | 200 mV/Div Edge: 1/ [a]
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¥/T | Add aB| [ac/o acl[o |[oc] - Single | Normal  Auto Y77 | Add AB| [ac][o ac o E singee | Normal | Auto
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©

Figure 14: MultiSim 14.1 outputs showing the Chaotic attractor of the new 3D modified
WINDMI jerk circuit (54) in different planes: (a) (x — y) plane, (b) (y — z) plane and
(c) (x — z) plane

6. Conclusion

This research work describes a novel new 3D modified WINDMI system with
two nonlinearities. The proposed system is investigated using numerical math-
ematical tools namely; Lyapunouv exponent spectrum, bifurcations diagrams,
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0-1 test and Poincaré map. Also, we show that the new modified WINDMI
system exebit the propriety of co-existing of attractors. Finally, The physical
existence of the chaotic attractor is verified by circuit realization of the novel
modified WINDMI system using Multiim 14.1. The novel system and the ob-
tained results of this work have many applications in many fields such as in
secure communication and signal encryption.
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