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On the control of the final speed for a class
of finite-dimensional linear systems:
controllability and regulation
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In this article, we extended the concept of controllability, traditionally used to control the
final state of a system, to the exact control of its final speed. Inspired by Kalman’s theory, we
have established some conditions to characterize the control that allows the system to reach a
desired final speed exactly. When the assumptions ensuring speed-controllability are not met,
we adopt a regulation strategy that involves determining the control law to make the system’s
final speed approach as closely as possible to the predefined final speed, and this at a lower cost.
The theoretical results obtained are illustrated through three examples.
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condition.

1. Introduction

It is known that one of the most important themes in the analysis of a sys-
tem is controllability. Since Kalman’s results in 1963 on the controllability of
linear systems with localized parameters [1], scientists have worked on various
types of controllability to address increasingly complex questions arising from
technological developments. These types include controllability of nonlinear sys-
tems [2—4], systems with time delays [5—7], discrete systems [8—10], fractional
systems [11-13], and distributed systems [14—16].
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To contribute to this theme, we started with the standard linear system

Xx(t) = Ax(t) + Bu(t),
x(0) = x9 € R",

where A € L(R"), B € L(R™,R"), and u € L* (0,T,R™).

Instead of seeking control u € L2 (0, T,R™) toreach a predefined desired state
x4, which was the primary objective of early works on controllability, we aimed
to determine the control u (under certain conditions) that achieves the objective
x(T) = vy, where v, is the desired final speed. This led us to the search for
control u such that Bu(T) = vy — Ax(T), which turned out to be ill-structured and
difficult to solve. To overcome this difficulty and instead of focusing on standard
linear systems, this paper addresses a class of linear systems defined by

(1) = Ax(1) +/B(6)u(9)d9, 0<t<T,

0
x(0) =x9 € R",

where A € L(R") is the matrix of the state, B € L? (0,7, L(R™,R")), u €
L?(0,T,R™) is the control, x(¢) the state of system at instance ¢ and x is the
initial state. Similar to Kalman’s theory, we established conditions to characterize
the control that allows the system to exactly reach the desired final speed. In
the absence of conditions ensuring the speed-controllability of our system, we
consider a weaker version of the problem, a regulation problem, where we aimed
to find the control that allows the final velocity of the system x(7') to approximate
as closely as possible a predefined desired speed v 4.

The rest of the paper is organized as follows. In Section 2, we give some
preliminary results. In Section 3, taking advantage of the results of analysis
and integration, we characterized the speed-controllability and we give the exact
expression of the control allowing the transfer from the initial state to a desired
speed. In Section 4, we study an important special case of the operator B(.),
and then we provide an algebraic characterization of the speed-controllability.
In Section 5, we are concerned with the case when the system cannot be speed
controlled. In Section 6, we provide a numerical example. Section 7 is devoted
to a short conclusion.

Notation In the sequel, L2(0, T, R™) will denote the spaces of integrable square
functions defined on [0,7] and with values in R™, y[45)(?) is the indicator
function that takes value 1 whent € [a, b] and value O whent ¢ [a, b]. Transpose
of a matrix A is denoted by AT. rank(.) represents the rank of a matrix. Also,
range(.) and ker(.) designated image and kernel of an operator, respectively.
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2. Preliminary results
Consider the controlled system
t
(1) = Ax(?) +/B(0)u(9)d0, t>0, n

0
x(0) =xp € R,

where A € L(R") is the matrix of the state, B € L? (0,7, £L(R™ R")), and

u € L? (0,T,R™) is the matrix of the input.
Definition 1 The system (1) is said to be speed-controllable on [0;T] if

Vxo,vg € R, Ju e L?(0,T,R™) : x°(T) = vy.
Theorem 1 The speed in time T is written as
%(T) = Ae™xo + Hu,

where
H:L*(0,T,R") — R",
u— Hiu+Hou
with
T
Hiu = /B(O)u(@)d@
0

and

N

T
Hru :A/e(T_s)A /B(Q)u(&)d@ ds.
0 0
Proof. We have
t N
x(1) = efoo+/e<f—S>A /B(e)u(e)de ds
0 0

since
t S t

%(1) = Aexp+ A [ A | B(Ou(6)do |ds+ [ B(O)u(6)do
[ /
then

%(T) = AeTxo + Hu.

2)

3)

4)

)

(6)
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Theorem 2 The system (1) is speed-controllable on [0;T] if and only if
range H = R".

Proof.
=) Letus show that R" C rangeH,letx € R". The system 1 is speed-controllable
on [0;T], then for xo = 0 and v, = x, there exists a control u € L? (0,T,R™)
such that x, = vy = Ae’4xp + Hu = x = Hu.
<) Since H is surjective, therefore for v, — AeTxy € R”, there exists u €
L?(0,T,R™) such that

Hu =vy— Aex

then
AeTx0+ Hu = vy

thus

xio (T) =Vd 0

Theorem 3 The following properties are equivalent
(i) The system (1) is speed-controllable on [0;T],
(ii) range H = R",
(iii) ker H* = {0}.
Theorem 4 The adjoint of the operator H is given by
H*: R" — L*(0,T,R™) -
x+— H'x
with
(H*x) (6) = BT (6)e T4 . (8)

Proof. Letu € L*>(0,7,R™) and x € R”, then

T
(Hiu, x)pn = /(B(H)u(@),x) do
0

T

:/(u(e),BT(ﬁ)X>d9
0
= (u(.), BT(-)X>L2(0,T,R'") ’
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this leads to
Hix=B"(.)x. 9)

On the other hand

T
(Hou, x) = <A/e(T A
0

T
/e<T 5)A B(@)u(e)de ds, ATx >
0

S

B(G)u(@)d@ ds, x>

T
-0/<e<T 94 /B(e)u(e)de ATx >ds

0
T K

:/</B(9)u(9)d0,e(T_S)ATATx>ds.
0 ‘0
By using Fubini’s theorem, we find

T T

(Hou, x) =/ </B(0)u(9),e(T_S)ATATx> ds|de
0
T
/<u(0 /BT(H)e(T $)AT ATxds> de,
0 (2
thus
T
(H>x) (6) = /BT(G)e(T_S)ATATxds (10)
0
T
- B7(6) / [e”—s)ATx]'ds (11)
- BT(0) [e(H)ATx - x] , (12)

according to the two relations (9) and (12) we obtain that

(H*x) (8) = BT (9)eT-04" x. 0
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Remark 1 By a simple use of Cayley-Hamelton theorem, we establish that
kerR C ker H* (13)
with i
R:R" —s (L2 0,7, R’”)) ,
BT ()x
BT()ATx (14)

X —>

BT() (AT x

3. Exact determination of the control
Let A be the matrix of order n defined by

A=HH". (15)

Remark 2 The matrix A is symmetric positive.
Indeed, let x € R”, then
(Ax,x) = [ H*x||* > 0.
Proposition 1 If The system (1) is speed-controllable on [0;T], then there ex-

ists a control u* permitting the transfer from xo to vy with minimum energy.
Furthermore, the control u™ is given by

u'=H"z, (16)

where z € R" such that
Az=vs— AeTAxo.

Proof. Let x € R"” and assume that system (1) is speed-controllable on [0; T],
i.e., ker H* = {0}, then we have

(Ax,x)=0 = H'x=0 = x=0 (17)

now, according to (17) and remark 2, we conclude that the matrix A is invertible.
vy — AeT4xy € R" = 3!z € R” such that

Az=vy— AeTAxo



www.czasopisma.pan.pl P N www.journals.pan.pl
Y
S~

ON THE CONTROL OF THE FINAL SPEED FOR A CLASS OF FINITE-DIMENSIONAL
LINEAR SYSTEMS: CONTROLLABILITY AND REGULATION 503

we take u* = H*z, then
AeTxo + Hu* = vy (18)

this leads to
xjjﬁz (T)=vy. (19)

Let’s show that the control #* has a minimum energy. If there exists another
control w solves the same problem, i.e., X0 (T) = vg.

0N(T) =vy = Hw = Hu"
== H(w-u")=0
= (H(w-u"),z)=0
= (w-u",Hz)=0
= (w-u",u")=0
= (w,u") = [|u"|?
= [lu*]]> < flu*|ll|wll
= [lu*]| < [lo]|.

This achieves the demonstration. O

4. An important special case

In this section we discretize the interval [0;T] as , [0;T] = Ul].i 61 [t tia [,
with t;.1 — t; = h, and we take

By in [to;t1],

B in [t1;82],
B(6) = 1. = > X[t [(0)Bi (20)

T

Il
[}

By-1 in [ty-15tn]
with By, Ba, ..., By are n X m-order matrices. We obtain that

Proposition 2 The adjoint of the operator H is given by

Bge(T'Q)ATx in [to;t1],

BT o(T-0)AT n [t 1],
T YOI A 21

B;\—]_le(T_g)ATX in [ty_1;ty].
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4.1. Characterization of the speed-controllability

In order to characterize speed-controllability, we cite the following result.
Proposition 3 The kernel of the operator H* is given by
ker H* = ker L (22)
with L the matrix defined by
B,
TAT
By A
Bl (AT)""!
By
L=|B/AT ) (23)

BT (AT)""!

B
.
Bl AT

Proof.
<) We use the Cayley Hamilton theorem, we find that
Blx=0

BIATx=0
x€ekerL =< .

Vie {0,1,....,N —1}.
BT (A" 'x=0

— Bl x=0; Vie{0,1,...,N - 1},Vs €R.

= x € ker H".

=) By also using the Cayley-Hamilton theorem, we obtain that

x ekerH* = Bl T4 x = 0; VO € [ti:tin [, Vi € {0,1,...,N — 1}

— BT 4" (AT) x=0; VO € [tiitim]. Vie{0.1,...N -1},
Vk € N
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— BT 04"V x =0, VO € [titi[, Vi€ {0,1,...,N -1},
VreN

— Bl x = 0; Vie {0,1,..,N—1}, Vs € R.
We derive this relation and we replace each times s by 0, then
B (AT)"x=0;, VpeN=xekerlL. .
Thus, we characterize the speed-controllability by the following result.
Proposition 4 The following properties are equivalent
(i) The system (1) is speed-controllable on [0;T] .
(ii) rank(L) = n, with L is the matrix defined by (23) .

4.2. Exact determination of the control

Proposition 5 In this case the control u™ permitting the transfer from xq to vy
with minimum energy, is given by

u* =H"z (24)

with z is the solution of the equation

Az =vg — AeTx (25)
and A is defined by
-1 tiv1
Ax = Z / eT=DAB, BT T~ 0. (26)
i=0 §
Proof. We have
A=HH"
then
T T K
Ax = / B(0) (H*x) (0)d6 + A / eT=94 / B(0) (H*x) (6)d6| ds
0 0 0

N—1 ti+1 s

T
- Z / BB T4 xdo+ A / / eT94B(9) (H*x) (6)do | ds.
i=0 0

t; 0
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We use the integration theorem of Fubini, we obtain that

yop fitl T[T
Ax = Z /BiBiTe(T_e)ATxd0+A/ /e(T_S)AB(H) (H*x) (0)ds |do

=0 7 0 \8
N—1 ti+1 T T

_ / BB "0 xdg + / / (Ae<T—S>A)ds B(6) (H*x) (6)d6.
=0 7 0o \g

We use the fact that ,
(e(T—s)A) _ (_Ae(T—s)A)

we find that
N-1 ti+1 N=1 tit1 T
Ax=) / BBl " 0" xdo+ ) / [—e(T‘”A] BB ¢4 xdg
i=0 7. i=0 7. o
N—1 lixl
=5 / (In + (e(H)A - In)) BB T4 xdg
i=0 1
N—1 lixl
= e(T_H)ABl-BiTe(T_Q)ATde.
i=0 7.
From the proposition 1 we can conclude the result. O

Example 1 Let the matrix A, By, By, B> and the parameters T, h, n, m, and N
defined as follows

B, = 1 _ (100 (1
2 = 1] Vd = 100]° X0 = 1]
T
T = 60, hzg, n=2, m=1, N=3
In this case we have
By, 6 €[0,20]

B(6) =By, 6¢€[20,40],
By, @€ [40,60].
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The matrix L is given by

B 10
BjA 10
[ B] _ 30
BIA| |10
BzT 11
B;A 10

since rank(L) = 2, then the considered system is speed-controllable. In this
example the matrix A is given by

lit1
Ax = If e(T_g)AB,-BiTe(T_g)ATxdG
i=0 5.
h 2h
= /e(T_G)ABOBge(T_Q)ATde++/e(T_9)ABlB1Te(T_9)ATxd9
0 h
3h

+ / eT=04B,BT T4 xdg

2h

or
=[] e

this leads to

e (T-0)A Bo B(‘)re(T—B)AT (Xl)
X2

SR FIa
)

h

h
. 221-0)
/e(T_Q)ABoBge(T_QM xdf = /( 0) dox
0

o)
.

Thus

NI*—‘



www.czasopisma.pan.pl N www.journals.pan.pl
Y
S~

508 M. RACHIK, I. KHALOUFI, Y. BENFATAH, H. BOUTAYEB, H. LAARABI

On the other words

e(T—O)ABlBil—e(T—e)A-r

Il
—_—
R
S
S
— O
~———
—_
S O
(=)
~—————
—_
Q
© 7
>
— O
N —

this implies

2h

/e(T—H)ABlB‘IFe(T—G)ATxdG /(962(T 0) 0) 465
h h

2T 4h 2h 1) 0

X
0
and
e 2 T-0 T-6
(T-0)A T (T-6)AT _ e 770 (1 1) [e'77 0 X1
/e BB, e xd@-/(o 1)(1 1)(0 ld@ X
2h 2h
162T6—6h(62h_1) i(eh—l)
_12 e3h (Xl)
B el X2
ﬁ(@h 1) h
therefore
1 or -2 (e2=1) 0] [2e2Te4h(2h_1) 0
A=|2 i3 e (e*"=1)
0 0 0 0
% 2T —Zh( 2h_1)
1 —6h { 2h el h +9 2T 4h( 2h _ ) i( h_
Ee e ( —1) eﬁ(@ —1) e e € €3h e
+ o ( ) 1) ) = +16,2Te—6h(62h 1)
= (eh—
e3h el N
P ( 1) h

Now, we solve the following equation

Az=vy - AeTAxo ,
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A=l@ b
“\c d}’
where
—2hebh —2eTe3n 4 26T gh
a=——=, b= e ,
a b
—2eT 3 4 2T ohe3h 2eTe3n — 2eTehe3h
c= = ’ d= T T T
c 2el —2ele d
with

T =202 o2 _ 42T ol 4 22T 4 2T g=2h ,2(3h)
+ ORe2T 2030 y=4h | 2T 2(3h) ,~6h
— 12T g=2h 20 23h) _ gpy 2T 2k ,2(3h) ,=4h

_ 32T p2h g2(31) ,~6h

9

b =22 — 40T o 4 2%

+ el =21 230 L p 2T y2(3h) ,~4h

+ hoT 231 y=6h _ p ,2T =21 ,2h ,2(3h)

QR ¢2hg2(3h) y=4h _ p 2T )21 2(31) ,=6h

¢ =2eTe?h — 46T e 4+ 2677
+ el =21 2030 | g 2T p2(3h) ,=4h
+ o2 p2031) y=6h _ p, 2T ,=2h ,2h ,2(3h)

_ OneT o223 g=4h _ 2T )21 2(31) ,=6h

d =2 — 42T oM 27T

+ el o=2h 230 L gp 2T y2(3h) ,~4h

+ hoT 2031 y=6h _ 2T ,=2h ,2h ,2(3h)

— QhelT ¢2hg2(3h) y=4h _ p 2T )21 2(3h) ,=6h

k = eZTe—Zhe3h + 9€2T€3h€_4h
+ €2Te3h€_6h _ €2T€_2h€2h€3h

—962T 2h She—4h 2T J2h ,3h

ee —e“ee e_6h.
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The control u# permitting the transfere from xo = (}) tovg = (}88) is given by

N
u(t) = (H'2) (1) = ) Bl e 2xp,, 01 (0).
i=0

Example 2 In this example we take n =2,m =2, N = 2 and

o el o)

‘We obtain that

since rankL = 1, then the system is not speed-controllable .

5. The regulation problem

In this section, we deal with the case where the system is not speed-
controllable on [0, T']. We are concerned with determining the control minimizing
the quadratic functional

I () = &(T) = va, M(X(T) = va) )gn

T
+ / () = p(), G () = p(r)))sndr
0

T
+ [ (u(r), Ru(r))rmdr. 27)
/

with M and G two positive symmetric matrices, and R is a positive definite
symmetric matrix.

Proposition 6 The speed at time t can be written as
%(1) = Ae'xo + (Ku) (1), (28)
where
K:L*(0,T,R") —L*(0,T,R"),

(29)
u —Ku = Kju+HKou
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with
t K
(Ku) (1) = A / eli=9)4 ( / B(@)u(e)de) ds (30)
0 0
and
t
(Fou) () = / B(0)u(6)de. (31)
0

Proposition 7 The adjoint of the operator ‘K is given by

K*: L*(0,T,R") — L?(0,T,R™)

e (32)
with
T
(K*y) (0) = BT(9) / 04Ty (1)t (33)
[

Proof. We have

T
Hatt, ) 1205 = / (Tou) (1), y(1)) dt
0

t

T T/ ¢

= B(H)u(@)d@,y(t)> dt = ( (B(0)u(0), y(t)) d@) dr
[\ I\
T /(T T T

= (B(O)u(8), y(1)) dt) do = <u(0), BT(H)y(t)dt> de.
[/ [

0

Thus

T
(7Gy) (6) = / BT (9)y(r)dr. (34)
6
Hence

T
( i‘y)(-)=BT(-)/y(t)dt. (35)
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On the other hand, we have

t

T [ s
(K, y) 20070y = /<A/6(H)A /
0 0 [0
./T /S
0

t
According to Fubini’s integration theorem, we obtain the following

</ Ae(t—s)A
T t t
(Kiu, ) 12(0,1,m0) =/</(/ Ae(’s)AB(H)u(Q)ds) dH,y(t)>
0

B(0)u(6)do| ds, y(t)>

B(H)u(H)dO) ds, y(t)>

0 0
0 \o

dt

dr.

dr

_/T</ [—e(t_s)A]lB(Q)u(@)d@,y(r)>dt
0 0 ‘
T t
:/</ (e<f—9>A—I)B(e)u(e)de,y(t)>dr
0 0
T t
:/(/<(e("€)A—I)B(@)u(@),y(t)>d9)dt.
0 0

By a second use of the Fubini integration theorem, we have

(K, y) = <(e<’—9>A - 1) B(0)u(6), y(t)> dr|de

<(e<’—9>A - 1) B(H)u(@),y(t)> dr|de

<u(9), BT () (e<’—9>AT - 1) y(t)> dt) d6

O\q O\’\] O\\] O\'\]

<u(0),BT(0) /T (e“—@W —I)y(t)dt>d9.
0
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Which results in
T
(#3) (0 = B7(0) [ (0% - 1) yioyar. (36)
0
If we use Eq. (35) and Eq. (36), we conclude
T
K @) =57(0) [ O ywar (37
0 O
Proposition 8 The functional J could be rewritten as
I (u) = <AeTAx0 —vg, M (AeTAxo — vd)>Rn
+ <Ae'Axo —0.G (Ae'Axo - p)>L2(O’T’Rn) +Fw),  (38)
where
T (W) = (u, (H*MH + K*GH + R) U) 20,1 RM)
+2 <u, H*M (AeTAxo - vd) +K*'G (Ae'Axo - p)> . (39)
Proof. We have
(X(T) = va, M (X(T) = va) )zn
= <AeTAx0 +Hu—-vy, M (AeTAxo +Hu — vd)>Rn
= <AeTAx0 —vg, M (AeTAxo - vd) >R”
+2 <7{u, M (AeTAxO - Vd)>Rn +(u, H*MHu) 20 7 pom)
= <AeTAx0 —vg, M (AeTAxo — vd) >R”
+2 <u, H*M (AeTAxo - vd)> +u, H*MHu) 207 gmy  (40)

L2(0,T,R™)
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and

T

/ () = p(r), G(E(r) — p(M)) dr = (& — p. G(x = p)) 2o mm

0
= <Ae'Ax0 -p0,G (Ae'Axo - p)>
+2 <7(u, G (Ae'Axo - p)>
+ <”’7(*G(K“>L2(0,T,RM)
= <Ae'Ax0 -p,G (Ae'Axo - p)>

+2 <u, K'G (Ae‘Axo - p)>

L2(0,T,R")

L2(0,T,R")

L2(0,T,R")

L2(0,T,R™) + <Lt, 7(*(;(](l’t>L2(O,T,R”') (41)

if we combine Eq. (40) and Eq. (41) we obtain the desired result. O
Remark 3 Ir is clear that

minimizing the function J
g (42)

minimizing the function J .

According to this remark, we are interested in the problem of minimization of the
functional 7.

Proposition 9 The functional J can be written as
T () = B(u,u) +2¢(u) (43)
with B the continuous, symmetric and coercive bilinear form defined by

B:L*(0,T,R™) x L*>(0,T,R™) — R

44
(u,v) — {u, (H*'MH + K*"GK + R) v) )
and € the continuous linear form, defined by
¢:L*(0,T,R™ R
(0.7, k") — us)

u— (u, H*M (Ae™xg — vq) + K*G (Ae*xo — p))

Proposition 10 There exists a unique u* € L*(0,T,R™) minimizing the function
9 and moreover
u*(t) = —C'BT(t)p(1). (46)
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With
C = (7-{*M7-(+‘K*G‘K+ R) @7
and
T

p(t) = eT-DAT )y (AeTAxo - vd) + /e(s_t)ATG (Ae“Axo - p(s)) ds. (48)
t

Proof. We use Eq. (43) and the fact that 8 is continuous and coercive bilinear
form and ¢ is continuous linear form, so by the Lax-Milgram theorem [17] there
exists a unique u* € L?(0,T,R™) such that

Bv,u*) =—€(v), VYvelL*0,T,R").
Which leads to
((HMH+ICGK + Ry u',v) = = (H'M (™50 - v,
+KG (Ae‘Axo - p) ,v> Vv e L2 (0,T,R"™).
Thus
(HMH +K*GK +R)u* =— (W*M (eTAxo - vd) ++ K'G (Ae'Axo - p))
therefore
W() = —C! [W*M (eTAxo _ vd) + K°G (Ae'Axo - p)]
- ¢! BT(.)e(T_‘)ATM(AeTxO—vd)+BT(.) /Te(s_')ATG(AeSAxo—p(s))ds

=-C"' [BT()p()]
with p(.) defined as follows

T
p(r) = e M (AeTAxO - vd) +/e(s_l)ATG (A€SAxO - P(S)) ds
t

and the operator C is given by
C=HMH+KGK+R.

Moreover, since the bilinear form B is symmetric, then u* is the minumum of the
function J [17]. O
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Proposition 11 The function p(.) is the solution to the following equation

_p(1) = ATp(1) +G (Aefoo - p(t)) Ctel0,T],
(49)
p(T)=M (AeTAxo - vd) .

Proof. We take
d(t)=p(T-1), te€][0,T]
then
d0)y=p(T)=M (AeTAxo - vd)

and )
d(t) =-p(T -1)

=A'p(T-1)+G (Ae(T_[)Axo —p(T - t))
—ATd(1) +G (Ae(T")Axo _ (T - t))

this leads to

t

d(t) = 4" d(0) +/e(’_s)ATG (Ae(T_S)Axo - p(T - s)) ds
0

thus

p(T-1)=e*"M (AeTxo—va) + =94 G (Ae(T_s)Axo — (T - s)) ds

=S~

We put § =T — ¢, we obtain that
9

-
p(0) = eT=04T g (AeTAxo - vd +/e(T 6-5)A" G Ae(T D4xo — p(T — s)) ds
0

0
= oT-0AT )y (AeTAxo - Vd) +/€(r_0)ATG (AerAXO - p(r)) (=dr)
T

~

— o T-0AT 3y (AeTAxo - vd) + [ G (Ae”‘xo B p(r)) dr

%\a
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and therefore
T
p(t) = e T=DA  pr (AeTAxo - vd) + /e(r_t)ATG (Ae”‘xo - p(r)) dr.

t

([l
Remark 4 The optimum of the function J is
u*(t) = =C'BT(1)d(T 1), (50)
where d(.) is the solution of the adjoint equation
d(1)=ATd(1)+G (Ae(T")Axo —p(T - t)) . te[0,T],
(51D

d0)=M (AeTAxo - vd) )

6. Numerical approximation

We discretize the interval [0, 7] at points ¢; = iA (i = 0, 1,..., N), where A
is the time step such that ty = T. Next, we denote d(t;) = d;, then according to
Euler’s schema

dy=M (AeTAxo - vd)

diy = A [ATdi +G (Ae(T_"')xo — (T - tl-))] +d;
i=0,1,...,N-1.

u? =-C'BT (1;)d (T - 1;)
=—C7'BT(1;)d ((to + NA) — (1o +iA))
=~C7'BT (1)) d (N = i)A)
=—C7'Bld ((N -i)A)
=-C'Bdy,
ie{0,1,...,N—1}.
Example 3 First of all, let us determine the inverse of the following operator

C=HMH+KGK+R
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we have

C=R (1 YRV (HMH + ‘K*G?()) .
If we assume that |[R™! (H*MH + K*GK)|| < 1 then [+R™! (H*MH + K*GK)
is invertible and the following result holds

(1 + RV (HMH + 7(*G7())_1 = i Pk

k=0

with
P=R Y (HMH + K*GK)

and P is defined by
Py=R"(H*MH +K*GK)y, yeL*0,T,R")

in this case we obtain

+00
Cl'=(+P)'RT =Y PR
k=0

We have
(HMH+KGK)y=H" (MHy)+ K" (GKy)
or
N-1
7_(* (M7-(y) — Z B;e(T—.)ATMq_{y
k=0

on the other hand by using Fubini’s theorem we obtain

T N-1 Tk+1
Hu= [ &T9Bu)ds =Y [ e Buts)ds
0 k=0 7

k

this leads to

N-1 N-1 Tkl
H* (MHy) (0) = Z Bze(T_e)ATM X Z /e(T_s)ABky(s)ds and
k=0 k=0 7,

T
K*(GKy) =B"(.) / T4 (GKy)(s)ds
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or

(«y)(t):/Ae(f—sM /B(e)y(e)de ds+/B(0)y(9)d9

0

0

N_ S

Ae(’ s)A B,-/ i, [(0)Y(0)d0O | ds
=0 0

N-1 !
+ Z B / [Zi;lm[(e))’(e)de.

i=

—_

O\

Now, we take the same parameters and matrices as defined in example 2.
Then

t 1 Ky
(F) (1) = / A 3By [ @y(©)d0 | ds
i=0 0

1 t
+ Z Bl / l[l‘i;t,‘+1[(9)y(0)d6
i=0

= (etos) 1[,0;,1[(9)y(9)d9 ds
0 0
+ [1(0) [ 1e@v@an fas
0 0

+ By

=t~

t
l[to;tl[(g)y(e)dG‘FBl/1[,1;,2[(9)y(0)d6
0

t

/1[t0;t1[(9))’(9)d9
/ /et_sl[,o;,l[(e)y(e)dQ ds L]0
0 \0o :
0 [ 1i@s)ao

0
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On the other hand we have

1 T
(K*GKY) (1) = 3 B (1) / T4 G (Ky)(s)ds
i=0 ,

T
(
e
= (Bg)—l[lo,tl[(t) +BI1[T1,12[(t)) X/( 0

T

T-s) 0
0) G(Ky)(s)ds

t

= (Lt () 1y (1)) X/(e 0 )G(Ky)(s)ds

N\,\]

= [l @e™

and

H* (MHy) (9):ZB,je<T—9>ATM Z/

[ s
T /
0

t

N-1

k=0

+ BT M| Y

(1[[O’t1[r(t)e(T_s) 0) X

[

+

N-1
_ pT (T-0)AT
=Ble 0 M| Y

¢ iy (0)y(6)d6 | dr

N

/ [t0; tl[(@)y(@)d@
0
/ Lyat (6)y(6)d6
0

e g, [(0)y(0)do | dr

[

ds
l[to;tl[(H)y(H)dG

Tr+1

eT=94B,y(s)ds

N-1

k=0 I
Tk+1

eT=94B,y(s)ds

k=0

Tk+1

eT94B, y(s)ds

N-1

k=0

ds
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[cont.] | Tk

= (-9 O)Z/e(T_S)ABky(s)ds
k=0

1 Tk+1

+(0 eT-9) Z/e(T_S)Akay(s)ds
k=07

Tr+1

1
:Z/ (eT=9+T=0) 0) Byy(s)ds
k=0
1

Tk

e(T—s)+(T—9)y(s) ds

e(2T—(s+9)y(s) ds

Tt~ T

therefore
(H*MH + K GK) () (1)

S r

; f(/es_rl[lo;tl[(e)y(g)de dr
= 1[r0,z1[(f)/e(T_s) 0 \0 i
t

+ [ 11, [ (0)y(0)d0
0
151

+ /eZT—(s+9)y(S) ds

to

T s
— g () / o / (Fy)(r)dr + (Ly)(s) | ds
t 0

151
+ / e(2T—(s+9)y(s)dS
to

where
-

(Fy)(r) = / e ((9)y(8)d6,  Vr € [0,s]
0

ds

(52)
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and
S

(Ly)(s) = / L ((6)y(6)d6, Vs € [1.T]

0
Let P = K*GK + H*MH then

T Ky
Py(t) = Ly (1) / o / (Fy)(r)dr + (Ly)(s) | ds
t 0

1

+ / e?T=0%0y,(5)ds.

to

Remark 5 Ift ¢ [to,11] then we have
1
PO = [ 200y (5)ds
fo
In this example we select R such that

1
IR = s
2|11l

then the operator C is invertible.
Thus for y € L?(0,T,R™) we have

c'y)=U+P)'R(y)

400

= > P'RT()
k=0
+00 k

= > (r'P) R
k=0
400

=) RFIPE)
k=0

since R € R%. C~!(y) is defined by

+00

') = Y R @)

k=0

(53)

(54)
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Thus oo
w(t) = -C (BT()p(1) = ). R*P* (BT(0)p(r)).
k=0

It is easy to see that

T s
P(BTp)(t) = 1[[0,[1[(t)/eT_S O/F(B p) (r)dr ds
t +L (BTp) (s)
+62T_0/e_SBT(S)p(S)dS

to

where
BT(1)p(t) = (1 - 101eT—f) Lo () (55)
then
1
— (IOIeTes +re’ef — 101eTe’es) , if r<ty,
F(B'p)(r) = es
—e (101€T —101eT e +re), ifr>n
el
and , ,
s+ 101e’ = — 101e s <
L BT - b b
(B7p) (5) {t1 — 1017 + 1017, £ <
and
151
1
—spT _ 1 t T 1 T t to 1
/e BT (s)p(s)ds = W(eo—el) (1016 e 4+ 101e" " —2e°e‘).

to

Now, we are in a position to present our conclusion.

7. Conclusion

In this article, we focus on the exact controllability of the speed of a linear
system with localized parameters. Due to topological reasons, it turns out that the
classical Kalman theory cannot be applied to systems governed by the standard
equation:

x(t) = Ax(t) + Bu(t),
{X(O) =xp € R".
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To overcome this difficulty, we devote this paper to the controllability of the
“speed” variable for a class of systems described by
t

x(1) = Ax(t) + / B(O)u(6)do, 0<t<T,

0
x(0) = x9 € R™.

We have established conditions to ensure the existence of the optimal control
for transferring the speed to a desired value. In the event that these conditions
are not satisfied, we have considered a relatively weak version of the problem,
namely the optimization of a quadratic function whose objective is to minimize
the separation between the final velocity of the system and the desired velocity at
least cost.
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