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Abstract
The sequential multilateration principle is often adopted in geometric error measurement of CNC machine
tools. To identify the geometric errors, a single laser tracker is placed at different positions to measure
the length between the target point and the laser tracker. However, the measurement of each laser tracker
position is not simultaneous and measurement accuracy is mainly subject to positioning repeatability of the
machine tool. This paper attempts to evaluate the measurement uncertainty of geometric errors caused by the
positioning repeatability of the machine tool and the laser tracker spatial length measurement error based on
the Monte Carlo method. Firstly, a direct identification method for geometric errors of CNC machine tools
based on geometric error evaluation constraints is introduced, combined with the geometric error model
of a three-axis machine tool. Moreover, uncertainty contributors caused by the repeatability of positioning
of numerically controlled axes of the machine tool and the laser length measurement error are analyzed.
The measurement uncertainty of the geometric error and the volumetric positioning error is evaluated with
the Monte Carlo method. Finally, geometric error measurement and verification experiments are conducted.
The results show that the maximum volumetric positioning error of the machine tool is 84.1 μm and the
expanded uncertainty is 5.8 μm (𝑘 = 2). The correctness of the geometric error measurement and uncertainty
evaluation method proposed in this paper is verified compared with the direct geometric error measurement
methods.
Keywords: sequential-multilateration, laser tracker, machine tool, geometric error, measurement uncertainty.

© 2023 Polish Academy of Sciences. All rights reserved

1. Introduction

High performance machine tools, especially those with high accuracy, are more and more
extensively being used in precision parts machining. However, geometric error seriously deteri-
orates the machining accuracy of CNC machine tools, on account of basic design and assembly
inaccuracies [1]. Geometric error metrology and calibration of CNC machine tools play an impor-
tant role in accuracy enhancement of machine tools. Therefore, precision instruments are applied
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to directly determine geometric errors of moving parts of machine tools, like straight edge, square,
and laser interferometer [2]. However, these direct geometric error measurement methods have
some disadvantages, such as low measurement efficiency and difficult installation or adjustment
of instruments.

Multilateration, constructed with laser trackers, has been long studied towards the volumetric
accuracy assessment of CMM or machine tools to reduce the weaknesses of direct measurement
methods [3]. By locating laser trackers at different positions of the machine tool table, the
position change of the reflector installed at the spindle can be determined according to the length
measurement data measured by the tracker, and the geometric error of the machine tool is then
identified [4]. Umetsu et al. [5] established the measurement coordinate system based on relative
position of laser trackers, and determined the geometric errors of the machine tool with the
homogeneous coordinate transformation method, Schwenke et al. [6] realized the direct solution
in the machine tool coordinate system based on the geometric error evaluation constraints and
verified its correctness compared with the ball plate method, Wang et al. [7] used the theoretical
coordinates of the machine tool measured points to determine the position of the laser tracker,
but it turned out that the self-calibration process of the tracker position may decrease geometric
error measurement accuracy, Wendt et al. [8] adopted the laser tracker to directly determine the
volumetric positioning error based on the constraints between the commanded points and the
actual ones, they improved the measurement accuracy for large-scale workpieces. It is obvious
that the core of geometric error measurement using a laser tracker is the measurement algorithm
to determine the positions of laser tracker and the geometric errors, and the geometric error
evaluation constraint is a good way to achieve high measurement accuracy.

To ensure the effectiveness and the quality of measurement results, the Monte Carlo method
(MCM) is often used to evaluate the measurement uncertainty in the geometric error measurement
of CNC machine tools using the laser tracker. Schwenke et al. [9] identified the uncertainty source
generated by the length measurement error of the laser tracker and adapted the MCM to evaluate
the measurement uncertainty of the machine tool geometric error, Ibaraki et al. [10] modeled the
uncertainty associated with the length measurement error by systematic and other random errors,
and they obtained the uncertainty of machine tool volumetric errors based on the MCM. Aguado
et al. [11] assessed the measurement environmental noise and laser length measurement error
and evaluated the uncertainty of machine tool volumetric position error with the MCM. Liu et
al. [12] studied the influence of laser tracker length and angle measurement, thermal error and
the repeatability of positioning of machine tool, and they improved the geometric accuracy of
machine tool with the MCM on uncertainty evaluation. Mutiba et al. [13] evaluated uncertainty
contributors of spatial displacement measurement and volumetric error uncertainties in the range
of micrometers obtained through the MCM. Cong et al. [14] optimized the measurement trajectory
of multilateration based on the analysis of measurement uncertainty using the MCM, and they
found it effective in improving the measurement accuracy of volumetric error measurement.
In the configuration of multilateration, commonly only one laser tracker is used at different
locations and the machine tool movements are repeated several times at the same points to detect
the machine tool geometric error. Consequently, the measurement process can easily become
subject to thermal drift and the repeatability of positioning of machine tool. The influence of
the repeatability of positioning of machine tool will be greater in the measurement uncertainty
evaluation of geometric error, especially when the environment temperature is maintained at
(20 ± 0.5)◦C.

This paper introduced the direct determination method of geometric error based on evaluating
itsconstraints using a single laser tracker based on sequential multilateration. Secondly, we focus
on analyzing uncertainty contributors caused by the positioning repeatability of machine tool
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and the spatial length measurement error of the laser tracker, and the results of measuring uncer-
tainty evaluation of geometric error are based on the MCM. The measurement and comparative
experiments are carried out to verify the correctness of the method proposed.

2. Geometric error modelling

The geometric error model can be established based on the multi-body system kinematics [15].
The kinematic chain of a three-axis CNC machine tool from the workpiece to the cutting tool is
the Workpiece-Bed-X axis-Y axis-Z axis-Tool. When we assume that the measurement point of
the reflector is placed near the tool center point of the CNC machine tool, the geometric error
model can be obtained as follows:

ΔP = C • E, (1)

where ΔP =
[
ΔX ΔY ΔZ

]𝑇 , represents the volumetric error of the tool center point,
E=

[
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]𝑇
describes the 17 geometric errors of a three-axis machine tool defined in ISO 230-1 [16] and C
is the kinematic model of the machine tool. It can be described as equation (2).

C =


1 0 0 0 𝑍 −𝑌 1 0 0 0 𝑍 1 0 0 0 −𝑍 −𝑌
0 1 0 −𝑍 0 0 0 1 0 −𝑍 0 0 1 0 −𝑍 0 0
0 0 1 𝑌 0 0 0 0 1 0 0 0 0 1 0 0 0

 , (2)

where 𝑋 , 𝑌 and 𝑍 denote the command coordinates of the machine tool.
The actual position of the measured point is given by:

P = P𝑎 + ΔP. (3)

where P𝑎 =
[
𝑋 𝑌 𝑍

]𝑇 .
The volumetric positioning error at a certain position of the machine tool is shown in equa-

tion (4):
Δ =

√︁
Δ𝑋2 + Δ𝑌2 + Δ𝑍2 . (4)

3. Measurement algorithm for geometric errors

3.1. Geometric error identification based on sequential multilateration

The measurement strategy of multilateration or sequential multilateration is illustrated in
Fig. 1. The retroreflector is attached to the machine tool spindle and moves to several command
points. The distance between the target and laser tracker is measured and the target position
P 𝑗 ( 𝑗 = 1, 2, . . . , 𝑛) can be determined by the length measured from four or more laser tracker
positions Q𝑖 (𝑖 = 1, 2, . . . , 𝑚) according to equation (5).

Q𝑖 − P 𝑗

 = 𝑙𝑖, 𝑗 + 𝑙𝑖Q𝑖+1 − P 𝑗

 = 𝑙𝑖+1, 𝑗 + 𝑙𝑖+1Q𝑖+2 − P 𝑗

 = 𝑙𝑖+2, 𝑗 + 𝑙𝑖+2Q𝑖+3 − P 𝑗

 = 𝑙𝑖+3, 𝑗 + 𝑙𝑖+3

, (5)
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where 𝑙𝑖 stands for the dead length of the laser tracker, for absolute distance measurement, 𝑙𝑖
is 0. The dead length vector of four laser tracker positions can be expressed as l𝑠 . 𝑙𝑖, 𝑗 is the
displacement recorded by the laser tracker.

Fig. 1. Configuration of sequential-multilateration using a single laser tracker.

Combining with equation (3), the measurement equation can be written as:

‖Q − P𝑎 − C • E‖ = l𝑐 + l𝑠 . (6)

When the measurement process is completed, the geometric error can be identified by mini-
mizing the sum of squared discrepancies as shown in equation (7):

𝐹 = min
∑︁

[‖Q − P𝑎 − C • E‖ − l𝑐 − l𝑠]2 . (7)

The minimization problem can be solved with Taylor series expansion and equation (6) can
be linearized to the matrix form:

J • d = F𝑑 , (8)

where J is the Jacobian matrix of nonlinear equations, d are the unknown parameters including
the position of the laser tracker, 17 geometric errors of a three-axis machine tool, and dead lengths
of laser tracker at four positions, and F𝑑 is a constant matrix.

The positions of the reflector and the laser tracker are both unknown parameters which makes
the rank of matrix J deficient. It cannot be solved using the least square method directly. Therefore,
the constraint method is adopted to make matric J non-singular. Here are the boundary conditions:
straightness errors are 0 at the zero and end positions of the machine tool, angular errors and
positioning errors are 0 at the zero position of the machine tool [6], and it can be expressed as:

A • d = 0, (9)

where A represents a coefficient matrix of which the diagonal value is 1 corresponding to the
constrained geometric errors and other values are 0.

Equation (8) and equation (9) can be merged as:[
J
A

]
d =

[
F𝑑

0

]
. (10)
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The iterative method can be used to solve equation (10), like the Levenberg-Marquart method.
Finally, geometric errors of the machine tool, coordinates and dead length of the laser trackers
can be solved by:

d =

(
M𝑇 M + `I

)−1
M𝑇 G, (11)

where M =
[
J A

]𝑇 , G =
[
F𝑑 0

]𝑇 , ` is the optimal relaxation factor, and I is a unit matrix.

3.2. Calculation of initial values for the iterative algorithm

In the process of solving nonlinear equations via the iterative approach, the calculation
efficiency and accuracy largely depend on the selection of initial values of unknown parameters.
Therefore, this paper presents a simple and fast iterative initial value calculation method which
uses the theoretical coordinates of the machine tool to determine the initial value of the positions
and dead length of the laser tracker.

3.2.1. Initial values determination of laser tracker positions and dead length

Measurement equation (5) can be converted into equation (12), using the distance equation
between the laser tracker position Q𝑖 (𝑥, 𝑦, 𝑧) and the position of measured point P 𝑗 (𝑥 𝑗 , 𝑦 𝑗 , 𝑧 𝑗 ):√︃(

𝑥 − 𝑥 𝑗
)2 + (

𝑦 − 𝑦 𝑗
)2 + (

𝑧 − 𝑧 𝑗
)2

= 𝑙 + 𝑙 𝑗 , (12)

where 𝑙 is the dead length of the laser tracker, 𝑙 𝑗 is the length indication of the laser tracker when
measuring point 𝑗 .

The left side and the right side of equation (12) are squared at the same time, which can be
transformed into:

2𝑥𝑥 𝑗 + 2𝑦𝑦 𝑗 + 2𝑧𝑧 𝑗 + 2𝑙𝑙 𝑗 = 𝑟 + 𝐾 𝑗 −
(
𝑙2 + 𝑙2𝑗

)
, (13)

where 𝑟 = 𝑥2 + 𝑦2 + 𝑧2, 𝐾 𝑗 = 𝑥
2
𝑗
+ 𝑦2

𝑗
+ 𝑧2

𝑗
.

When 𝑗 = 1, equation (13) can be restructured as:

2𝑥𝑥1 + 2𝑦𝑦1 + 2𝑧𝑧1 + 2𝑙𝑙1 = 𝑟 + 𝐾1 −
(
𝑙2 + 𝑙21

)
. (14)

The difference between equation (14) and equation (13) can be acquired in:

2𝑥𝑥 𝑗1 + 2𝑦𝑦 𝑗1 + 2𝑧𝑧 𝑗1 + 2𝑙𝑙 𝑗1 = 𝐾 𝑗 − 𝐾1 − 𝑙2𝑗 + 𝑙21 , (15)

where 𝑥 𝑗1 = 𝑥 𝑗 − 𝑥11, 𝑦 𝑗1 = 𝑦 𝑗 − 𝑦11, 𝑧 𝑗1 = 𝑧 𝑗 − 𝑧11, 𝑙 𝑗1 = 𝑙 𝑗𝑖 − 𝑙1.
When we subtract equation (13) from other measurement equations, the measurement func-

tions can be written in the matrix form:

G𝑎L = h, (16)

where G𝑎, L, and h can be given by:

G𝑎 =


𝑥21 𝑦21 𝑧21 𝑙21
𝑥31 𝑦31 𝑧31 𝑙31
...

...
...

...

𝑥𝑛1 𝑦𝑛1 𝑧𝑛1 𝑙𝑛1


, (17)
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h =
1
2


𝐾2 − 𝐾1 − 𝑙22 + 𝑙

2
1

𝐾3 − 𝐾1 − 𝑙23 + 𝑙
2
1

...

𝐾𝑛 − 𝐾1 − 𝑙2𝑛 + 𝑙21


, (18)

L =
[
𝑥 𝑦 𝑧 𝑙

]𝑇
. (19)

Finally, the solution is given by the least square method:

L =

(
G𝑇

𝑎 G𝑎

)−1 (
G𝑇

𝑎 h
)
. (20)

3.2.2. Selection of initial values for geometric errors

Geometric errors of the machine tool are small values in the micron or micro-radian scale.
Therefore, we can set the initial values of the geometric errors to be 0.

4. Uncertainty evaluation

The measurement process is to realize the minimization of non-linear equation residuals,
which makes it harder to calculate the uncertainty propagation coefficient. Therefore, we use the
MCM to evaluate the measurement uncertainty instead of the GUM method.

4.1. Measurement uncertainty modelling

We can get the measurement model by the multilateration-based geometric error measurement
as follows:

D =
[
P𝑎 E l𝑠

]𝑇
= 𝑓 (Q l𝑐). (21)

4.2. Uncertainty sources and distributions in geometric error measurement

There are two main uncertainty sources for geometric error measurement based on sequential
multilateration. One is laser tracker spatial displacement measurement error and the other is
repeatability of positioning of the machine tool numerically controlled axes present in Table 1.
The machine tool is fixed in a standard environment, in which the temperature, humidity, and
isolation are well controlled. It means that the uncertainty sources from the environment are
negligible in this paper.

The laser tracker spatial displacement measurement uncertainty contains the length mea-
surement error 𝑢laser_length, resolution of laser length 𝑢resolution, stability of fixed reference sphere
𝑢fixed_sphere, and form deviations of reflector 𝑢reflector. The magnitude of uncertainty sources can
be found in the operating manual from the laser tracker manufacturer or reference [17]. A sim-
ple approach to estimate the uncertainty of spatial length measurement 𝑢𝑙 using the uncertainty
combined method is as follows:

𝑢𝑙 =

√︃
𝑢2

laser_length + 𝑢
2
resolution + 𝑢

2
reflector + 𝑢

2
fixed_sphere. (22)

The uncertainty of repeatability of positioning of numerically controlled axes is evaluated
through the measurement of positioning accuracy using a commercial laser interferometer based
on the method introduced in ISO 230-2 [18]. We suppose that the distribution of the positioning
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Table 1. Uncertainty source and distribution.

Source of uncertainty Magnitude Type of
distribution

Laser beam
Length measurement error

𝑢laser_length, μm

0.2 + 0.3𝑙/1000 (𝑘 = 2),
where 𝑙 is the measurement
length of the laser tracker

and the unit of 𝑙 is
millimeter

Gaussian

Resolution 𝑢resolution, nm 0.5 Rectangular

Stability of the fixed reference sphere 𝑢fixed_sphere, μm 0.1 Rectangular

Optical form deviation of the reflector 𝑢reflector, μm 0.03 Rectangular

Repeatability of
X 0.8 Rectangular

positioning of numerically Y 0.6 Rectangular
controlled axes, μm Z 0.3 Rectangular

repeatability is rectangular. The measurements are repeated ten times to calculate the magnitude
of uncertainty and to verify the effectiveness of the assumption of distribution of measurement
uncertainty.

4.3. Number of MCM trials and coverage probability

The number of MCM trials is usually more than 106. However, a great number of MCM trials
means low calculation efficiency and high use of the computing power. Research shows that the
uncertainty evaluation error can be guaranteed to be within 5% when the coverage probability is
95% and the number of Monte Carlo trials is 104.

4.4. Procedure for the MCM in uncertainty evaluation

There are three dominant steps for geometric error uncertainty evaluation. Firstly, we de-
termine the input of MCM. Secondly, we propagate the probability density functions (PDFs) of
the input quantities and obtain the probability density function for the output quantity. Finally,
we summarize the estimation of the output quantity, the standard uncertainty, and the coverage
interval. The detailed procedure of the MCM for uncertainty evaluation of geometric error is
given in Fig. 2.

Both the geometric error and volumetric positioning error of machine tool uncertainties can
be obtained with the Monte-Carlo method. The expectation of the geometric errors can be derived
by equation (23), taken as an estimate of output quantity:

𝐸𝑖 =
1
𝑀

𝑀∑︁
𝑟=1

𝐸𝑖𝑟 , (23)

where, 𝐸𝑖𝑟 is the 𝑖𝑡ℎ geometric error of the three-axis machine tool.
The standard uncertainty can be determined by calculating the standard deviation of the output

values as shown in equation (24). Hence the uncertainty of volumetric positioning error can be
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derived through equations (1) and (3):

𝑢 (𝐸𝑖) =

√√√
1

𝑀 − 1

𝑀∑︁
𝑖=1

(
𝐸𝑖𝑟 − 𝐸𝑖

)2
. (24)

Fig. 2. Flow for geometric error measurement uncertainty evaluation by the MCM.

5. Geometric error measurement and uncertainty evaluation experiments

5.1. Experimental setup

The geometric error measurement experiments of the linear axes of a five-axis CNC machine
tool were carried out at the temperature range of (20 ± 0.5)◦C. The machine tool kinematic
chain is the same as described in Section 2. The laser tracker was placed at four non-coplanar
positions and the machine tool was moved to several positions in turn for detection. During
the measurement, the feed rate of the machine tool is 2000 mm/min, and the standstill at each
measurement position is 5 s. The geometric error measurement process by the laser tracker is
shown in Fig. 3. The coordinates of each position of the laser tracker and the coordinates of the
points measured are set as shown in Fig. 4.

After the measurement is finished, the initial values of four laser tracker positions and four
dead path lengths are calculated using the algorithm proposed in Section 3, as shown in Table 2.

Table 2. Calculation results of initial values.

Laser tracker X, mm Y, mm Z, mm L, mm

Position 1 9.285 –643.778 –333.083 –18.309

Position 2 199.886 –655.088 –333.021 –4.898

Position 3 407.639 –625.584 –332.991 11.491

Position 4 408.654 –579.324 –201.116 –24.560
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Fig. 3. Geometric error measurement process
by laser tracker.

Fig. 4. Laser tracker positions and measured
points setting.

5.2. Geometric error measurement and uncertainty evaluation results

The Monte-Carlo method is adopted to evaluate the geometric error uncertainty and the
volumetric error uncertainty. The number of trials is set to be 10000 and the coverage probability
is 95%. The geometric error measurement and uncertainty evaluation results are shown in Table 3.
In Table 3, 𝐸ℎ𝑘 stands for the linear error motion of 𝑘 axis in the direction of ℎ, where ℎ and
𝑘 can be 𝑋,𝑌 and 𝑍 , 𝐸𝑥𝑦 stands for the angular error motion of 𝑦 axis along the direction of 𝑥
axis, where 𝑦 can be 𝐴, 𝐵 and 𝐶, and 𝑥 can be 𝑋 , 𝑌 and 𝑍 , 𝐸𝐴0𝑍 stands for the squareness error
between 𝑌 and 𝑍 axis. 𝐸𝐵0𝑍 represents the squareness error of 𝑋 and 𝑍 axis, and 𝐸𝐶0𝑋 stands
for the squareness error between 𝑋 and 𝑌 axis.

Table 3. Geometric error measurement and uncertainty evaluation results.

Geometric error Value
Expanded

uncertainty
(𝑘 = 2)

Geometric error Value
Expanded

uncertainty
(𝑘 = 2)

𝐸𝑋𝑋 , μm 65.5 3.3 𝐸𝐴𝑌 , μm 10.6 10.7

𝐸𝑌𝑋 , μm 3.0 2.1 𝐸𝐵𝑌 , μm 7.5 11.0

𝐸𝑍𝑋 , μm 11.6 3.3 𝐸𝑋𝑍 , μm 1.5 1.7

𝐸𝐴𝑋 , μrad 17.7 7.7 𝐸𝑌𝑍 , μm 2.1 2.1

𝐸𝐵𝑋 , μrad 115.0 8.7 𝐸𝑍𝑍 , μm 8.3 6.9

𝐸𝐶𝑋 , μrad 27.5 5.6 𝐸𝐴0𝑍 , μrad –106.2 9.3

𝐸𝑋𝑌 , μm 0.8 2.3 𝐸𝐵0𝑍 , μrad –8.8 12.7

𝐸𝑌𝑌 , μm 2.6 2.9 𝐸𝐶0𝑌 , μrad 116.7 14.8

𝐸𝑍𝑌 , μm 3.3 2.8 – – –

At the same time, we compare the geometric error evaluation results of the other two methods
with the method proposed in this paper. One only considers the laser length measurement error, the
other does not take the positioning repeatability of the machine tool into account. The comparative
results are shown in Fig. 5.
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a) Linear error. b) Angular and squareness error.

Fig. 5. Comparison of uncertainty evaluation results of geometric errors.

From the comparison diagram of Fig. 5, it can be concluded that the positioning repeatability
has a larger influence on the geometric error uncertainty evaluation for the 𝐸𝑍𝑍 , 𝐸𝐴𝑋 , 𝐸𝐵𝑋 , 𝐸𝐴𝑌 ,
𝐸𝐵𝑌 and squareness errors. The impact of machine tool positioning repeatability on geometric
error measurement based on sequential multilateration should be considered and actions could
be taken to decrease its influence on the measurement results.

5.3. Uncertainty evaluation of volumetric positioning error

The measurement uncertainty evaluation results of volumetric positioning error are shown in
Fig. 6. The maximum volumetric positioning error measured is 84.1 μm. The expanded measure-
ment uncertainty evaluated with the MCM is 5.8 μm (𝑘 = 2). Compared with Fig. 5, it is evident
that the influence of positioning repeatability of a machine tool on the measurement results of
geometric error is much greater than that on the measurement results of volumetric position error.
Geometric errors have an “averaging effect” on uncertainty evaluation of volumetric errors.

a) Volumetric positioning error. b) Uncertainty evaluation results.

Fig. 6. Uncertainty evaluation results of volumetric positioning errors.
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6. Verification experiments for the geometric error measurement and uncertainty
evaluation method

To verify the effectiveness of the geometric error measurement results, comparative experi-
ments with the traditional direct measurement methods were carried out, and the measurement
uncertainties of the measured results are evaluated respectively. The evaluation factor𝐻 for differ-
ent measurement methods is defined in equation (25). When 𝐻 ≤ 1, it means that the comparison
results are satisfactory and the method proposed is effective.

𝐻 =
|𝑦1 − 𝑦2 |√︃(

𝑢2 (𝑦1) + 𝑢2 (𝑦2)
) ≤ 1, (25)

where: 𝑦1 is the result measured with the first method and 𝑢(𝑦1) is the expanded uncertainty of 𝑦1,
𝑘 = 2, 𝑦2 is the result measured with the second method, and 𝑢(𝑦2) is the expanded uncertainty
of 𝑦2, 𝑘 = 2.

6.1. Positioning error comparison experiment

An XL80 Renishaw laser interferometer is adopted to detect the positioning error of axes
𝑋 and 𝑌 . The measurement uncertainty is evaluated according to the method proposed in ISO
230-2 [17]. The comparative results are drawn in Fig. 7. The maximum difference in positioning
deviation of the 𝑋 and 𝑌 axes is 5.3 μm and 3.4 μm respectively. The evaluation factor 𝐻 is 0.97
and 0.78 respectively, and the comparison result is satisfactory. The evaluation factor of the X-axis
comparison result is larger which may be caused by the environment change when measured by
a laser interferometer.

a) Positioning deviation of 𝑋 axis. b) Positioning deviation of 𝑌 axis.

Fig. 7. Comparison results of positioning deviations of 𝑋 -axis and 𝑌 -axis.

6.2. Angular deviation comparison experiment

An Agilent laser interferometer was used for angular error measurement. The measurement
site and principle are shown in Fig. 8. The angular reflector containing two corner prisms is placed
on the machine tool spindle and moves with the axis measured. The beam splitter with a mirror
is attached to the machine tool table which is stationary. When the axis measured moves, the
optical path variation between the reference beam and the measurement beam can be measured.
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Therefore, the angular error can be derived by the optical path variation and the distance between
the two corner prisms. The measurement uncertainty is evaluated, and the comparison results are
shown in Fig. 9.

Fig. 8. Angular error measurement by laser interferometer. Fig. 9. Comparison results of 𝐸𝐵𝑋 .

It can be seen from Fig. 9 that the trend of measurement results is similar and the maximum
difference is 7.1 μrad, the evaluation factor 𝐻 is 0.93, 𝑖.𝑒., less than 1, and the effectiveness of
the experimental results can be verified. However, the evaluation factor is close to 1. Only 17
geometric errors are considered in the measurement process, and the other 4 angular errors are
not considered in the geometric error model which still affects the identification results.

6.3. Straightness error comparison experiment

The straightness of the 𝑍-axis motion in the 𝑌𝑍 plane is measured through a straight edge
and an indicator with a resolution of 0.5 μm, and its measurement uncertainty is mainly caused
by indication error of indicator, measurement repeatability and straightness of the straight edge.
The comparative experimental results are shown in Fig. 10.

Fig. 10. Comparison results of 𝐸𝑌𝑍 .

It can be seen from the Fig. 10 that the maximum difference between the detection results of
the two methods is 1.5 μm. The maximum evaluation factor is 0.21, and the comparison results
are satisfactory. However, the uncertainty of the traditional measurement method is large, while
the measured value is small. In the follow-up, the straight edge with high straightness or flatness
can be used for geometric accuracy detection to decrease measurement uncertainty.
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6.4. Squareness error comparison experiment

A square and a dial indicator are used to detect the squareness error of 𝑋 and𝑌 axis movements.
The detection and comparison results are shown in Table 4. The maximum evaluation factor is
0.67, which proves the correctness of the method proposed in this paper.

Table 4. Results of squareness error comparison.

Squareness error 𝐸𝐶0𝑋 , μrad Expanded uncertainty, μrad
(𝑘 = 2)

Laser tracker 116.7 14.8

Square and indicator 106 6.2

Evaluation factor 𝐻 0.67

7. Conclusions

Sequential multilateration is used to measure geometric errors of CNC machine tools using
a laser tracker. The geometric error evaluation constraints are adapted to directly obtain the
solution of geometric errors, and a simple and linearized method to determine the initial value of
the iterative algorithm is given.

The repeatability of the machine tool has a greater impact on the geometric error than the
length measurement error. Therefore, when using sequential multiplication, the impact of the
repeatability of the machine tool on the geometric error measurement should be considered, and
the measurement can be optimized according to the uncertainty analysis results.

Compared with the traditional direct measurement methods, the detection results are similar,
and the evaluation factors 𝐻 are smaller than 1, which proves the correctness of the method
proposed in this paper. However, the geometric error model only contains 17 geometric errors,
and the other four geometric errors are not identified. In the future, the modelling can be improved
to separate all 21 geometric errors.
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