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Abstract: The aim of the study was to model the operation of a wastewater treatment plant using the Monte Carlo
method and selected probability distributions of random variables. Pollutant indices in treated wastewater were
analysed, such as: biological oxygen demand (BOD5), chemical oxygen demand (CODCr), total suspended solids (TSS),
total nitrogen (Ntot), total phosphorus (Ptot). The preliminary analysis of pollution indicators series included the:
calculation of descriptive statistics and assessment of biological degradability of wastewater. The consistency of the
theoretical distributions with the empirical ones was assessed using Anderson–Darling statistics. The best-fitting
statistical distributions were selected using the percent bias criterion. Based on the calculations performed, it was found
that the analysed indicators of pollution in treated wastewater were characterised by an average variability of
composition for BOD5, CODCr and TSS, and a high variability of composition for Ntot and Ptot. The best fitted
distribution was log-normal for BOD5, TSS, Ntot and Ptot and general extreme values for CODCr. The simulation carried
out using the Monte-Carlo method confirmed that there may be problems associated with the reduction of nutrients
(Ntot and Ptot) the analysed wastewater treatment plant. Results of values obtained of the risk values of negative control
of wastewater treatment plant operation for biogenic compounds, different from 1, indicate that the number of
exceedances at the outflow may be higher than the acceptable one.
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INTRODUCTION

In recent years, an increasing rate of industrialisation, urbanisa-
tion and population growth can be observed, which directly
translates into increased environmental pollution. For this reason,
sewage treatment has become one of the most important
environmental issues [ANGELAKIS, GIKAS 2014; FLORES-ALSINA et al.
2010; PSARROU et al. 2018; TAHERIYOUN, MORADINEJAD 2015]. Due to
the variety of sewage treatment processes, use of chemical
reagents, production of sludge and emission of gases, it is very
important to carefully analyse the reliability of pollutant removal.
The evaluation of the performance of wastewater treatment plants
includes many individual objectives, with the most important
being the removal of pollutants that may cause changes in the
aquatic environment [FLORES-ALSINA et al. 2008]. Therefore, the
selected alternative method needs to comply with current
regulations as well as to minimise the environmental impact on
the receiving water body [GERNAEY et al. 2004; GIZIŃSKA-GÓRNA

et al. 2017; MŁYŃSKI et al. 2018; TODESCHINI 2016]. Therefore, it is
important to study the quality of wastewater after the treatment
process, which allows verification of the operation of individual
facilities of the process line and the final effect of treatment in
relation to the applicable guidelines.

There are many studies concerning the disposal of
municipal wastewater at selected treatment plants. They concern
both the analysis of wastewater treatment efficiency [BUGAJSKI
et al. 2019; HENDREN et al. 2013; KUREK et al. 2020; MŁYŃSKI et al.
2016a, b; TAHERIYOUN, MORADINEJAD 2015] and the susceptibility of
wastewater to biological decomposition processes [MŁYŃSKA et al.
2017; NOWOBILSKA-MAJEWSKA, BUGAJSKI 2019; PŁUCIENNIK-KOROP-

CZUK, JAKUBASZEK 2012]. The studies and results presented here
provide important information for plant operators. The proper
functioning of wastewater treatment plants is evidenced by their
reliability, which means the plant’s capacity to discharge of the
expected amount of sewage, to the extent required by their
receiver under certain operating conditions of the plant, within
the assumed operating time and with random changes in the
functional characteristics of the plant [DŁUGOSZ, GAWDZIK 2013].
One of the most commonly used methods of assessing the
performance of wastewater treatment plants is to determine
reliability indices of the facility’s operation by comparing the
values of pollutant indices in the effluent (arithmetic mean) to the
permissible values set out in the relevant Regulation. The
presented assumption is highly simplified, as it is based only on
an empirical sample of analysed random variables [MŁYŃSKI et al.
2019]. According to OLYAEI et al. [2018], the reliability of
wastewater treatment plant operation is mainly considered as the
percentage of time in which the expected concentration of
pollutants in the effluent at the outfall meets the standards. Based
on the variability of the pollutant indicators in the treated
effluent, mathematical simulations of the operation of wastewater
treatment plants can be carried out, which provides a more
complete picture of the assessment of the plant’s performance
compared to a model based solely on short observation series for
the given indicators. Simulations of wastewater treatment plant
operation are often considered research problems, both at the
stage of design, modernisation or operation of such facilities.
However, the research so far with the use of mathematical models
focuses on the simulation of pollutant values at the outflow with
an assumed specific form of probability distribution, e.g. Weibull

[BUGAJSKI et al. 2016; MARZEC 2017]. It should be emphasised that
this represents a large generalisation because pollution indica-
tors have an underdetermined character. Hence, it can be used
more than one probability distribution to described them. To do
this, the best-fitting functions should be selected from the group
of distributions [MŁYŃSKI et al. 2019]. Monitoring the operation of
wastewater treatment plants with the use of probability distribu-
tions allows to present the analysed phenomenon in a wider
range, thanks to modelling complex dependencies and forecasting
their values at a given time. The simulation values obtained can
be helpful in assessing the risk of improper functioning of the
treatment plant.

With this in mind, the paper presents a simulation of the
operation of a wastewater treatment plant using selected statistical
distributions, which has allowed the determination of the size of
reliability indexes of the facility’s operation based on the
predicted values, reflecting the factors affecting the operation of
the facility.

MATERIALS AND METHODS

STUDY OBJECT

Reliability analysis was carried out on the example of a sewage
treatment plant located in the city of Tarnów in southern Poland.
A mechanical-biological wastewater treatment plant is a facility
that uses active sludge in the biological phase to remove
pollutants from wastewater. The plant receives wastewater from
individual users as well as industrial wastewater. Total population
equivalent for wastewater treatment plant is 460 000. Design
capacity of the treatment plant is 86 400 m3·d–1. The process of
mechanical wastewater treatment includes: screens, horizontal
sand traps, radial primary clarifiers. The process of biological
decomposition of pollutants takes place in biological reactors with
active sludge, followed by the phase of clarification of treated
sewage in secondary radial settling tanks. At the end of the
process, the treated wastewater is discharged to the receiving
body, i.e. Biała.

DATA USED

The analysis was made on the basis of the data covering the values
of pollution indicators: BOD5 (biochemical oxygen demand),
CODCr (chemical oxygen demand), total suspended solids (TSS),
total nitrogen (Ntot) and total phosphorus (Ptot) in the period
from 2015 to 2020 for raw and treated sewage. The analysis was
made according to the following stages: preliminary statistical
analysis of the series of pollutant indicators, assessment of the
susceptibility of wastewater to biological decomposition pro-
cesses, selection of the theoretical function, best-fit empirical
distribution, modelling of the values of pollutant indicators in raw
and treated wastewater, determination of the values of reliability
indicators of the operation of the treatment plant based on the
results of the simulation carried out. According to the current
Rozporządzenie [2019] for wastewater treatment plants serving
more than 100,000 PE, the permissible values for: BOD5 – 15 mg
O2·dm–3, CODCr – 125 mg O2·dm–3, TSS – 35 mg O2·dm–3,
Ntot – 10 mg·dm–3, Ptot – 1 mg·dm–3. The required number of
control samples is 24 samples per year, while the number of non-
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compliant samples is 3. Samples of raw and treated sewage for
physicochemical tests were collected twice a month, in the period
from 2015 to 2020, which gives 159 samples of raw and 159
samples of treated sewage that were analysed in the period from
2015 to 2020.

PRELIMINARY ANALYSIS OF POLLUTION INDICATORS

The preliminary analysis of pollution indicators series included
the calculation of descriptive statistics. The following descriptive
statistics were determined: mean (mean), minimum (min) and
maximum (max) values; measures of dispersion – standard
deviation (SD) and coefficient of variation (Cv).

ASSESSMENT OF BIOLOGICAL DEGRADABILITY
OF WASTEWATER

The assessment of the susceptibility of wastewater inflow to the
treatment plant in Tarnów and after the biological treatment
process was made on the basis of the ratio of CODCr to BOD5. For
this purpose, the mean annual values of both indicators of the
content of organic compounds were compared. This assessment
was based on the relationships available in the literature
describing the measures of biodegradability of organic pollutants
present in wastewater according to the following relationships
[KLIMIUK, ŁEBKOWSKA 2003; MIKSCH, SIKORA 2010]:

CODCr/BOD5 < 2.0 easy biodegradability (1)

CODCr/BOD5 = 2.0–2.5 mean bio-degradability (2)

CODCr/BOD5 = 2.5–5.0 low biodegradability (3)

CODCr/BOD5 > 5.0 non-degradable matter (4)

Additionally, based on the mean annual concentrations of
Ntot and Ptot, both in the sewage before entering the technological
system and after treatment, the susceptibility of the wastewater to
the processes of biological removal of biogenic compounds was
determined. For this purpose, quotients of the values of Ntot/
BOD5 and Ptot/BOD5 were determined and then compared to the
values reported in the literature, which indicate that denitrifica-
tion (5) and defosphatation (6) processes occur most effectively
when [HEIDRICH, WITKOWSKI 2015; JANOSZ-RAJCZYK 2008; ŁOMO-

TOWSKI, SZPINDOR 1999]:

Ntot/BOD5 < 0.25 (5)

Ptot/BOD5 < 0.04 (6)

THEORETICAL DISTRIBUTION FITTING

Before the Monte Carlo simulation, a three-stage intermediate
analysis was performed in the analysis: adjusting the theoretical
distribution to empirical distributions, assessing the consistency
of the theoretical distributions with the empirical distributions of
the analysed pollution indicators and selecting the best-fitted
theoretical distributions.

On the basis of observation series of the analysed indicators
of pollution in raw and treated wastewater, an attempt was made
to determine the best-fitting theoretical distributions to the
empirical distributions of the random variables under study. The
following theoretical distributions were analysed: Johnson SU,

Weibull, Gaussian mixture model (GMM), general extreme values
(GEV), half-normal distribution, log-normal, Pareto, normal
distribution, triangular, Rayleigh. The distributions of each
distribution f(x) are described by the following functions [ALAM

et al. 2018; GLICKMAN, XU 2008; JAGIEŁŁO et al. 2016; WAŁĘGA et al.
2014; WANG (ed.) 2010; YU et al. 2012; ZORAN, WEISS 2011]:
• Johnson SU distribution:

f x; �;�; �; �ð Þ ¼
�
ffiffiffiffiffiffi
2�
p

�

� þ � � xð Þ x � �ð Þ

exp �
1

2
yþ �ln

x � �

� þ � � x

� �� �2 ð7Þ

where: x = variable, λ = scale parameter, y, δ = shape parameter,
ξ = location parameter.
• Weibull distribution:

f xð Þ ¼
�

�

� � x

/

� ��� 1

e�
x
�ð Þ

�

ð8Þ

where: α = scale parameter, κ = shape parameter.
• GMM distribution:

f xð Þ ¼
XK

k¼1

!kNP x; 0P ; �kð Þ ð9Þ

where: K = number of components, Np(0p, ∑k) = multi-variate
Gaussian distribution, ωk = weights such that ∑k ωk = 1.
• GEV distribution:

f xð Þ ¼ �� 1e � 1� �ð Þy� e� y½ � ð10Þ

y ¼ � �� 1log 1 �
� x � �ð Þ

�

� �

; � 6¼ 0 ð11Þ

y ¼
x � �

�
; � ¼ 0 ð12Þ

where: κ = shape parameter, α = scale parameter, ξ = location
parameter.
• Half-normal distribution

f xð Þ ¼
2
ffiffiffiffiffiffiffiffi
2��
p exp �

x2

2�2

� �

if x � 0 ð13Þ

where: σ = variance value.
• Log-normal distribution

f xð Þ ¼
1

x�Y
ffiffiffiffiffiffi
2�
p e

� 1

2�2
Y

ln xð Þ � �Yð Þ
2

� �

ð14Þ

where: μ = mean value, σ2 = variance value.
• Pareto distribution

f xð Þ ¼
c

xcþ1
ð15Þ

where: c = shape parameter.
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• Normal distribution

f xð Þ ¼
1

�
ffiffiffiffiffiffi
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� 1

2�2 x � �ð Þ
2

� �

ð16Þ

• Triangular distribution

f xð Þ ¼

2 x � að Þ

b � að Þ m � að Þ
for a � x � m

2 b � xð Þ

b � að Þ m � að Þ
for m � x � b

(

ð17Þ

where: m = mode, a = lower limit, b = upper limit.
• Rayleigh distribution

F x; �ð Þ ¼ 1 � e� �xð Þ
2

; x � 0; � > 0 ð18Þ

f x; �ð Þ ¼ 2�2xe� �xð Þ
2

; x � 0; � > 0 ð19Þ

where: λ = scale parameter.
The Anderson–Darling (A–D) test was used to assess the

compliance of the theoretical distributions with the empirical
distributions of the analysed pollution indicators. The A–D
statistic is more sensitive over the entire range of distributions
and is more likely to detect differences between distributions,
thats it gives a better estimate of compliance than the other tests.
The hypotheses for the A–D test are as follows: H0 data has
a specific distribution, H1 data does not have a specific
distribution. The Anderson–Darling statistics is described by
the correlations [EVANS et al. 2017; JÄNTSCHI, BOLBOACĂ 2018; ZENG

et al. 2015]:

A � D ¼ � n �
Xn

i¼1

2i � 1ð Þ ln F Xið Þ½ � þ ln 1 � F Xnþ1� ið Þ½ �

n
ð20Þ

where: n = observations number, F = theoretical cumulative
distribution, Fn = empirical cumulative distribution.

Since the critical values for the A–D statistic depend on the
type of probability distribution being tested, hence the verifica-
tion of the hypotheses was based on the p-value of the test. If the
p-value was less than α = 0.05, then rejected the null hypothesis
that the data come from that distribution.

SELECTION OF BEST-FIT THEORETICAL DISTRIBUTIONS

If random variables could be described by more than one
theoretical distribution, an identification of the best-fitting
theoretical distributions to the empirical distributions was made
using the percent bias criterion (PBIAS), which describes the
Equation (21) [AJMAL et al. 2020]:

PBIAS ¼

Pn
I¼1 Qoi � Qeið Þ
Pn

I¼1 Qoi

100 ð21Þ

where: Qoi = observed values, Qei = estimated values.
The PBIAS describes the average tendency of estimated

values to be greater or less than their observed values. The closer
the PBIAS value is to 0% the greater the agreement of the
compared quantities, positive values indicate underestimation of
the model and negative values indicate overestimation [GUPTA

et al. 1999; MORIASI et al. 2007; YUAN et al. 2014]. According to

guidelines, PBIAS value < ±10% indicates a very good fit; ±10%
≤ PBIAS < ±15% – good; ±15% ≤ PBIAS < ±25% – satisfactory;
and PBIAS ≥ ±25% – unsatisfactory fit [ARCHIBALD et al. 2014;
DONIGIAN et al. 1983; MORIASI et al. 2007; SINGH et al. 2004; VAN

LIEW et al. 2003].

MODELLING OF POLLUTANT INDICATOR VALUES

Modelling of the values of pollutant indices in treated wastewater
was carried out using the Monte-Carlo method. It is defined as the
use of a sequence of random numbers to build a sample from
a hypothetical population, from which it is possible to determine
statistical estimators of the parameters of the problem sought to be
solved [HALTON 1970]. In practice, it consists in the formulation of
a stochastic model describing a real phenomenon, and then
repeated implementation of this model using randomly generated
variables (according to the assumed probability distribution) and
statistical analysis of the obtained results. The Monte-Carlo
method is widely used in analyses related to the operation of
water and wastewater management facilities, as indicated by the
works of HENDREN et al. [2013], SCHAUBERGER et al. [2013], BARTON
et al. [2015]. In this study, simulations were performed for best-fit
statistical distributions describing the empirical distributions of the
analysed pollution indicators. One simulation cycle consisted of the
generation of 365 random values of pollution indicators. For each
generated set, a 24-element sample was determined at random. In
each cycle, the number of observations from the simulation which
did not meet the criterion of technological effectiveness (i.e. where
the value from the simulation was greater than the permissible
value) was determined and the result of the control of operation of
the treatment plant was determined (control indicator (CF) = 1
when the treatment plant was assessed negatively, i.e. when the
number of samples not meeting the requirements exceeded the
permissible value of the number of samples which may not meet
such requirements; CF = 0 otherwise). Each of the simulation cycle
was then repeated 100 times.

DETERMINATION OF RELIABILITY COEFFICIENTS
FOR THE OPERATION OF TREATMENT PLANTS

On the basis of the simulation carried out, the reliability
estimators of the operation of the wastewater treatment plant
were determined: the technological efficiency index R, the
reliability coefficient CR and the risk of negative control of the
operation of the wastewater treatment plant Re. Calculations were
carried out according to the formulas [ANDRAKA, DZIENIS 2013]:

R ¼
Nsym � NXperm

Nsym

ð22Þ

where: Nsym = number of simulations carried out, NXperm = num-
ber of samples from simulations not meeting the limit values for
the pollutant indicator analysed:

CR ¼
mx

Nperm

ð23Þ

where: mx = the average value of a given indicator for the
simulations carried out, Nperm = the limit value of the indicator
concerned.
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Re ¼

PNsym

i¼1 CFi

Nsym

ð24Þ

where:
PNsym

i¼1

CFi = the sum of the results of the plant operation

checks for the simulations carried out, Nsym = number of
simulations carried out.

RESULTS AND DISCUSSION

GENERAL INFORMATION

The analysis of the results carried out in this study includes
preliminary analysis of the data, assessment of the susceptibility
of wastewater to biological decomposition processes, selection of
the best-fitting theoretical to empirical distribution, modelling of
the values of pollutant indices in raw and treated wastewater,
together with an analysis of the correctness of the two-stage
treatment processes.

PRELIMINARY DATA ANALYSIS

In order to characterise the dynamics of changes in the quality of
raw and treated sewage, descriptive statistics were determined:
location and dispersion measures for the analysed values of
pollutant indexes in sewage. The results of the analyses are
presented in Table 1.

The results of the preliminary analysis are presented in
Table 1. Based on it, it was found that in the raw sewage the
difference between the extreme values (min. and max.) was
respectively: for BOD5 – 85%, COD – 85%, TSS – 88%, Ntot – 76%,
Ptot – 88%. Additionally, it can be concluded that the composition

of wastewater flowing into the Tarnów WWTP did not differ
significantly from the typical composition for domestic waste-
water from southern Poland, as indicated by the results of studies
conducted by KACZOR [2009] and MŁYŃSKI et al. [2020]. The values
of coefficient of variation (Cv) for individual indicators of
pollution indicate an average variability of the composition of
wastewater flowing into the treatment plant. In the case of treated
wastewater, the characteristic values of pollutant indicators are
presented in Table 1 and Figure 1. The disproportion between the
values of pollutants from the organic group was respectively for
BOD5 – 84% and COD – 81%, and for TSS was at the level of 81%.
For biogenic compounds, the differences were at the level of 93%
for Ntot and 90% for Ptot In the case of organic pollutants in the
period of analysis (2015–2020) exceedances of limit values can be
observed. For BOD5 there were 8 exceedances of the limit value
(15 mg O2·dm–3) and for COD there were two observations above
125 mg O2·dm–3. For TSS, two samples were recorded throughout
the observation period that did not meet the limit value of
35 mg·dm–3. In the case of biogenic compounds as many as
31 exceedances of the standard values (10 mg·dm–3) were
recorded for total nitrogen in treated wastewater and 10 samples
which exceeded the permissible value of total phosphorus
concentration in the outflow (1 mg·dm–3).

The recorded exceedances of values of pollutant indices
could have been caused by a varied course of factors which
significantly shape the effectiveness of treatment processes, i.e. the
volume of wastewater inflow or the temperature of wastewater.
Another factor may be the size of the pollutant load in the effluent
entering the plant. The quality and quantity of wastewater is
strongly influenced by the nature of urban households. People,
who did not have access to the sewage treatment are accustomed
to saving water. The result is the concentration of higher amount
of pollutants in less water used. In addition, trends in household
water consumption result in high heterogeneity in wastewater
discharge, which exposes treatment systems to unstable operation
[WAŁĘGA et al. 2018]. Analysing the value of the Cv values, we can
observe an average variability in the composition of organic
pollutants and total suspended solids, and a high variability in the
composition for total nitrogen and total phosphorus at the
outflow in wastewater after biological treatment processes. As
shown by the results of studies conducted by other authors, this is
a characteristic feature of treated wastewater [BUGAJSKI et al. 2016;
CHMIELOWSKI et al. 2017; KACZOR et al. 2015; MŁYŃSKI et al. 2020;
WĄSIK, CHMIELOWSKI 2013].

ASSESSMENT OF BIOLOGICAL DEGRADABILITY
OF WASTE WATER

Based on the presented relationships (Eqs. (1)–(4)), it can be
concluded that in the period from 2015 to 2020, wastewater
flowing to the treatment plant in Tarnów was characterised by
high susceptibility to decomposition of organic compounds, as
evidenced by the value of the CODCr/BOD5 quotient (Fig. 2). The
value of the quotient CODCr/BOD5 after the process of biological
treatment at the level of 9.41 indicates a high degree of
decomposition of organic compounds and organic substances
difficult to decompose remaining in the sewage. The quotient
values between CODCr and BOD5 indicate that the processes of
organic pollutants removal in the analysed two-stage system are
correct. Analysing the susceptibility of raw sewage to the

Table 1. Preliminary data analysis for observation series of
pollutant indicators in raw and treated wastewater

Pollutant indicator
Min. Mean Max. SD

Cv (–)
mg∙dm–3

Raw sewage

BOD5 140.00 518.93 940.00 182.55 0.35

CODCr 266.00 970.67 146.00 294.37 0.30

TSS 140.00 476.43 1200.00 165.62 0.35

Ntot 36.40 80.09 149.00 18.23 0.23

Ptot 2.93 7.56 24.50 2.64 0.35

Treated sewage

BOD5 3.50 7.90 23.00 3.27 0.41

CODCr 27.50 69.41 146.00 20.26 0.29

TSS 6.80 15.07 35.00 5.81 0.39

Ntot 3.30 10.57 50.60 8.06 0.76

Ptot 0.21 0.59 2.00 0.31 0.52

Explanations: SD = standard deviation, Cv = coefficient of variation,
BOD5 = oxygen demand, CODCr = chemical oxygen demand, TSS = total
suspended solids.
Source: own study.
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decomposition of biogenic compounds, it can be observed that
the determined relations between Ntot and BOD5 and between Ptot
and BOD5 provided appropriate conditions for the processes of
biological decomposition of nitrogen compounds by denitrifica-
tion, and the removal of phosphorus compounds by defosfatation.
After the process of biological treatment of wastewater, an
increase in the values of the determined ratios can be observed,

which indicates a significant decrease in the amount of
biologically degradable substances and in the effectiveness of
the processes of removing biogenic compounds (Fig. 2). Similar
results with observations were also noted in the work by MŁYŃSKA

et al. [2017], where the authors obtained very similar values of
quotients of analysed indicators of pollution. The obtained
quotient values indicate the proper functioning of the mechan-
ical-biological treatment plant in Tarnów.

VERIFICATION OF THEORETICAL PROBABILITY
DISTRIBUTIONS

The fit of the theoretical distributions to the empirical distribu-
tions of the observational series of the pollution indicators
analysis in raw and treated sewage was determined by the
following functions: Johnson SM, Weibull, GMM, GEV, half-
normal, log-normal, normal, Pareto, triangular, Rayleigh. The fit
of the distributions was assessed using the Anderson–Darling test
for a fixed significance level of α = 0.05. When the obtained
p-value was below the assumed significance level, it was found
that the theoretical functions did not match the empirical
functions for the analysed indicator measurement series. The
obtained results of the analysis are presented in Table 2.

Fig. 1. Values of analysis indicators of pollution in treated
sewage against permissible values; BOD5, CODCr, TSS as in
Tab. 1; source: own study

Fig. 2. A susceptibility of the raw sewage and sewage after biological
process on biodegradability based on CODCr/BOD5, Ntot/BOD5 and Ptot/
BOD5 ratios; BOD5, CODCr as in Tab. 1; source: own study
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Based on the results presented in Table 2, it was found that
the observation series for the BOD5 indicator can be described
by the three probability distributions analysed (GMM, GEV,
log-normal). This is indicated by the p-value values for the A–D
test statistics taking values above the assumed significance level
α = 0.05. For the second indicator from the organic group
(CODCr), the A–D test showed that a p-value above 5% occurs for
the distributions: GMM, GEV, Johnson SU, log-normal, Normal,
Pareto, Weibull, which means that the hypothesis H0, stating that
the theoretical distribution analysed is consistent with the
empirical distribution, should be accepted. With regard to total
suspended solids, a p-value above 0.05 indicates the possibility of
using the distributions: GMM, GEV, Johnson SU. On the
other hand, in the case of indexes from the biogenic group (Ntot

and Ptot), statistical analysis showed the conformity of the
theoretical distribution with the empirical distribution of these
indices for the functions: GMM, GEV, log-normal.

SELECTION OF THE BEST-FITTING STATISTICAL DISTRIBUTION

Based on the analysis of the matching of the theoretical and
empirical distributions, it was found that the observation series of
pollution indicators in treated wastewater can be described by
more than one theoretical distribution. Calculations were
performed only for those functions for which the A–D criterion
confirmed their conformity with the empirical distribution of
random variables. The selection of the best-fitting distribution
was made on the basis of the PB criterion and the quantile-
quantile fit plot. The results of the analyses are summarised in
Table 3, and Figure 3 shows the best-fit statistical distributions.

Based on the results presented in Table 3, it was found that
for BOD5, the best-fitting theoretical distribution is the log-
normal distribution, for which the PBIAS value is equal to –
0.225%. For CODCr, the best-fitting theoretical distribution was
found to be the GEV distribution, for which the PBIAS value is –
0.094%. In the case of total suspended solids and biogenic

indicators (Ntot and Ptot), the best-fitting theoretical function is
the log-normal distribution, which is confirmed by the PBIAS
values. The analysis carried out allowed to explicitly indicate that
for the indicator from the organic group (BOD5), biogenic
indicators and TSS the best-fitting theoretical distribution is log-
normal. In the case of CODCr such a distribution turned out to be
GEV, however the comparable value of the PBIAS criterion for
the log-normal distribution indicates its applicability in the
description of this indicator. Figure 3 presents the best-fitting
statistical distributions describing the variables. The possibility of
using the log-normal distribution to monitor the performance of
wastewater treatment plants has been described in the works of
numerous authors [ANDRAKA, DZIENIS 2013; OLIVEIRA, VON SPERLING
2007; 2008], which indicate that it is the log-normal distribution
that best captures the statistical variability of quality parameters
in treated wastewater.

Table 2. The value of fitting the analysed theoretical distributions to the empirical distributions of random variables of pollution
indicators in treated sewage

Distribution
BOD5 CODCr TSS Ntot Ptot

A–D p A–D p A–D p A–D p A–D p

GMM 1.352 0.215 0.297 0.939 0.829 0.459 1.535 0.168 1.877 0.107

GEV 1.078 0.318 0.357 0.889 0.708 0.551 0.181 0.994 0.323 0.920

Johnson SU – – 0.370 0.877 0.461 0.785 – – – –

Log-normal 1.849 0.111 0.636 0.614 0.817 0.468 2.060 0.085 1.278 0.239

Normal 6.985 0.000 0.646 0.605 3.533 0.014 14.286 0.000 8.315 0.000

Weibull 6.359 0.001 0.855 0.442 2.995 0.027 7.639 0.000 6.022 0.001

Triangular 24.397 0.000 6.131 0.000 7.188 0.000 63.176 0.000 33.275 0.000

Rayleigh 9.490 0.000 14.474 0.000 7.438 0.000 16.041 0.000 6.097 0.001

Pareto 23.211 0.000 24.841 0.000 18.186 0.000 14.468 0.000 18.766 0.000

Semi-normal 26.244 0.000 34.700 0.000 25.137 0.000 11.102 0.000 18.129 0.000

Explanations: BOD5, CODCr, TSS as in Tab. 1, A–D = Anderson–Darling statistics, p-value is above the adopted significance level α = 0.05 (theoretical
distribution can be applied), GMM = Gaussian mixture model, GEV = general extreme values.
Source: own study.

Table 3. Analysis of percent bias (PBIAS) for the pollutants under
study

Distribution
PBIAS (%)

BOD5 CODCr TSS Ntot Ptot

GMM 0.171 –0.024 0.233 1.409 0.481

GEV 0.005 –0.094 0.094 0.015 0.050

Johnson SU – –0.036 0.008 – –

Log-normal –0.225 –0.067 –0.097 –0.772 –0.295

Normal – 0.306 – – –

Weibull – 1.025 – – –

Explanations: BOD5, CODCr, TSS as in Tab. 1, GMM, GEV as in Tab. 2,
bold – best-fit statistical distributions.
Source: own study.
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DETERMINATION OF RELIABILITY COEFFICIENTS
FOR THE OPERATION OF THE TARNÓW WASTEWATER

TREATMENT PLANT

Based on the results for the best-fitting statistical distributions,
values for the pollution indicators were determined using the
Monte-Carlo method. The modelling was based on the log-normal
distribution for the indicators BOD5, TSS and biogenic group (Ntot

and Ptot). For CODCr the simulation was based on the GEV
distribution. On the basis of the simulated values, the indices of

technological efficiency (R), reliability coefficient (CR) and risk of
negative control of wastewater treatment plant operation (Re) were
calculated. The results are summarised in Table 4.

Based on the results of the simulation carried out, it can be
concluded that the wastewater treatment plant in Tarnów is
functioning properly in terms of the reduction of organic
pollutants and total suspended solids. The values of technological
efficiency index R for BOD5 and CODCr, as well as for TSS are very
close to each other and equal to unity, which indicates that the
number of samples that do not meet the requirements for the

Fig. 3. Q–Q chart for the best-fit statistical distributions of variables:
a) biological oxygen demand, b) chemical oxygen demand, c) total
suspended solids, d) total nitrogen, e) total phosphorus; source: own study
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quality of treated wastewater may only occasionally occur during
the operation of this wastewater treatment plant. This is confirmed
by the values obtained for the reliability index of the operation of
the CR treatment plant. The values of the risk indicator of negative
control of the treatment plant Re operation for all three indicators
(BOD5, CODCr and TSS) indicate that during the plant operation
there may occur exceedances of the permissible values at the outlet,
however, the number of such exceedances should not be higher
than the one admissible for the treatment plant with PE
(population equivalent) exceeding 100,000. The recorded excee-
dances will therefore be incidental phenomenon, without negative
impact on the plant operation and environment. In case of
biogenic pollutants, the simulation carried out showed that the
WWTP may not meet the requirements related to reduction of
total nitrogen and total phosphorus in relation to the normative
levels. Moreover, the risk values of negative control of wastewater
treatment plant operation for biogenic compounds, different from
1, indicate that the number of exceedances at the outflow may be
higher than the acceptable one. The value of Re for total nitrogen,
which is equal to 1, is particularly unfavourable. It means that
during the operation period the treatment plant will not function
properly in terms of reduction of total nitrogen from the
wastewater. The recorded excess of total nitrogen in the outflow
may be caused by running the nitrification process at the
temperature of wastewater below 12°C. As reported by BUGAJSKI
and KACZOR [2008a], BUGAJSKI and MIELENZ [2008b] and BUGAJSKI
et al. [2015], the temperature of the wastewater has a significant
impact on the processes of nitrogen compounds removal in those
treatment plants whose technology is based on activated sludge.
The cited authors also indicate a temperature of 12°C as the
limiting temperature below which the nitrification process is
significantly inhibited. Therefore, this explains the less favourable
values of calculated reliability indices for the operation of the
analysed wastewater treatment plant for total nitrogen, in
comparison with other pollution indices. One of the suggested
solutions for wastewater treatment plant operators, in order to
increase the reduction of total nitrogen and total phosphorus from
wastewater, could be the incorporation of biological beds into the
existing technology. The process of nitrification will be carried out
on the beds, while in the anaerobic and hypoxic chambers,
operating in the activated sludge technology, the process of
nitrogen and phosphorus removal will be carried out. The
separation of nitrifying microorganisms from heterotrophic ones
will eliminate the phenomenon of competition between these
organisms and, as a result, increase the stability of the population
of nitrifying bacteria [MŁYŃSKI et al. 2019; WAŁĘGA et al. 2019].

CONCLUSIONS

The aim of this study was to model the operation of a wastewater
treatment plant, using the Monte-Carlo method. The pollutant
indexes in the treated wastewater were analysed: BOD5, CODCr,
TSS, Ntot and Ptot. Simulations were performed using the
following probability distributions: Johnson SU, Weibull, gaus-
sian mixture model (GMM), general extreme values (GEV), half-
normal distribution, log-normal, Pareto, normal, triangular,
Rayleigh. The fit of the theoretical distributions together with
the empirical distributions was assessed using Anderson–Darling
(A–D) statistics. The best-fitting statistical distributions were
selected using the percent bias criterion (PBIAS) criterion. Based
on the calculations performed, it was found that the analysed
indicators of pollution in treated wastewater were characterised
by an average variability of composition for organic pollutants
and total suspended solids, and a high variability of composition
for total nitrogen and total phosphorus. The best fitted
distribution was log-normal for BOD5, TSS, Ntot and Ptot and
GEV for CODCr. The simulation carried out using the Monte-
Carlo method confirmed that there may be problems associated
with the reduction of nutrients at the analysed wastewater
treatment plant. The Monte Carlo simulation method is a useful
tool for modelling the technological reliability of a wastewater
treatment plant, provided that an appropriate theoretical
distribution for the random variables is indicated. This makes it
possible to generate new data while retaining existing correlation
structures between variables. The values generated in this way can
be useful in assessing the performance of the treatment plant and
in preparing various possible scenarios of its operation.
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