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double-tee section beams
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Abstract: Elastic lateral-torsional buckling of double-tee section structural steelworks has been widely
investigated with regard to the major axis bending of single structural elements as a result of certain
loading conditions. No specific attention has been paid to the general formulation in which an arbitrary
span load pattern was associated with unequal end moments as a result of the moment distribution
between structuralmembers of the load bearing system.A number of analytical solutionswere developed
on the basis of the Vlasov theory of thin-walled members. Since the accurate closed-form solutions
of lateral-torsional buckling (LTB) of beams may only be obtained for simple loading and boundary
conditions, more complex situations are treated nowadays by using numerical finite element methods
(FEM). Analytical and numerical methods are frequently combined for the purpose of: a) verification of
approximate analytical formulae or b) presentation the results in the form of multiple curve nomograms
to be used in design practice. Investigations presented in this paper deal with the energy method applied
to LTB of any complex loading condition of elements of simple end boundary conditions, bent about
the major axis. Firstly, a brief summary of the second-order based energy equation dealt with in this
paper is presented and followed by its approximate solution using the so-called refined energy method
that in the case of LTB coincides with the Timoshenko’s energy refinement. As a result, the LTB energy
equation shape functions of twist rotation and minor axis displacement are chosen such that they cover
both the symmetric and antisymmetric lateral-torsional buckling modes. The latter modes are chosen
in relation to two lowest LTB eigenmodes of beams under uniform major axis bending. Finally, the
explicit form of the general solution is presented as being dependent upon the dimensionless bending
moment equations for symmetric and antisymmetric components, and the in-span loads. Solutions based
on the present investigations are compared for selected loading conditions with those obtained in the
previous studies and verified with use of the LTBeam software. Conclusions are drawn with regard to
the application of obtained closed-form solutions in engineering practice.
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1. Introduction
The elastic LTB analysis is a necessary step for the practical assessment of the inelastic

lateral-torsional buckling resistance of real beams, therefore it is the subject of investigations
in this paper with regard to complex loading cases. Investigations related to the linear
buckling analysis of I-shaped members under moment gradient were presented in [5,9,10].
The use of energy methods in buckling problems is widely studied by Trahair [25]. Possible
energy approaches for the evaluation of elastic lateral-torsional buckling problems of beams
were studied by many authors, the summary of which have been given by Pi et al. [22].
A way for the refinement of the classical energy approach was shown by Timoshenko and
Gere [24]. There, it has been postulated that the accuracy of classical approach of solving
LTB problems may be improved by making use of the minor axis bending differential
equilibrium equation. Trahair [25] refers to this method to TEM (Timoshenko’s Energy
Method). This method was used by many authors to solve different LTB problems of
bisymmetric andmonosymmetric double-tee section beams, e.g.Mohri et al. [12], Bijak [1,
3]. Bijak [2] solved flexural-torsional buckling (FTB) problems of beam-columns subjected
to a combination of endmoments and uniformly distributed span loads over thewhole length
of the member. In special cases of the zero axial compressive force, Bijak’s solutions
coincide with those of TEM [25]. Second order differential equilibrium equations and
Bubnov–Galerkin approximate method were used. The classical energy approach was
used in [8] to solve elastic flexural-torsional problems of beam-columns subjected to load
patterns dependent upon a single load parameter that is able to represent the loads of
the same nature but of different values in both half-lengths of the member. The general
solution has been obtained by treating any arbitrary loading pattern as a superposition of
symmetric and antisymmetric components, therefore the bending moment diagram is also
the superposition of symmetric and antisymmetric components.
This paper is a continuation of ongoing research carried out at the Warsaw University

of Technology [8]. Hence, the energy method presented in this paper for solving elastic
LTBproblemsmaintains the abovementioned superposition principle.More general energy
equation is derived that accounts for the ratio ofminor axis tomajor axis secondmoments of
inertia. Minor axis equilibrium equation is used for the evaluation of the second derivative
of the minor axis field displacements in order to replace the energy term dependent upon
the product of multiplication of the mean twist rotation 𝜙 and the minor axis curvature 𝑣′′
of the out-of-plane displacement state by the term dependent upon the twist rotation 𝜙.
Since the mixed term of the higher order derivative of minor axis displacement is replaced
by the twist rotation, the accuracy of the classical energy method used in [8] is improved.
The proposed approach is referred hereafter to the refined energy method.

2. Elastic lateral-torsional buckling formulation
Let us consider a case of the elastic lateral-torsional buckling of simply supported

bisymmetric double-tee section beam subjected to a nonlinear in-plane moment gradient
being produced by the action effects of unequal end moments and span loads composed
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of “𝑖” distributed load components and “ 𝑗” concentrated load components. The in-plane
distributed load component 𝑞𝑧,𝑖 acts in the range from 𝑥𝑞1,𝑖 to 𝑥𝑞2,𝑖 of the member length,
and at the distance 𝑧𝑞,𝑖 for the section shear centre, while the in-plane concentrated force
𝑄𝑧, 𝑗 acts at the distance 𝑥𝑄, 𝑗 from the member axis origin, and at the distance 𝑧𝑄, 𝑗 from
the section shear centre (Fig. 1).

Fig. 1. Loading pattern and boundary conditions; a) general layout, b) symmetric loading pattern
component; c) antisymmetric loading pattern component

The non-classical energy equation presented hereafter is formulated within the frame-
work of linear bucking analysis (LBA) in order to formulate the equilibrium at the bifurca-
tion state on the elastic primary equilibrium path. The developed formulation leads to the
nonlinear eigenproblem analysis (NEA) that is compared to that of the linear eigenproblem
analysis (LEA) presented in [8]. The Cartesian coordinate system used hereafter is that
following the right hand rule.

2.1. Displacement field equation and displacement field derivatives

The starting point for the energy formulation is first to establish the displacement field of
a thin-walled element of seven degrees of freedom. The formulation conforms to the Vlasov
theory that combines the theories of Euler–Bernoulli bending and Saint Venant torsion by
allowing for the warping effect. The following matrix displacement field relationship of
thin-walled members holds:

(2.1)

𝑢

𝑣

𝑤

 = R

Δ𝑠

𝑦

𝑧

 −

(
1 + 𝜔𝜅′𝑥

)
Δ𝑥

𝑦

𝑧


where: R – space rotation matrix of the principal sectional axes of the Cartesian coordinate
system, determined by considering the movement of origin and the rotation of axes (𝑥, 𝑦, 𝑧)
by an angle 𝜑 =

√︁
𝜃2 + 𝜙2 about an arbitrary axis passing through the origin (𝜃 =

√︃
𝜃2𝑦 + 𝜃2𝑧 ,

where 𝜃𝑦 and 𝜃𝑧 flexural rotations about the section principal axes),Δ𝑠 –member elemental
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length in the displaced configuration, 𝜅𝑥 = 𝜅′𝑥Δ𝑥 – twist [note that (. . .) ′ =
d
d𝑥

(. . .)], 𝜔 –
warping constant.
In the following, the deformation state variables dependent upon the 𝑥-coordinate. The

deflected position of a double-tee section in relation to the out-of-plane buckling problems
considered hereafter is defined by the prebuckling axial extension

(
1 + 𝑢′0

)
Δ𝑥 and in-plane

displacement 𝑤, as well as the postbuckling displacement 𝑣 and twist rotation 𝜃𝑥 . Fig. 2
shows the deformation state of the member elemental length Δ𝑥 that translates along the
coordinates 𝑥, 𝑦, 𝑧 (𝑢0, 𝑣0, 𝑤0 respectively), then develops the members axis extension 𝑢′0
and rotation about the angle 𝜃.

Fig. 2. Deformation state of the member elemental length Δ𝑥

The accurate rotation matrix R has been studied by Pi and Trahair [20, 21] and by
Pi and Bradford [18, 19]. For the purpose of the following investigations, let us assume

small rotations, i.e. cos 𝜃 = 1 − 1
2
𝜃2 and 𝜆 =

1
1 + cos 𝜃 =

1
2
. The rotation matrix derived

in the latter study [18, 19] may therefore be approximated by a sum of two components,
one related to the twist rotation and the second one to the flexural rotations of the twisted
section:

R =


1 0 0
0 cos 𝜃𝑥 − sin 𝜃𝑥
0 sin 𝜃𝑥 cos 𝜃𝑥


+


−1
2
𝜃2 𝜃𝑦 sin 𝜃𝑥 − 𝜃𝑧 cos 𝜃𝑥 𝜃𝑦 cos 𝜃𝑥 + 𝜃𝑧 sin 𝜃𝑥

𝜃𝑧
1
2
𝜃𝑦𝜃𝑧 sin 𝜃𝑥 −

1
2
𝜃2𝑧 cos 𝜃𝑥

1
2
𝜃2𝑧 sin 𝜃𝑥 +

1
2
𝜃𝑦 𝜃𝑧 cos 𝜃𝑥

−𝜃𝑦
1
2
𝜃𝑧 𝜃𝑦 cos 𝜃𝑥 −

1
2
𝜃2𝑦 sin 𝜃𝑥 −1

2
𝜃2𝑦 cos 𝜃𝑥 −

1
2
𝜃𝑧𝜃𝑦 sin 𝜃𝑥


where: 𝜃𝑥 – twist rotation about the member axis (terms being framed are the direction
cosines of the section rotated about 𝑦− 𝑦 and 𝑧− 𝑧 axes, with respect to the fixed coordinate
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axes of the member elemental length Δ𝑥); 𝜃𝑦 and 𝜃𝑧 – flexural rotations about the section
principal axes being approximated by:

𝜃𝑧 = 𝑣
′
0 𝜃𝑦 = −𝑤′

0

The sign minus of the rotation 𝜃𝑦 follows from the right hand rule and terms being
framed are treated as constants when differentiating the R matrix. Assuming the approx-
imations sin 𝜃𝑥 = 𝜃𝑥 and cos 𝜃𝑥 = 1 − 1

2
𝜃2𝑥 , except for the first row of the R matrix, and

neglecting terms of higher than order 2, the rotation matrix of the deformable member may
be expressed in the nonlinear form:

R =


1 0 0

0 1 − 1
2
𝜃2𝑥 −𝜃𝑥

0 𝜃𝑥 1 − 1
2
𝜃2𝑥


+


−1
2
𝜃2 𝜃𝑦 sin 𝜃𝑥 − 𝜃𝑧 cos 𝜃𝑥 𝜃𝑦 cos 𝜃𝑥 + 𝜃𝑧 sin 𝜃𝑥

𝜃𝑧 −1
2
𝜃2𝑧

1
2
𝜃𝑦 𝜃𝑧

−𝜃𝑦
1
2
𝜃𝑧 𝜃𝑦 −1

2
𝜃2𝑦


Furthermore, replacing the twist rotation by its mean value 𝜙 that satisfies the following

relationship:

𝜙 + 𝜃𝑥 = 𝑅(3, 2) − 𝑅(2, 3) = 2𝜃𝑥 +
1
2

(
𝜃𝑧 𝜃𝑦 − 𝜃𝑦 𝜃𝑧

)
and considering Δ𝑠 = Δ𝑥

√
1 + 2𝑒 ≈ Δ𝑥(1 + 𝑒), 𝑒 = 𝑢′ + 1

2
𝜃2, Eq. (2.1) is approximated by:


𝑢

𝑣

𝑤

 = R

Δ𝑥

𝑦

𝑧

 −

(
1 + 𝜔𝜅′𝑥

)
Δ𝑥

𝑦

𝑧


where:

R =



(
1 − 1
2

(
𝜃2𝑦 + 𝜃2𝑧

))
(1 + 𝑒) 𝜃𝑦 sin 𝜙 − 𝜃𝑧 cos 𝜙 𝜃𝑦 cos 𝜙 + 𝜃𝑧 sin 𝜙

𝜃𝑧 (1 + 𝑒) 1 − 1
2

(
𝜙2 + 𝜃2𝑧

)
−𝜙

−𝜃𝑦 (1 + 𝑒) 𝜙 1 − 1
2

(
𝜙2 + 𝜃2𝑦

)


Hence, from the above relationship, different forms of the second order displacement
field equations may be derived like those shown in the subject literature, e.g. Roik [23],
Pi et al. [22], Mohri et al. [12], among others. The relationship used hereafter is of the
following form:


𝑢

𝑣

𝑤

 =


𝑢0 − 𝜔𝜅𝑥

𝑣0
𝑤0

 +

𝑡ℎ𝑒𝑡𝑎𝑦 sin 𝜙 − 𝜃𝑧 cos 𝜙 𝜃𝑦 cos 𝜙 + 𝜃𝑧 sin 𝜙

−1
2
𝜙2 −𝜙

𝜙 −1
2
𝜙2


[
𝑦

𝑧

]
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The above relationship is a starting point for the evaluation of Green strain tensor
components in the displaced configuration of a thin-walled member by evaluating the
following derivative:

𝜕

𝜕𝑥


𝑢

𝑣

𝑤

 =
𝜕

𝜕𝑥


𝑢0 − 𝜔𝜅𝑥

𝑣0
𝑤0

 +
𝜕

𝜕𝑥


𝜃𝑦 sin 𝜙 − 𝜃𝑧 cos 𝜙 𝜃𝑦 cos 𝜙 + 𝜃𝑧 sin 𝜙

−1
2
𝜙2 −𝜙

𝜙 −1
2
𝜙2


[
𝑦

𝑧

]

=


𝑢′0 − 𝜔𝜅

′
𝑥

𝜃𝑧

−𝜃𝑦

 +

−𝜅𝑧 + 𝜃𝑦𝜅𝑥 𝜅𝑦 + 𝜃𝑧𝜅𝑥

0 −𝜅𝑥
𝜅𝑥 0


[
𝑦

𝑧

]
where: the expressions for twist 𝜅𝑥 as well as the flexural curvatures 𝜅𝑦 , 𝜅𝑧 and the twist
curvature 𝜅′𝑥 are given by:

𝜅𝑥 = 𝜙′

𝜅𝑦 = 𝜃 ′𝑦 cos 𝜙 + 𝜃 ′𝑧 sin 𝜙 = −
(
𝑤′′
0 cos 𝜙 − 𝑣′′0 sin 𝜙

)
𝜅𝑧 = 𝜃

′
𝑧 cos 𝜙 − 𝜃 ′𝑦 sin 𝜙 = 𝑣′′0 cos 𝜙 + 𝑤′′

0 sin 𝜙

and the derivative of twist (twist curvature)

𝜅′𝑥 = 𝜙′′

2.2. Strain components and total potential energy equation

In the following, the energy equation formulation uses the definitions of Green strain
tensor components formulated with reference made to the coordinate system fixed in the
undeflected position. The Green nonzero normal strain component is composed of linear
and nonlinear terms, respectively 𝜀𝑥𝑥,𝐿 and 𝜀𝑥𝑥,𝑁 𝐿 , where the latter one represents the
bowing effect:

𝜀𝑥𝑥 = 𝜀𝑥𝑥,𝐿 + 𝜀𝑥𝑥,𝑁 𝐿

𝜀𝑥𝑥 =
𝜕𝑢

𝜕𝑥
+ 1
2

[(
𝜕𝑢

𝜕𝑥

)2
+

(
𝜕𝑣

𝜕𝑥

)2
+

(
𝜕𝑤

𝜕𝑥

)2]
≈ 𝜕𝑢

𝜕𝑥
+ 1
2

[(
𝜕𝑣

𝜕𝑥

)2
+

(
𝜕𝑤

𝜕𝑥

)2]
Hence

𝜀𝑥𝑥 = 𝑢′0 − 𝑦
(
𝜅𝑧 + 𝜃𝑦𝜅𝑥

)
+ 𝑧

(
𝜅𝑦 + 𝜃𝑧𝜅𝑥

)
− 𝜔𝜅′𝑥

+ 1
2

[
𝜃2 − 2

(
𝑦𝜃𝑦 + 𝑧𝜃𝑧

)
𝜅𝑥 +

(
𝑦2 + 𝑧2

)
𝜅2𝑥

]
= 𝑢′0 − 𝑦𝜅𝑧 + 𝑧𝜅𝑦 − 𝜔𝜅

′
𝑥 +
1
2

[
𝜃2 + 𝑖20𝜅

2
𝑥

]
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and

𝜀𝑥𝑥,𝐿 = 𝑢′0 − 𝑦𝜅𝑧 + 𝑧𝜅𝑦 − 𝜔𝜅
′
𝑥

𝜀𝑥𝑥,𝑁 𝐿 =
1
2

[
𝜃2 + 𝑖20𝜅

2
𝑥

]
The Green nonzero shear strain components:

𝜀𝑥𝑦,𝐿 =
𝜕𝑢(𝑥, 𝑦, 𝑧)

𝜕𝑦
+ 𝜕𝑣(𝑥, 𝑦, 𝑧)

𝜕𝑥
= −1
2

(
𝑧 + 𝜕𝜔

𝜕𝑦

)
𝜅𝑥

𝜀𝑥𝑧,𝐿 =
𝜕𝑢(𝑥, 𝑦, 𝑧)

𝜕𝑧
+ 𝜕𝑤(𝑥, 𝑦, 𝑧)

𝜕𝑥
=
1
2

(
𝑦 − 𝜕𝜔

𝜕𝑦

)
𝜅𝑥

The obtained form of the strain field is consistent with that used by Mohri et al. [12]
provided that the mean twist is approximated by the first derivative of the angle of twist
rotation. The strain components are those of Pi and Bradford [18, 19] in their finite el-
ement formulation of nonlinear buckling analysis (NBA) of thin-walled members pro-
vided that coupling between the membrane and flexural states is neglected. It is worthy
to notice that only one Saint Venant shear strain component is used in [18, 19], namely
𝛾 =

√︃
𝜀2
𝑥𝑦,𝐿

+ 𝜀2
𝑥𝑧,𝐿

= −2𝜌𝜅𝑥 , when it is defined along the cross section mid-thickness
contour line, instead of those 𝜀𝑥𝑦 and 𝜀𝑥𝑧 in the present study (where 𝜌 is the wall thick-
ness 𝑡 dependent coordinate measured from the mid-thickness line and ranging from −𝑡/2
to 𝑡/2).
As a result, the total potential energy formulation yields the sum of the strain energy

𝑈 and the negative work of applied loads 𝑉 , while𝑈 is the sum of𝑈𝐿 (based on the linear
terms of Green strain components) and 𝑈𝑁𝐿 (based on the nonlinear term of the Green
normal strain component):

Π = 𝑈𝐿 +𝑈𝑁𝐿 −𝑉

where:
𝑈𝐿 =

1
2

∫ {
𝐸𝜀2𝑥𝑥,𝐿 + 𝐺

[
𝜀2𝑥𝑦,𝐿 + 𝜀2𝑥𝑧,𝐿

]}
d𝑥d𝑦d𝑧 – strain energy based on the linear

part of Green strain tensor components,

𝑈𝑁𝐿 =

∫
𝜎𝑥𝑥𝜀𝑥𝑥,𝑁 𝐿 d𝑥d𝑦d𝑧 – initial stress work,

𝑉 =
∑︁
𝑖

𝑥𝑞2,𝑖∫
𝑥𝑞1,𝑖

{
𝑞𝑦,𝑖 𝑣𝑖 + 𝑞𝑧,𝑖 𝑤𝑖

}
d𝑥 +

∑︁
𝑗

{
𝑄𝑦, 𝑗 𝑣 𝑗 +𝑄𝑧, 𝑗 𝑤 𝑗

}
– work done by applied

transverse distributed 𝑞𝑦,𝑖 , 𝑞𝑧,𝑖 and concentrated 𝑄𝑦, 𝑗 , 𝑄𝑧, 𝑗 loads.
Let us consider the LTB buckling case of in-plane transverse loads imposing the in-

plane bending (major axis bending without the axial force) and neglect the terms of higher
order then 2 in relation to the postbuckling out-of-plane deformation state components.
Carrying out the required calculations for the out-of-plane linear buckling analysis (LBA),
the total potential energy equation involving all the most important terms affecting the
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member buckling state is given by:

𝑈𝐿 =
1
2

𝐿∫
0

[
𝐸𝐼𝑧

(
𝑣′′0

)2 − (
1 − 𝐼𝑧/𝐼𝑦

)
𝐸𝐼𝑦𝑤

′′
0 𝜙

(
2𝑣′′0 + 𝑤′′

0 𝜙
)

+ 𝐸𝐼𝑤 (𝜅′𝑥)2 + 𝐺𝐼𝑇 (𝜅𝑥)2
]
d𝑥

𝑈𝑁𝐿 = 0

𝑉 = −1
2

©­­«
∑︁
𝑖

𝑧𝑞,𝑖

𝑥𝑞2,𝑖∫
𝑥𝑞1,𝑖

𝑞𝑧,𝑖𝜙
2
𝑖 d𝑥 +

∑︁
𝑗

𝑄𝑧, 𝑗 𝑧𝑄, 𝑗𝜙
2
𝑗

ª®®¬

(2.2)

The multiplier
(
1 − 𝐼𝑧/𝐼𝑦

)
accounts for the effect of prebuckling in-plane flexural

displacements on the out-of-plane buckling, and it has been denoted 𝑘1 in Mohri et al. [12].
When 1 − 𝐼𝑧/𝐼𝑦 = 𝑘1 is replaced by unity, one obtains the classical form of the energy
equation. The factor 𝑘1 may be taken as equal to unity only for narrow flange I-section
members for which 𝐼𝑧 � 𝐼𝑦 . For wide flange H-sections, the above said coefficient has to
be retained for more economic design. In the following, the factor 𝑘1 is consistently kept
on in order to obtain the analytical solution valid for any proportion between the minor axis
and major axis sectional moments of inertia. Moreover, it has to be noticed that for 𝐼𝑧 = 𝐼𝑦
the lateral-torsional form of buckling is not possible.

3. General solution of the LTB problem

Let us consider the following definition of the major axis curvature at the buckling
position, identified by the second derivative of the prebuckling displacement component𝑤0:

(3.1) 𝑀𝑦 = −𝐸𝐼𝑦𝑤′′
0 → 𝑤′′

0 = −
𝑀𝑦

𝐸𝐼𝑦

The minor axis curvature is obtained from the minor axis differential equilibrium
equation:

(3.2) 𝐸𝐼𝑧𝑣
′′
0 = −𝑀𝑦𝜙 → 𝑣′′0 = −

𝑀𝑦𝜙

𝐸𝐼𝑧

On the other hand, the definition of the minor axis moment at buckling yields:

(3.3) 𝑀𝑦𝜙 = 𝐸𝐼𝑧𝑤
′′
0 𝜙 → 𝑤′′

0 𝜙 =
𝑀𝑦𝜙

𝐸𝐼𝑧

Substituting Eqs. (3.1)–(3.3) to the energy equation developed in the previous section,
cf. Eq. (2.2), and performing the first variation of the resultant equation, provides a basis
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for the eigenproblem formulation of the LTB problem:

1
2

𝐿∫
0

{
𝐸𝐼𝑧𝛿

[ (
𝑣′′0

)2] + 𝐸𝐼𝑤𝛿 [
(𝜙′′)2

]
+ 𝐺𝐼𝑇 𝛿

[
(𝜙′)2

]
− 𝑘1

𝑀2𝑦

𝐸𝐼𝑧
𝛿(𝜙2)

}
d𝑥

+ 1
2

∑︁
𝑖

𝑥𝑞2,𝑖∫
𝑥𝑞1,𝑖

𝑞𝑧,𝑖𝑧𝑞,𝑖𝛿

(
𝜙2

)
d𝑥 + 1

2

∑︁
𝑗

𝑄𝑧, 𝑗 𝑧𝑄, 𝑗𝛿

{[
𝜙

(
𝑥𝑄, 𝑗

) ]2}
= 0

In the following, beamswith simplemember natural boundary conditions are dealt with.
The buckling modes, approximating the out-of-plane displacements and twist rotations are
well known trigonometric functions that satisfy boundary kinematic conditions:

𝑣 = 𝑎1 sin(𝜋𝜉) + 𝑎2 sin(2𝜋𝜉)

𝜙 = 𝑎3 sin(𝜋𝜉)

where: 𝜉 – dimensionless coordinate equal to 𝑥/𝐿, 𝑎1, 𝑎2 and 𝑎3 – unknown buckled shape
constants.
Carrying out the variation and substituting the above cited shape functions results in

the following relationship for QEA (quadratic eigenproblem analysis):

𝛿a𝑇 K𝑜𝑝a = 𝛿a𝑇
(
K + 𝛼𝑐𝑟K𝜎,𝐿 + 𝛼2𝑐𝑟K𝜎,𝑁 𝐿

)
a = 0

where: a – vector of the unknown buckled shape constants (a𝑇 =
{
𝑎1 𝑎2 𝑎3

}
is the a vector

transposed), K𝑜𝑝 – out-of-plane stability stiffness matrix being the sum of the constitutive
component K, the initial stress components K𝜎,𝐿 and the initial displacement component
K𝜎,𝑁 𝐿 , the latter two dependent, respectively, linearly upon the reference values of in-plane
loads 𝑞𝑧0,𝑖 and 𝑄𝑧0, 𝑗 , and quadratically upon the reference value of a prebuckling stress
resultant 𝑀𝑦0, 𝛼𝑐𝑟 – critical load factor.
The stiffness matrix components are of the following form:
– component K:

K =



𝜋4𝐸𝐼𝑧

𝐿3

1∫
0

sin2 𝜋𝜉 d𝜉 0 0

symm.
16𝜋4𝐸𝐼𝑧
𝐿3

1∫
0

sin2 2𝜋𝜉 d𝜉 0

symm. symm.
𝜋4𝐸𝐼𝑤

𝐿3

1∫
0

sin2 𝜋𝜉 d𝜉+𝜋
2𝐺𝐼𝑇
𝐿

1∫
0

cos2 𝜋𝜉 d𝜉


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– component K𝜎,𝐿:

K𝜎,𝐿 =



0 0 0
symm. 0 0

symm. symm. 𝐿
©­­«
∑︁
𝑖

𝜉𝑞2,𝑖∫
𝜉𝑞1,𝑖

𝑞𝑧0,𝑖𝑧𝑞,𝑖 sin2 𝜋𝜉 d𝜉 +
∑︁
𝑗

𝑄𝑧0, 𝑗 𝑧𝑄, 𝑗 sin2 𝜋𝜉 𝑗
ª®®¬


– component K𝜎,𝑁 𝐿:

K𝜎,𝑁 𝐿 =


0 0 0

symm. 0 0

symm. symm. −
(
𝑀𝑦0,max

)2
𝐿

𝐸𝐼𝑧

1∫
0

(
𝑚𝑦

)2 sin2 𝜋𝜉 d𝜉


where:
𝑚𝑦 = 𝑀𝑦0/𝑀𝑦0,max.

All the stiffness matrix components are of a diagonal form, therefore the determinant
of K𝑜𝑝 matrix is obtained by the multiplication of its diagonal terms and the buckling
eigenvalue criterion becomes:

(3.4) detK𝑜𝑝 = 0 →
𝑛=3∏
𝑛=1

𝐾𝑜𝑝 (𝑛, 𝑛) = 0

The terms 𝐾𝑜𝑝 (𝑛, 𝑛) for 𝑛 = 1, 2 are the constant positive values, therefore only the
third term contributes. As a result, the following relationship is obtained for the transverse
loads applied at the shear centre:

(3.5) 𝑖20𝑁𝑇
𝑁𝑧 =

(√
𝑘1𝑀𝑦,max

)2 [(
𝑀𝑦𝑠,max

𝑀𝑦,max

)2
2𝐼𝑠 +

(
𝑀𝑦𝑎,max

𝑀𝑦,max

)2
2𝐼𝑎

]
where: 𝑁𝑧 – lowest minor axis flexural buckling force, 𝑀𝑦𝑠,max, 𝑀𝑦𝑎,max – maximum abso-
lute values of symmetric and antisymmetric moment components, scaling the elementary

action field moment effects, 𝐼𝑠 =

1∫
0

𝑚2𝑦𝑠 (𝜉) sin2 (𝜋𝜉)d𝜉 – symmetric moment integral,

𝑚𝑦𝑠 (𝜉) =
𝑀𝑦𝑠 (𝜉)
𝑀𝑦𝑠,max

, 𝐼𝑎 =

1∫
0

𝑚2𝑦𝑎 (𝜉) sin2 (𝜋𝜉)d𝜉 – antisymmetric moment integral and

𝑚𝑦𝑎 (𝜉) =
𝑀𝑦𝑎 (𝜉)
𝑀𝑦𝑎,max

.

Regarding that the critical moment𝑀𝑐𝑟 ,0 for the uniform bending is𝑀𝑐𝑟 ,0 = 𝑖0
√
𝑁𝑇 𝑁𝑧 ,

for 𝑛 symmetric and 𝑚 antisymmetric moment components, the integrals constituting the
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diagonal initial displacement terms of the out-of-plane stiffness matrix K𝜎,𝑁 𝐿 are the
summation of 𝑛 integrals for symmetric moment components 𝑀𝑦𝑠,𝑖 (𝜉) and 𝑚 integrals for
antisymmetric moment components 𝑀𝑦𝑎, 𝑗 (𝜉). Therefore, Eq. (3.5) takes the form:(√

𝑘1𝑀𝑦,max

𝑀𝑐𝑟 ,0

)2 
(
𝑀𝑦𝑠,max

𝑀𝑦,max

)2 𝑖=𝑛∑︁
𝑖=1

(
𝑀𝑦𝑠,𝑖,max

𝑀𝑦𝑠,max

)2
2𝐼𝑠,𝑖 +

(
𝑀𝑦𝑎,max

𝑀𝑦,max

)2 𝑗=𝑚∑︁
𝑗=1

(
𝑀𝑦𝑎, 𝑗,max

𝑀𝑦𝑎,max

)2
2𝐼𝑎, 𝑗

 = 1

or in the shortened form, similar to that used in Trahair et. al. [26]:

(3.6)
(
𝑀𝑦,max

𝐶𝑏𝑐𝑀𝑐𝑟 ,0

)2
= 1

Hence:

1
𝐶𝑏𝑐

=

√√√√√
𝑘1


(
𝑀𝑦𝑠,max

𝑀𝑦,max

)2 𝑖=𝑛∑︁
𝑖=1

(
𝑀𝑦𝑠,𝑖,max

𝑀𝑦𝑠,max

)2
2𝐼𝑠,𝑖 +

(
𝑀𝑦𝑎,max

𝑀𝑦,max

)2 𝑗=𝑚∑︁
𝑗=1

(
𝑀𝑦𝑎, 𝑗,max

𝑀𝑦𝑎,max

)2
2𝐼𝑎, 𝑗


or in the shortened form, by using the factors 𝐶𝑏𝑠 for the conversion of 𝑀𝑦𝑠 (𝜉) and 𝐶𝑏𝑎

for the conversion of 𝑀𝑦𝑎 (𝜉):

(3.7)
1
𝐶𝑏𝑐

=

√√√
𝑘1

[(
𝑀𝑦𝑠,max

𝑀𝑦,max

1
𝐶𝑏𝑠

)2
+

(
𝑀𝑦𝑎,max

𝑀𝑦,max

1
𝐶𝑏𝑎

)2]

where:
1
𝐶𝑏𝑠

=

𝑖=𝑛∑︁
𝑖=1

𝑀𝑦𝑠,𝑖,max

𝑀𝑦𝑠,max

1
𝐶𝑏𝑠,𝑖

,
1

𝐶𝑏𝑠,𝑖

=
√︁
2𝐼𝑠,𝑖 and

1
𝐶𝑏𝑎

=

𝑗=𝑚∑︁
𝑗=1

𝑀𝑦𝑎, 𝑗,max

𝑀𝑦𝑎,max

1
𝐶𝑏𝑎, 𝑗

,

1
𝐶𝑏𝑎, 𝑗

=
√︁
2𝐼𝑎, 𝑗 – conversion factors for the symmetric and antisymmetricmoment diagram

components.
One has to notice that Eq. (3.7) presented earlier in [17] had been derived by neglecting

the effect of prebuckling displacements (𝑘1 = 1) and the elementary conversion factors
𝐶𝑏𝑠 and 𝐶𝑏𝑎 under the square root term of (3.7) were placed outside the round brackets.
When span loads are applied away from the section shear centre, the term 𝐾𝑜𝑝 (3, 3) of
the stiffness matrix K𝑜𝑝 needs to include an additional term 𝐾𝑜𝑝,𝐹 related to distributed
and/or concentrated loads:

(3.8) 𝐾𝑜𝑝 (3, 3) = 𝑖20𝑁𝑇

𝜋2

2𝐿
+ 𝐾𝑜𝑝,𝐹

where: 𝐾𝑜𝑝,𝐹 – term related to applied off-shear centre loads as defined in Giżejowski et
al. [8].
Substituting Eq. (3.8) to Eq. (3.4) and rearranging as it has been done earlier, Eq. (3.6)

becomes of the following one:(
𝑀𝑦,max

𝐶𝑏𝑐𝑀𝑐𝑟 ,0

)2
= 1 + 𝜁𝐹

𝑀𝑦𝑠,maxℎ𝐶𝑏𝐹

𝑖20𝑁𝑇



94 A. BARSZCZ, M. GIŻEJOWSKI, M. PĘKACKA

or in the form of Eq. (3.7) in which for a single type of the span load:

1
𝐶𝑏𝑐

=

√√√√√√√√√√√√√𝑘1

[(
𝑀𝑦𝑠,max

𝑀𝑦,max

1
𝐶𝑏𝑠

)2
+

(
𝑀𝑦𝑎,max

𝑀𝑦,max

1
𝐶𝑏𝑎

)2]
1 + 𝜁𝐹

𝑀𝑦𝑠,maxℎ𝐶𝑏𝐹

𝑖20𝑁𝑇

where: 𝐶𝑏𝐹 =
2𝐿
𝜋2

𝐾𝑜𝑝,𝐹

𝑧𝐹𝑀𝑦𝑠,max
– defined in Giżejowski et al. [8].

4. Application and verification

4.1. Moment conversion factors

In this subchapter, first the conversion factors 𝐶𝑏𝑐

√
𝑘1 of present study (QEA) are

compared with those obtained with use of LEA in Giżejowski et al. [8] for some important
load cases dealt with. Eq. (3.7) is used to present the particular solutions for unequal end
moments and for span uniformly distributed loads of unequal values in two half-lengths
as well as concentrated loads of unequal values in two span half-lengths, as it is shown in
Table 1. The results presented in Table 1 suggest that the differences between the LEA and
QEA conversion factors in case of selected loading patterns are negligible. Moreover, QEA

Table 1. Conversion factors for simple loading cases

Loading case 𝐶𝑏𝑠 (𝜓𝑖 = 1) 𝐶𝑏𝑎 (𝜓𝑖 = −1)
𝑖 Scheme QEA LEA QEA LEA

M 1 1 2.77 2.78

q 1.13 1.15 1.37 1.43

Q

𝑥0 = 𝐿/2 1.37 1.42 0 0
𝑥0 = 𝐿/3 1.10 1.12 1.56 1.74
𝑥0 = 𝐿/4 1.04 1.05 1.73 1.81
𝑥0 = 𝐿/6 1.01 1.01 1.98 2.01
𝑥0 = 𝐿/8 1.01 1.01 2.14 2.15
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results of 𝐶𝑏𝑐

√
𝑘1 of the present study for 𝜓𝑖 = 1 (symmetric loading cases for 𝑖 = 𝑀 , 𝑞,

𝑄 where 𝑞, 𝑄 are shear centre loads) conform with those of 𝐶𝑏𝑐

√
𝑘1 in Mohri et al. [12]

when the compressive force takes zero value.
In order to compare LEA and QEA solutions for combined loading patterns, authors

considered the combined loading case 𝑖 = 𝑞 “+”𝑀 in the whole range of 𝜓𝑀 but for 𝜓𝑞 = 1
(UDL over the entire length of the beam). The moment proportion factor 𝜇 is used being
equal to the maximum moment 𝑀𝑦𝑞 = 0.125𝑞𝐿2 for 𝑖 = 𝑞 over the maximum moment
𝑀𝑦𝑀 for 𝑖 = 𝑀 . The curves representing the conversion factor for considering uniformly
distributed load and unequel end moments are presented in Fig. 3 for 𝜇 ≤ 0. The solid line
represents the QEA solutions while the dashed line represents the LEA solutions.

Fig. 3. Comparison of LEA and QEA conversion factors (description in the text)

Since the values of 𝐶𝑏𝑐

√
𝑘1 in certain ranges of 𝜓𝑀 are distinctively apart from each

other, two different scales are adopted for the ordinate axis, namely below and above
𝐶𝑏𝑐

√
𝑘1 = 10. The results prove that the difference between the LEA and QEA solutions
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greatly depends upon the 𝜓𝑀 value. For some of the negative values of 𝜇, the 𝐶𝑏𝑐

√
𝑘1

curves are distinctively different from each other.
The curves go upwhen𝜓𝑀 is travelling from negative towards positive values, reaching

the maximum value being greater and above those for 𝜓𝑀 = −1. The maximum difference
of 𝐶𝑏𝑐

√
𝑘1 is reached in the range between 𝜇 = −0.8 and –1.2. The maximum difference is

observed for 𝜇 = −1.1 where LEA solution reaches the maximum value of 67.4 and QEA
solution reaches the maximum value of 5.84. Generally, the QEA conversion factor curves
presented in this study are placed lower than those from LEA, especially for high values of
𝐶𝑏𝑐

√
𝑘1 appearing in the range of 𝜇 = −0.8 ÷ −1.2. The huge difference of 𝐶𝑏𝑐

√
𝑘1 noted

for an exemplary value of 𝜇 = −1.1 is however for a quite unrealistic load case.
General conclusions are as follows:
1. QEA conversion factor curves presented in this study are placed lower than those
of the previous LEA investigations presented in [8]. Lower values of 𝐶𝑏𝑐

√
𝑘1 lead

to the lower values of the critical moment, therefore such a conclusion is important
from engineering point of view.

2. High values of 𝐶𝑏𝑐

√
𝑘1 appear in the range of negative values of 𝜇. Noticeable

differences for of 𝜇 around unity are however less important from the practical point
of view since the beam buckling in the regions of high𝐶𝑏𝑐

√
𝑘1 appears to be elastic-

plastic for steel grades used in civil engineering structures (see also Bradford et
al. [4]).

3. The difference is generally lesser for the positive values of 𝜇 where it is only slightly
dependent upon the value of 𝜓𝑀 .

4.2. Verification for the case of combined loading

The difference in𝐶𝑏𝑐

√
𝑘1 values noted in the previous subsection for combined loading

cases, referred mainly to the range of negative 𝜇 values need to be verified by finite
element numerical simulations and other analytical solutions, especially dedicated for
practical applications. In the comparison presented hereafter, design aid SN003a-EN-
EU [16], supplementing the Eurocode 3, Part 1–1 [6] recommendations, is considered.
Numerical simulations are performed using the finite element code LTBeam available free
of cost in the public domain [11]. For calculations, a double-tee bisymmetric rolled section
of IPE300 is considered for the beam of length 6 m, simply supported with regard to
bending about both axes and free to warp. The following combined loading cases with
unequal end moments are dealt with: 𝜇 = −1.0 for UDL and 𝜇 = −1.2 for CL placed at the
mid-length of the beam. Figure 4 shows the results of 𝐶𝑏𝑐

√
𝑘1.

From the presented verification exercise, the following conclusions are drawn:
1. For the considered combined loading cases, LEA solutions [8] are significantly
higher than those from the other methods, either numerical made available through
LTBeam code or analytical, QEA of present study and SN003a-EN-EU [16].

2. The verification exercise prove that the QEA approach presented in this study is
reliable and the general solution developed in section 3 may be recommended for
practical applications.
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Fig. 4. Comparison of the conversion factor𝐶𝑏𝑐

√
𝑘1 for considered combined loading cases; a) UDL

and unequal end moments, b) mid-length CL and unequal end moments

3. It is worthy to notice that the lowest curve in Fig. 4 is that of SN003a-EN-EU [16].
The numerical values of𝐶𝑏𝑐

√
𝑘1 in the referred design aid (symbol𝐶1 is used there)

were based on the conservative assumption of 𝐼𝑤 = 0. This is a reason why this curve
is quite close to the other curves in the range of double curvature bending while it is
more conservative for the range of bending in a single curvature.

4. The general solution developed herein is valid for I and H section double-tee bisym-
metric beams, through the introduction of 𝑘1 factor dependent upon the minor-to-
major axis moments of section inertia. Having the particular bisymmetric double-tee
section, one has to calculate the 𝑘1 factor, find 𝐶𝑏𝑐

√
𝑘1 conversion factor from the

diagram neglecting the effect of prebuckling displacement on the buckling state,
calculate the QEA conversion factor

(
1/
√
𝑘1

) (
𝐶𝑏𝑐

√
𝑘1

)
= 𝐶𝑏𝑐 that accounts for

the effect of prebuckling displacements on the buckling state and finally the critical
moment 𝑀𝑐𝑟 = 𝐶𝑏𝑐𝑀𝑐𝑟 ,0.

In order to compare𝐶1 = 𝐶𝑏𝑐

√
𝑘1 nomograms from SN003a-EN-EU [16] with those of

present study, nomograms of 𝐶𝑏𝑐

√
𝑘1 are developed with use of the QEA model of present

study. Figure 5 shows the nomograms for unequal end moments and UDL in the range of
𝜇 ≥ 0. The solid lines represent the QEA solutions while the dashed lines reproduces the
solutions from nomograms of SN003a-EN-EU [16]. Figure 6 shows the nomograms for
unequal end moments and UDL in the range of 𝜇 ≤ 0. Figures 7 and 8 show the similar
comparison for unequal end moments and mid-span CL, respectively for 𝜇 ≥ 0 and 𝜇 ≤ 0.
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Fig. 5. Nomograms of 𝐶𝑏𝑐

√
𝑘1 for unequal end moments and UDL, and for 𝜇 ≥ 0

Fig. 6. Nomograms of 𝐶𝑏𝑐

√
𝑘1 for unequal end moments and UDL, and for 𝜇 ≤ 0

The values of conversion factors from nomograms of SN003a-EN-EU [16] do not have
fully analytical basis. They are constructed with use of the analytical solution supplemented
by finite element simulations (background information has been presented in Galéa [7]).
From the conducted comparison one may draw the following conclusions:
1. Nomograms developed on the basis of present study, generally coincide with those
of SN003a-EN-EU [16], with a small discrepancy in the range of 𝐶𝑏𝑐

√
𝑘1 = 1.5

(discontinuity of solutions [16]).
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Fig. 7. Nomograms of 𝐶𝑏𝑐

√
𝑘1 for unequal end moments and CL, and for 𝜇 ≥ 0

Fig. 8. Nomograms of 𝐶𝑏𝑐

√
𝑘1 for unequal end moments and CL, and for 𝜇 ≤ 0

2. SN003a-EN-EU nomograms [16] are placed slightly lower than those based on the
present study, especially in the range of discontinuity mentioned above.

3. Despite of the predicted discrepancy, the general solution developed in the present
study has the advantage of continuity, supported by fully analytical background,
therefore more suitable for engineering practice. It is therefore possible to develop
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a flow chart supplemented by QEA model based equations that can be easily pro-
grammed in any spreadsheet software for more suitable evaluation of the critical
moment of any complex loading case.

5. Summary and conclusions

A nonlinear stability model for the lateral-torsional buckling of beams was presented.
The formulation is based on the non-classical energy equation, presented in the form
of QEA and solved analytically for any complex loading cases. The novelty of present
study yields from the fact that any complex load case composed of end moments and
span loads is represented by a combination of symmetric and antisymmetric components.
Different loading patterns are considered as functions of load factors 𝜓𝑀𝜓𝑞𝜓𝑄 describing
the moment diagrams asymmetry under single loads of end moments as well as span UDL
or CL, unequal in both half-lengths. The way of treating the loads is the same as described
in [8]. Additionally, the solution includes the effect of prebuckling displacements through
the section moment of inertia factor 𝑘1 = 1 − 𝐼𝑧/𝐼𝑦 . Hence, the solution covers both I
and H section beams of different relation between the minor and major axis moments of
inertia.
Moment dependent QEA conversion factor 𝐶𝑏𝑐

√
𝑘1 is computed using the elementary

factors 𝐶𝑏𝑠 (referred to the symmetric moment component) and 𝐶𝑏𝑎 (referred to the
antisymmetric moment component). They were compared to LEA ones developed in the
authors’ earlier studies. To the best authors’ knowledge, QEA factors𝐶𝑏𝑎 have not yet been
presented in the literature for asymmetric span loads.
More complex load cases were also dealt with on the example of unequal end moments

and span UDL over the entire member length.
Conducted analyses have shown that solutions based on QEA for simple loading cases

(unequal end moments and span UDL or CLs acting separately) are rather close to those
based on LEA. Considering complex loading cases (unequal end moments together with
shear centre span loads) it has been found that substantial differences may occur between
the solutions of QEA and LEA. More important conclusion is that LEA solutions may
over-predict the QEA based critical moment.
The verification exercise was carried out for complex cases of unequal end moments

and span loads (UDL and mid-span CL) and a certain proportion between end moments
and maximum moments produced by span loads such that giving the greatest difference
betweenQEA and LEA solutions. In the exercise, numerical finite element results (obtained
from LTBeam code) were used together with the results based on SN003a-EN-EU design
aid (presented in the diagram format). It has been proven that the results from the QEA
model developed in this paper coincide with those from numerical simulations and based
on SN003a-EN-EU. The latter create a lower bound that is more conservative in cases
giving a single in-plane bending curvature in the prebuckling state. The conservatism of
SN003a-EN-EU is more visible when the beam section factor 𝐼𝑧/𝐼𝑦 increase (the 𝑘1 factor
decrease).
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Sprężyste zwichrzenie belek stalowych o bisymetrycznym
przekroju dwuteowym

Słowa kluczowe: belka stalowa, przekrój dwuteowy bisymetryczny, zachowanie sprężyste, niekla-
syczne równanie energii, rozwiązanie analityczne, weryfikacja

Streszczenie:

Dotychczasowe badania w zakresie rozpatrywania sprężystej utraty stateczności giętno-skrętnej
jako liniowego zadania wartości własnych sformułowano podstawy teoretyczne umożliwiające podję-
cie studiów w zakresie nieliniowego problemu wartości własnych (NEA). W artykule przedstawiono
zagadnienia sprężystego zwichrzenia stalowych belek o przekrojach dwuteowych bisymetrycznych,
zginanych względem osi większej bezwładności przekroju. Badania przedstawione w pracy doty-
czą analitycznej metody energetycznej odniesionej do dowolnego złożonego przypadku obciążenia,
który traktuje się jako superpozycję symetrycznej i antysymetrycznej części obciążenia. Wypro-
wadzono nieklasyczne równanie energetyczne, które uwzględnia wpływ przemieszczeń w stanie
przedkrytycznym na moment krytyczny.
W pierwszej kolejności sformułowano pole przemieszczeń oraz wyrażenie na energię poten-

cjalną na podstawie teorii prętów cienkościennych Własowa oraz równanie energetyczne problemu
spręży-stego zwichrzenia belek o rozważanym przekroju. Wyrażenie dotyczące energii potencjalnej
uzależniono od uśrednionego kąta skręcenia kąta 𝜙 oraz przemieszczenia 𝑣 w płaszczyźnie mniejszej
bezwładności przekroju. Następnie, wykorzystując równanie różniczkowe zginania w płaszczyźnie
mniejszej bezwładności przekroju, równanie opisujące stan bifurkacji równowagi uzależniono jedy-
nie od kąta skręcenia 𝜙 oraz wyprowadzono macierzową reprezentuję problemu stateczności pręta w
ujęciu kwadratowego problemu wartości własnych (QEA). Ostatecznie, przedstawiono jawną postać
rozwiązania liniowego problemu wartości własnych zależną od symetrycznej i antysymetrycznej
części momentu zginającego. Otrzymane rozwiązanie porównano z wynikami uzyskanymi w po-
przednim etapie badań, w ujęciu liniowego problemu wartości własnych (LEA).
Na podstawie przeprowadzonych analiz wykazano, że rozwiązania bazujące na QEA i uzyskane

w prostych przypadkach obciążenia (momenty na końcach, obciążenie przęsłowe równomiernie roz-
łożone, siły skupione) są zbliżone do uzyskanych na podstawie LEA. Rozważając przypadki obciążeń
złożonych (momenty na końcach łącznie z obciążeniem przęsłowym) stwierdzono znaczne różnice
między rozwiązaniami QEA i LEA. Przeprowadzono weryfikację rozwiązania QEA przez porówna-
nie wyników uzyskanych dla przypadków obciążeń złożonych charakteryzujących się największymi
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równicami między QEA i LEA. Weryfikację przeprowadzono z wykorzystaniem wyników nume-
rycznych metodą elementów skończonych (uzyskanych z programu LTBeam) oraz nomogramów
SN003a-PL-EU wykorzystywanych w eurokodowej procedurze projektowania belek nieidealnych.
Stwierdzono, że opracowany model QEA jest w wypadku złożonych stanów oddziaływań zbieżny z
wynikami numerycznymi oraz wynikami z nomogramówSN003a-PL-EU, które dają konserwatywną
ocenę momentów krytycznych w stanach zginania wykazującego pojedynczą krzywiznę odkształ-
conej osi belki w stanie przedkrytycznym. Ocena ta staje się bardziej konserwatywna, gdy wzrasta
wartość iloraz przekrojowych momentów bezwładności 𝐼𝑧/𝐼𝑦 (zmniejsza się wartość parametru 𝑘1).
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