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Interrelationships between spatial ortho-cartesian coordinates
and nondimensional spatial numerical coefficients

The article is an extension of the suggestion published earlier on determination of the relative
position of a point. Introduction of formulas to convert ortho-Cartesian coordinates of points to
nondimensional numerical coefficients alongside reverse converting formulas is the main part of the
thesis. The said formulas have been completed with demonstrative examples that verify the correctness
thereof.

Each position will always associate with the position itself being referred to a certain
element according to which it is being determined. The position of a point being referred to an
assumed coordinate system and described by means of the measures of appropriate quantities is
not always directly useful. The determined positions of points generally make up a starting
basis for further proceedings; they may be for example compared. Alongside periodical
comparison of points' positions, approached within a single system of reference and belonging
to a single geometrical structure of the researched object, done to determine dislocations, it is
possible to compare the positions of the points that belong to separate structures. Regardless of
a certain specific case of such proceedings, closely connected with the designed position of
points being associated with the accomplishment thereof, and leading to deviation
determination direct comparison of positions of points, specified within separate systems of
reference and belonging to geometrical structures differing from one another, leads merely to
determination of obvious, absolute differences of coordinates and their derivatives. As such,
they cannot be objects of considerable interest, as opposed to differences or ratios of measures
of various homogenous quantities, pertaining to mutually corresponding points of physical
objects compared with one another. Within such structures it is usually possible to point out a
certain number of reference points that might be directly identified, and which, in turn, due to
certain reasons — their position in particular, might be regarded as corresponding to one
another. Positions of the other points may be consequently determined according to such ones.
Description of the position of a point by means of nondimensional numerical coefficients
makes it possible to identify the points that are characterized by an identical relative position as
corresponding to one another.

In the tentative description of the relative position of a point, published in the quarterly
Geodezja i Kartografia (No. 1-2, 1999), appropriate coefficients have been specified with
particular regard to the significance of the specific property of such a position, which
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consists in the fact that it does not depend on actual interrelationships between points of
reference. The analytical part, pertaining to the three coefficients that describe positions of
points within three-dimensional space, has been restricted down to the necessary general
dependences.

The purpose of this is to derive detailed formulas to convert the ortho-Cartesian coordinates
of reference points and the determined point to nondimensional numerical coefficients, as well
as formulas meant for reverse conversion.

The values of numerical coefficients b, ¢, v may be calculated with the help of coordinates
of point O (Fig. 1), which is the trace of a straight line passing through point M, parallel to edge
T W of tetrahedron of reference, upon plane of reference L P T. The coordinates of that point
might be described by the already known formulas, which in a slightly modified form will look
thus:

Xo0= Xpm— V.\'Q: VQ 5 Yo=Ym— VyQ VQ 4 ZQ:ZM— V:QZ VQ (1)
where:
Vo= Aslrw + Bs mpy + Csnpy (2)

and:

Vxg = (Ast +Bsyy +Cszy ‘*’Ds)lrw

Vyg = (Asxu + Bsyy +Cszy + Ds )mm, (3)

Vzp = (Ast +Bsyy +Cszyy + Ds)”TW

and consenquently:

lrw = B\Cy — B,C,
mpy = B,Cy — B,C, 4)

noy = BCq = ByC,

Coefficients of general equations of three planes P T W, T L W and L P T, occurring in the
foregoing formulas, the planes having been marked with successive numbers 1, 4 and 35, are
determined by the following dependence”:

' They may be easily derived starting from determinantal form of the said planes and successive calculation of the
values thereof.
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(2w - ZP)+ yoler ZW)+yW(ZP '"ZT)
B = ZT(xW —xp)+2p(xy = x )+ 2y (xp — x7)
G = xT(yW = yp )+ xp(yr =y )+ x5 (vp = y7)
Dy =xp(ypzy — ywzp )+ yr(zpxy —zyxp)+ 20 (Xp Y — X yp)

.VL(Z "ZT)+J’T(ZL ‘ZW)+)’W(ZT‘ZL)
B4 _ZL(xW xT)+ZT(xL xW)+zW(xT—xL)
‘XL(J’W—)’T)"'XT(}’L yW)+xW(yT yL)

=X (yTZW - yWZT)+ YL (ZTXW - ZWxT)+ zZp (xTyW - nyT)

&)

J’P(Z ‘ZL)+J’L(ZP‘ZT)+)’T(ZL—ZP)
Bs = zp(xp —x, )+ 2, (xp =37 )+ 2 (x, = xp)
Cs —XP(J’T yL)+xL(yP_yT)+xT(yL_yP)

Dy = xP(yLZT yTZL)+yP(ZLxT ZTxL)+ZP(xLyT _xTyL)

Geometrical constructions connected with determination of coefficients b, ¢, o, i.e.
affiliation, parallelism, mutual elements and proportionality, are the so called parallel
projection invariants. This property makes it possible to simplify derivation of formulas. It also
enables separate approach to components of distances which are parallel projections upon
planes formed by appropriate pairs of axes (x, y), (y, z) and (z, x) of the assumed spatial system
of rectangular coordinates.

Taking into consideration the earlier deliberations, we will now derive formulas of
coefficients by and cp, which describe the position of point O upon plane L P T. Quotients of
segment lengths will be replaced by quotients of abscissas increments at selected flat reference
system (x, y) corresponding to them. Therefore

quotient

2 (xQ - ‘CL)Z +(¥g —)’L)2
PT '(xK X))+ (g —y1)’

will be replaced by abscissas quotient

< = 6
P (6)
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quotient

[

f:lizi |(xg —xp)’ + (g —¥p)’ N
PT ‘\y‘ (xr ‘xP)z +(yr "}’P)2

%9

will be replaced by abscissas quotient

Xp —X
=T —= =4y (7
xT _xP

Egually well one might make use here of ordinate y increment quotient or altitudinal
ordinate z quotient.

Abscissa of point K occurring in formulas (6) and (7) will be obtained after a system of
equations of straight lines passing through points LQ and PT has been solved. It looks thus:

Yo~V
Yk — VL= ¢ L(xK_xL)
0~ %L
(8)
)’K‘YPZyT—yP(xK‘xP)
XT—XP

After subtracting by sides and appropriate transformations the following will be obtained:

_ xL(yQ =y )xr —xp)=xp(yr “)’p)(xQ -x7) B
o =y )xr —xp)=(yr = yp)xg —x1)

Xg
®

_ (yr—yp)xr “xp)(xQ — %)
o =y )xr —xp) = (yr —yp)xg —x1)

After right side of equation (9) has been substituted for formula (6), and after
transformation, the following will be obtained:

b :(yQ_yL)(xT_xP)"(}’T_YP)(xQ“xL)
¢ (xp =xp)yr —yp) =y, —yp)xr —xp)
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Flat coordinates of system (y, z) and (z, x) having been used, followed by exchange of
appropriate coordinates in the foregoing formula and its slight transformation, three versions of
it will be obtained. As a results three alternative formulas will be at our disposal to calculate

coefficient bo.
Besides:
bQ= bM
therefore:
By s iy (x, =x0)yr = yp)— (¥ = yo)xr —xp)
0~ "M~
p =y ) —x )= (xp—x ) yr = y.)
for p =y )y —x)#(xp—x )7 —yL)
o Or=y)er —zp) = (2 —29)(yr = ¥p)
or by =by =
Gp=z ) yr—y)~(p -y Nzr —z1)
(10)
for (zp—z ) r—y) = (p =y )Nz —2;)
or by = by :(zL—ZQ)(xT—xP)—(xL—xQ)(zT—zP)
(xp—x Nzp —2)—(zp — 2 Yxp —x1)
for (xp—=x Wz —2) % (zp =z )(xXp —X;)

Next in the right side of equation (9) is substituted for formula (7), after transformations the
following will be obtained:

_ o~y )(x, _xP)_‘g)_’L —yplxg —x1)
o =y )xr =xp)=(yr —yp)xp —x1)

9

After further transformations and taking into account the possibility to exchange
coordinates x, y for y, z and z, x, the following will be successively obtained:
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B i = L= y)xp—x1)= (¥ = yo)¥p —y1)
g (xp =xp)yr = yp)— (¥ = yo)xp —xp)

for (xp =x0)yr —yp) = (YL = Yo )xp —xp)
- o (2L =20)Yp—y1)— (v —yoNzp —2;)
g™ (VL —yoXNzr —zp)—(zp —29)(¥r — ¥p)

(11)

for Y —yoXzr —zp) # (2 —2p)yr — ¥p)
- —_— ___(xL—xQ)(Zp—ZL)—(ZL‘ZQ)(XP"xL)
g (zp —zg)xp —xp) = (x, = xp )27 — 2p)

for (zL—zQ)(xT—xP);t(xL—xQ)(zT—zp)

The right sides of equation (10) and (11) having been multiplied by each other, three
versions of formula for cy=c,, will be obtained, according to which:

P :(yL_)’Q)(xp—xL)—(xL—xQ)(yP—yL)
S p =y )y —x) = (xp —x)yr = ¥1)

for Yp =y )xr—xp)#(xp—x Y yr —y1)

(z, —2g)yp —y1)— (2, —2p)(xp —x1)
(zZp—2z ) yr=y)-Wp -y )Nzr —2z1)

or Cog=Cy =
(12)
for (zp—zp)r —y) = Wp —y ey —2z1)

(xp —xp)zp —z;)— (2, —zp)xp — %)

o M T Gy —x ey —20)~ (ap — 2 ey — %)

for (xp—x Nzp —zp) #(zp —z; ) (xp — X))

Formulas for the remaining coefficient, i.e. ji; and vy, might be expressed also as functions
of two selected coordinates, e.g. x, y.
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A triple description of each coefficient provides not merely a possibility of choice, but — if
the necessary supernumerary data in the form of a third coordinate are at our disposal — makes
it possible to control calculations.

Quotient of lengths of segments Q M and T W having been substituted by quotients of appropriate
coordinates, three version of the formula to calculate coefficient vy, will be obtained.

Xp—X Y=Y Zy -2
M M )

Uy = B or Oy Pt or O =———— (13)
Xy —Xr Yw = ¥r Zw —Zr

for xy #xp for yy #yr for zy #z;

Presentation of the foregoing formulas in a form characterized by the same structure as formulas
(10) and (12) is possible, it would not be advisable however, to apply them. The possibility to
describe the position of a point by means of nondimensional numerical coefficients should be
merely regarded as a proof of a certain coherence of the suggestion in question.

Below there is a numerical example of conversion of Cartesian coordinates, four points of
reference L, P, T, W and point to be determined M, to nondimensional numerical coefficients.
The necessary data have been listed below in Table 1. The drawing is a geometrical
interpretation of the operation and the results thereof.

Table 1
Data
Points
L P /i w M
x 1 3 S S 25
y 1 5 3 3 2.5
z 0 2 2 6 2.0

I —ﬁjM‘1 0
T=W \3.1_ 09 ] ]
e /,a\( ] —’
S A L dyapf 1 NE
g 17 v s { A
9 M =
N -4 ,0 o g / M VTI ::? =3 /g
7] 6 F4
i o) /. # 1.0
o > % vy=0.25 4 '
ooz,c\* | \06‘ / bq=le=(?-5
T y ©8 Igv y
P
I
1]
o
o
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The following will be successively calculated:

A;=3(4) + 5(=4) + 3(0) = -8 As=1(4) +3(=6) +3(2) =-8

By =2(2) +2(0) + 6(~2) = -8 By =0(0) +2(—4) + 6(4) = 16
Cy=5(=2) + 3(0) + 5(2) = 0 Cy=1(0) + 5(=2) + 5(2) = 0

Dy = 5(24) + 3(=8) + 2(~16) = 64 Dy =1(12) + 1(=20) + 0(=3) = -8

As=5(2) + 1(0) + 3(-2) = 4
Bs=2(4)+0(=2) +2(-2)=4
Cs=3(2)+ 1(2) + 5(-4) =12
Ds=3(2) + 5(-2)+2(-2) =8

In accord with formulas (4):

[TW =31C4—B4C1 =0
Mry :A4C1 ~A1C4 =0
nry = Byd| — B 144 = 16 (-8) — (-8)(-8)=—-192

Applying formulas (2) and (3), the following may be calculated:
Vo=2304 ; Vxp=0 ; Vyp=0 ; Vzg=-12
The foregoing values having been substituted for formulas (1) the following will be obtained:
xp=25 ; yp=25 ; 2zp=10
As the included data table implies xy = xr and yy = yr.This means that edge 7' W is parallel

to axis z of the coordinate system. Due to that ordinates z will be necessary to calculate
coefficient vy, The following will be successively calculated:

_(0-DB=5-01-252-2)

bo=by =71(zy) (-DE-0)-2-0B-1)

the following to be checked:

(1-25)3-5)-(1-25)(6-3) _,

b= b = ) = 6= G061
next:

_(1-252-0-0-DE-1) ~025
G-D2-0)-2-03-1)

cg=cy =f(z,y)
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the following to be checked:
die (1-253-D-(0-25)(-1) _ 0.25

Ch=°¢C = s
o=cm=/(x B5=5—1)~(3~1)3-1)
also:
UMz_Z_L”_—_ZQ.—__Z_i:O'%
Zy —2Zp 4

and finally:
_]'}\,121)]\,[.'6'/‘,1= 1.0 s AT Cp!. bM=02505:05

Determination of positions of the points whose relative position has been determined earlier
consists in coefficients b, ¢, v to be converted to coordinates within a system of reference
points. The coordinates of those points, alongside the already mentioned values of
nondimensional numerical coefficients, are the input data for such calculations.

The general form of formulas for coordinates x,, and y,, will be derived from the selected
version of formulas describing coefficients by and c. It should be borne in mind that although
the numerical values of cofficients by and ¢y describing position of points according to points
L, P and T are identical for points Q and M, equality of coordinates will not be accordingly thus
implied whatsoever.

Thus the following may be written:

_ (x, —x0)yr —yp)— (¥ = yo)xr —Xp)
p =y )xp =x,)=(xp =2 )yr —¥1)

by
(14)
” (vp —yolxp —x1) = (x, = xp)(yp —¥1)
p—y)xr —x1)—(p =y X¥r —¥1)

o
The foregoing system of equations having been solved, the following will be obtained:

Xg =% +bQ(xP —xL)+ cQ(xT —xp)
(15)
Yo =YL +bQ(J’p _yL)+CQ(yT —)’P)

Equations (13) having been transformed, the following will be obtained in turn:

xM =UM(xW “‘xT)‘l'XQ
yMZUM(yW_yT)+yQ (16)

ZM =DM(ZW _ZT)+ZQ
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After appropriate substitutions and transformations the following will be obtained:

xp=xp+ bo(xp—x1) + co(Xxr—xp) + vpr(Xxw — X1)

ym=yL+bo(yp—y1) + cor—yp) + ouw—yr)
and
zy=zp+ bo(zp—z.) + co(zr—zp) + vy (2w —27)

Since by = by and cp = cy, the final form of formulas to - convert nondimensional
coefficients by, ¢y vy to Cartesian coordinates xu, Vas, zp may be written as follows:

Xy =Xp +bM(xP _xL)+CM(xT ‘XP)+UM(XW 'xr)
v = e +by (e =y )+ ey r = vp)+oa o = 1) (17)
Zy =12; +bM(ZP "ZL)'*'.CM(ZT ”ZP)"’DM(ZW ‘ZT)

Equa'tions (11) imply that:
Xo= Xy — oy(Xw—X7) ; Yo=ym—ouOw—=Yr) , Zp=zZy—vy(zw — 27) (18)
Comparing the right sides of formulas (18) and (1) we will obtain the following:
op(xw—x1)Vo= VXQ ;o Ow—ynVo= VyQ . om(zw—zn)Vp= VZQ (19)

Coefficients Vy Yy, Vz, having been substituted for by expressions described by

formulas (3), after transformation the following will be obtained:

Asxpy + Bsyy, +Cszpy + Dy —_—U_M..(ﬂ___x_ﬂy
Irw
for Loy 20
Az + By +Cazyy + Dy = 2w 231y 0)
My
fOr mTW i 0
Asxy + Bsyy +Cszy + Ds = P_A’/_(_Znﬂ___Z_T)VQ
™

The foregoing formulas determine the relationships between the coordinates of point M,
and — as such — may be alternatively applied while controlling the correctness of appropriate
calculations. The use of formulas (17) and (20) has been illustrated by an example for which
numerical data have been taken from the previous example to specify them in Table 2.
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Table 2
. Data
Points
L P T w bQ = bM Co=Cum Uy
% 1 3 5 5
y 1 5 3 3
z 0 2 2 6
0.5 0.25 0.25

Thus the following may be calculated:

Xy = 1.0+ 0.5(3-1) + 0.25(5-3) + (0.25)(5-5) = 2.5
yae= 1.0 +0.5(5-1) + 0.25(3=5) + (0.25)(3-3) = 2.5
zZyr= 0.0 + 0.5(2-0) + 0.25(2-2) + (0.25)(6-2) = 2.0

Correctness of calculations will be checked by means of the following dependence:

Ast +B5yM +C52M +D5 =£A4(ZW__ZT)VQ

Prw
Substituting data from the table and numerical values calculated earlier, i.e.:
As=4 ; Bs=4 ; Cs=-12 ; Ds=-8 and nm=-192 ; Vy,=2304
as well as:

Oy = 0.25 i ZW“‘ZT=4

we may write the following:
0.25x4x2304
=192

4x25+4%x25-12x2-8=

thereore: -12=-12
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Wspélzalezno$ci wspotrzednych ortokartezjanskich przestrzennych i bezwymiarowych przestrzennych
wspélezynnikow liczbowych

Streszczenie

Artykut stanowi rozszerzenie opublikowanej wczesniej propozycji, dotyczacej okreslenia wzglgdnego polozenia
punktu. Zasadnicza czg$¢ pracy zajmuje wyprowadzenie wzoréw do przeliczania ortokartezjanskich wspétrzednych
punktéw na bezwymiarowe wspéiczynniki liczbowe oraz wzoréw do przeliczen w strone odwrotng. Wzory te
uzupetniono pogladowymi przykiadami weryfikujacymi ich poprawnosé.

Jlex [Tumons

3aBHCHMOCTB OPTOACKAPTOBBIX MPOCTPAHCTBEHHBIX KOOPAHHAT U (e3pa3MepHbIX NPOCTPAHCTBEHHBIX
YHECTAOBBIX KO3 PUHLIHEHTOB

Pesome

Crates sABNAETCA pPacIIMPEHHEM paHblUe OMyOIMKOBAHHONO [PEIOKEHHS, KAaCaloLIEerocs OMpeleneHus
OTHOCHTEJILHOTO MONIoKeHUs To9KH. OCHOBHAs yacTh paboThl 3TO BBIBEACHHE (HOPMYIT IS IEPEBOA OPTOACKAPTOBBIX
KOOPAMHAT B Oe3pa3MepHbIE YHCTOBblE KOI(DGULHEHTH, a Takxke GOpMyn i 06paTHBIX BRIYHCICHHN. DTH (OpMyJIb!
JIOTIONTHEHBI HArMAMHBIMU IPUMEPaMH, MIPOBEPSIOLIHMMH KOPPEKTHOCTH ITHX (POPMYJI.



