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Positional transformation 

In this paper the new transformation of coordinates in three-dimensional space has been given. This 
transformation allows determination of the coordinates of the points in the new Cartesian coordinate 
system based on the reference point with known coordinates in initial Cartesian coordinate system. 

1. Introduction 

In some branches of science concerning problems in space research it is often found 
necessary to determine the position of the points relative to the points which are taken as the 
reference points. The reference points are the points in space which coordinates are known in 
the initial Cartesian coordinate system. 

In this paper new transformation for determining the position of the points in relation to the 
reference points of known coordinates in initial Cartesian coordinate system, has been made. 
Numerical example demonstrates the validity of this transformation. 

2. Transformation of the positions 

Let the set of the points, which positions are known in xyz Cartesian coordinate system, be 
given. Assuming that the points A, B and C are not lying on the same straight line, let us 
introduce the new xy'z' Cartesian coordinate system. In this system we establish the position of 
any point P belonging to the remaining ones. 

Let the point A be the origin of the new coordinate system, the x'-axis passes through the points 
A and B, the xy'-plane contains the point C, and r be the position vector of the point P, Fig. 1. 

To determine the position of the point P let us introduce the vectors b and c, for which the 
point A is the initial and the points Band Care the terminals, respectively. The components of 
these vectors may be written in the form 

b = [bx, by, b,] (1) 

and 

c =[ency, c,] (2) 
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Considering the vectors b and c we can establish the orthogonal vectors u, v, w beeing the axis 
vectors of the new coordinate system, x'y'i. Denoting the vector b, lying on the axis x', by u, we write 

u=b 
and from the definition of the vector product 

w=bxc 

and 

v =(bx c) x b 

The components of the vector u (3), have the form 

u= [bx, by, bz] 

or 

U= [ux, Uy, Uz] 

For the vector w (4), we get 

w= [(bxc)x, (bxc)y, (bxc)z] 

or 

W= [wx, Wy, Wz] 

Analogically, for the vector v (5), we have 

v =[((bx c) x b)x, ((bx c) x b)y, ((bx c) x b)z] 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(1 O) 

or 

V= [vx, Vy, Vz] (11) 

z 

y 

Fig. l. Coordinate system in space 
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The obtained components of vectors, u, v, w, after introducing the unit vectors of xyz 
coordinate system denoted by i,j, k, can be written as follows 

(12) 

in determinant form 

( 13) 

and 

i j k 
U= wx wy wz 

bx by bz 

(14) 

The unit vectors of the axis of the xyz coordinate system are 

i= [1, O, O] 

j = [O, 1, O] 

k= [O, O, I] 

(15) 

(16) 

(17) 

Having established the vectors u, v, w and unit vectors i,j, k, we can determine the cosines 
of angles between them. By definition, the cosine of the angle between any pair of nonzero 
vectors a and e has the form 

axe 
cos(a,e) =-­ 

ae 
(18) 

where a x e is the inner product. 
On the base of the above function we can determine the cosines of the angles between the 

unit vectors of the xyz coordinate system, i,j, k, and the axis vectors of xy'z' coordinate system, 
u, v, w. Substituting (15), (16), (17) together with (12), (13), (14) into (18), and denoting the 
angles by the coordinate axes we obtain 

u 
cos(x, x') = _3__ 

u 

V 
cos(x,y') =-"-­ 

v 

w 
cos(x, z') = ---"­ 

w 

u 
cos(y, x') = -1'.. 

u 

V 
cos(y, y') = 1 

V 

w 
cos(y, z') = _L 

w 

u cos(z, x') = __e_ 
u 

V cos(z,y') = _L 
V 

w 
cos(z,z')=-z 

w 

(19) 

(20) 

(21) 
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where 
.J 2 2 2 u =sv, +uy + uz (22) 

(23) 

.J 2 2 2 w=wx +wy+ w, (24) 

are the lengths of the vectors. 
If we make out the matrix of the cosines of the angles, 

account the position vector of the point P 
( 19), (20), (21 ), and take into 

r = [rx, r- r,] (25) 

we can determine the coordinates which are demanded. 
Introducing the matrix of the angles cosines and the position vector, the coordinates of the 

point P in x'y'z' coordinate system, we write in the form 

ux Uy uz 

[;J 
u u u H ~ Vy v, (26) 
V V V 
wx wy ~ 
w w w 

where the matrix, in terms of the components of vectors, is the orthogonal matrix. 
For simplicity, ifwe denote the elements of the matrix as follows 

UO= Ux 
X u 

O Uy 
u=­ y u 

UO= !!z. 
z u 

(27) 

VO= Vx 
X 

V 
VO=~ z 

V 
(28) 

wo= wx 
X w 

O Vy 
V=­ 
y V 

o wy 
w=­ 
y w 

wo= w, 
z w 

(29) 

we can write (26) in the form 

(30) 

what determines the position of the point Pin x'y'z' coordinate system. 
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3. Numerical example 

In xyz coordinate system four points I, 2, 3 and 4 have the following coordinates I ( I , I , I), 
2(2 , 2 , 3), 3(2 , 2 , 2), 4(0 , 2 , 2). Find coordinates of the point 4 in new x'y'z' coordinate 
system the origin of which is at the point I, the x'-axis is passing through the point 2, and the 
point 3 is lying on the x'y'-plane. 

Solution 

The vectors b and c have the components 

b=[I, 1,2) 
c=[l,1,1) 

so that 

w=bxc= 
i j k 

2 =[-1,1,0) 

and 

j k 

u= (bx c )x b = - I I O = [2, 2, - 2) 
2 

Then, we obtain 
I 

✓6 
I 

✓3 
I 

✓2 

2 

1 [-:]] = - ✓3 

o 

where x~ , y~ , z~ are the coordinates of the point 4 in x'y'z' coordinate system. 

Ch eek 

To verify the obtained result we calculate the distance between the point 3 and 4 in both 
coordinate systems. Determining the coordinates of the point 3 in the xy'z' coordinate system, 
we have 
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I I 2 4 

[;J 
✓6 ✓6 ✓6 

[J 
✓6 

I I I 1 
✓3 ✓3 - ✓3 ✓3 
I I 

- ✓2 ✓2 
o o 

Note that the point 3 is realy lying on the x'y'-plane because z; =O. 

The distance between the points 3 sand 4 in the x'y'z' coordinate system 

and in xyz coordinate system 

I 

then d3,4 = d3,4 what should be expected. 

4. Final remarks 

Owing to the obtained transformation we can determine the position of the points relative to 
the points in space which are taken as the reference points. This situation appears m space 
navigation, and in determination of positions by satellite techniques. 

REFERENCES 

[!) Borsuk K., Multidimensional Ana/itic Geometry, Polish Scientific Publisher, Warszawa 1969. 
[2) Brumberg V., Essential Relativistic Celestial Mechanics, Hilger, Bristol 1991. 
[3) Davis P., Rabinowitz P., Methods o/Numerical Integration, 2nd ed., Academic Press, New York 1984. 
[4) Eisen bud D., Commutative Algebra with a View Towards Algebraic Geometry, Springer-Verlag, New York I 995. 
[5) Gantmacher F.R., The Themy of Ma/rices, 2nd ed., Chelsea, New York 1990. 
[6) Kaye R., Wilson R., linear Algebra, Oxford University Press, 1998. 
(7) Lang S., linear Algebra, 3rd ed., Springer-Verlag, New York 1987. 
(8) Moritz H., Hofmann-WellendorfB., Geometry. relativity, geodesy, Herbert Wichmann Verlag, Karlsruhe 1993. 
[9) Ostrowski A., Solution of Equal ions in Euclidean and Banach Spaces, Academic Press, New York 1973. 

[IO] Vanicek P., Krakiwsky E., Geodesy: The Concepts, 2nd ed., North Holland, Amsterdam 1986. 

Received July 13, 2000 
Accepted October 2, 2000 



Positional transformation 129

Janusz Martusewicz 

Transformacja pozycyjna 

Streszczenie

W pracy podano nową transformację współrzędnych w przestrzeni trójwymiarowej, którą nazwano transformacją
pozycyjną.

Transformacja ta, w odróżnieniu od znanych transformacji ustalanych w wyniku obrotów i translacji układu,
zapewnia bezpośrednie wyznaczanie pozycji w układzie wtórnym, na podstawie znanych współrzędnych w układzie
pierwotnym. Otrzymana transformacja pozwala na bezpośrednie rozwiązywanie podstawowych problemów geodezji
przestrzennej i nawigacji satelitarnej.

Huyuc Mapmyceeuu 

noJHUIIOIIHaSI Tpa11c<1>opMau1111 

PecioMe

B paóore npencraaneaa HOBaJI rpascóopaaua» KOOp)lHHaT s rpexvepaos, npocrpaacrae, KOTOpaJI HaJBaHa

11O3HUHOHHOH rpancqiopaauaea.
3m rpanctpopsrauax, B OTJlH'IHH OT H3BeCTHblX zipyrux 'rpaacrpopsrauuił nposonaaux B pesynsrare o6opOTOB H

rpaucnsuna CHCTeMbl, oóecne-maaer npauoe onpeneneuae 11O3HUHH BO BTOpH4HOH CHCTeMe Ha OCHOBe H3BeCTHblX
KOOp.n11ttaT B nepBOHa4aJJbHOH CHCTeMe. Flony-rena rpaucdiopvauaa naer BO3MO)l(HOCTb npsaoro peurenas OCHOBHblX
npofinesi npocrpancrseaaoił reonesaa H cnyTHIIKOBOH HaBHraUHII.


