
GEODEZJA I KARTOGRAFIA 
t. LI, Z. 4, s. 171-176 (2002) 

Jerzy Balcerzak 
Jan Panasiuk 

Institute of Photograrrunetry and Cartography 
Warsaw University of Technology 
(00-661 Warszawa, Plac Politechniki I) 

Indicator of deformations of mutual projection of two arbitrary, 
regular, three-dimensional spaces 

In theory of regular projection of a surface into another surface, the term of the 
indicator of projection deformations, as a topological substitute of an infinitesimal circle 
of a unit radius is known. In the case of regular projection of a three-dimensional space 
into a three-dimensional space, a three-axis ellipsoid is the indicator of projection deformations, 
being the topological substitute of an infinitesimal unit sphere. This paper presents the 
attempt to analytically describe the infinitesimal unit sphere in the original space and 
its topological substitute in the projected space. 

By analogy to projection of a surface into another surface [1], identity projection of the 
three-dimensional space into the same space may be in general described by means of the 
system of two functions: 

fr, = t(u, V, w) 
lr = 1(u, V, w)' 

(u, V, w)E w, w - area (1) 

The local scale of length for such projection is expressed by the quotient: 

dr (~du ~)dv ~ 
dr r,,- + rv - + ~/ dw dv dw 
ldrl 

(2) 
dr (~du ~)dv ~ r.- + r. - + 

~I dw "dv v dw 
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In the formula (2) the following relation occur: 

du def 

dv 
HcotA-F 

E = 
H cosA-FsinA 

EsinA 

E - I ->I 2 F - ----> ' ----> G - I ->I 2 H - I -> ->I - ✓ 2 - r,, , - r,, ~. - r,, , - r,, X~ -EG - F , 

dv def 

dw = 
A A A 

HcotA-F 
E 

A A A A 

H cosA-FsinA 
EsinA 

A I Al 2 A A A A I Al 2 A I A A 

£ = r,, , F = r,, · r,,, G = r,, , H = r,, X ,;'.I = ✓EG - F2, 

where A and A mean directional angles, and: 

= 

-.'., -(_, du _,) _ _, ( H cos A - F sin A + _,r.v) = r,,-r;, +rv-r,, . dv EsmA 

f-Ir,,cosA + (£1,,-Fr,) sin A 
=----------- EsinA 

(3) 

(4) 

(5) 

are corresponding partial vectors of tangency to parametric lines u = const, v = canst and 
w = const. 

dt 
The ratio I dt I may be presented in the form of linear combination 

-4 dv ----> ::., HcosA - FsinA ----> 

cI'r r,, -+,;V r;, + ,;V 
----> dw EsinA 
p = ld'll - = = 

-4 dv _, ::., HcosA - FsinA ----> 
r,, dw +,;., r,, + ~V EsinA 
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ilt"cosA + (Er \V FY,".) sin A 
£sin A 

~---------~---=------------ 
Hr,, cos A + (Er.v - Fr,,) sinA 

EsinA 

fir,,cosA + (Er.v Fr,,)sinA 

~ ~ 
= p cosA + p sinA

I 2

(6) 

of two vectors

P--> p--> = o 
I 2 '

(7) 

vectors (7) are unit and orthogonal vectors

lpxpl=l 
I 2

(8)

The vector p is expressed by the linear combination, which is known from theory of
I

projections of surfaces:

~ H--> _, --> ➔ r,, r,,cosA + (Erv - FrJsinAEsinA 
p1= $= EsinA H{i = 

~ Efu - F~ . -) -ł .= - cos A + _ r;:; sin A = p cos A + p sin A {i H-yE I 2
(9) 

where

-=> E'i;; - Fr,, 
P2=-H-"✓£- (10)

Basing on (7) and (9) the vector p may have the more simple form:

_, dr .:o, ~ '.'.., ~ _, _, ~ _, ~ 
p =----=.- = p cosA + p sinA = (p cosA + p sinA)cosA + p,sinA (11)ldr I 1 2 1 2 ,

The vector p is the linear combination
3 
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(12)

The equation (11), as the relation of the vectorpand directional angles A and A describes, in
general, the unit sphere of the unit radius IPI = 1. 

If F = O, the expression, which describes p in (12) is simplified to the form:
3 

---> 
---ł ~- ---łp =-=p 

3 ltl w 
(13)

This happens only when the vector ""i,;, is orthogonal to vectors p
1 

and p
2
• 

In general, when p is not identical with p in the interval AE (- n, n), A' E /_ 7!., 7!.), an
3 \V \ 2 2

interesting property of the system A = const, A = const occurs. This property partially
disappears, if the polar angle A is limited from the top by the value:

~ (fl, p3) 
8' = arccot _, x n I = arccot

IP, ,-.,3

(p_, cosA + p_, sinA) (Er!v-Ftj 
I 2 fl-/£ 

( ~_, ~~) _, _, Er:v-Fr,, 
(p cosA + p sinA) ·

I 2 fl-/£ 

_ ( (p1cosA + p
2
sinA)·(E,;. - Ft)) 

- arccot _, _, x _, x .c:; 
l(P cosA + p sinA)· (Er\V - Fr,,)I

I 2

(14)

This also results in limitation of the angle A from the bottom. Thus the standard analytical
description of the unit sphere, with poles in the points Ę and (- ,;..), is obtained.

Substitution of vectors 1,,, r;;, ,;. in the second space (1) by vectors r,,, r v• e; leads to
affine transformation of the unit sphere into the ellipsoid:

_, dr _, _, - _, - 
µ =-=;- = (µ 1 cos A + µ0 sin A) cosA+ µ3 sin A Id r I - 

(A, A) E OJ, w= !(A, A),AE (-n; n), (15)
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where

--> r;, (16)

The ellipsoid (15), spanned on structural vectors (16), may be considered as the
indicator of projection deformations in the projection of the form:

Jr == r ( u, V, W )lT == T( u, V, w),
( u, V, W ) E OJ, OJ - area (17)

of a three-dimensional space into a three-dimensional space.
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Wskaźnica zniekształceń odwzorowawczych dwóch dowolnych regularnych
przestrzeni trójwymiarowych na siebie

Streszczenie

W niniejszej pracy w formie najogólniejszej podany został, w ujęciu wektorowym, opis analityczny elipsoidy
zniekształceń odwzorowawczych w regularnym odwzorowaniu przestrzeni trójwymiarowej w przestrzeń
trójwymiarową. Wyprowadzony został opis analityczny infinitezymalnej kuli jednostkowej w otoczeniu
różniczkowym punktu przestrzeni oryginału i rozpoznany jej oddpowiednik topologiczny w różniczkowym
otoczeniu punktu przestrzeni obrazu.
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Eocu Bansueocax 
JIH n aHaC/OK 

IIH,!lHK3TpHCa OT06pa)l(3IOWIIX ,!lecpopMaQHH 
nsyx J11061,1x perynapusrx rpexvepm.rx npocrpancrn Ha cefia 

Pe310Me

B Teop1m perynspnux OT06pa)l(eH!lH TT0BepxH0CTll Ha TT0BepxH0CTb ,nBeCTl-lb!M JlBJrneTC51 TT0HJJT!le

llH,!lllKaTpllCl.,I OTo6pa)l(a!OW11X ,!leq>opMaU!lH KaK 3KBllBa.JJeHTa llHqlllH!lTe31lMaJ11.,HOH 0KpylKH0CTll

C e,!lllHll'-IHl.,IM panaycor«. 3aTo B CJIY'lae perynspaoro oroćpasceaaa TpexMepHoro npocrpancrna

B rpexraepaoe npoCTpaHCTB0, llH,!lllKaTpttcoii OT06pa)l(a!OW11X ,!leq>opMaU!lH JlBJJJleTC51 Tpex0CHLIH

3J1JlllTTC0ll,!l, C T0'-!Kll apenna T0TT0Jl0!"llll C00TBeTCTBYfOll.lllH llHqlllH!lTe31lMa.JJI.,HOH e,!lllHWIHOH crpepe.

B HaCT0JJWeH pafiore 6brna npennpanara nonsrrxa auarnrrtr-recxoro onacauaa llHqlllH!lTe31lMa.JJbHOH

e,!lllHll'-IHOH crpepu B np0CTpaHCTBe opnrnaana Il ee T0TT0Jl0rll'-!eCKoro 3KB11Ba.JJeHTa B npoCTpaHCTBe

tt3o6pa)l(eHttJJ.


