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Dynamic perspective projection
- methods of connecting the reference plane

and the projection centre with the moving vessel

In this paper, the definitions of the space and projection systems, used in the mathematical
model, have been shown. The projection system, situation of the plane and the projection centre
have been established. The concept of the model of perspective projection process has been
described: the stages of the geometrical data process (3D objects included in Electronic Navigation
Chart- ENC) realized during projection process.

Separately were considered the issues of changing of the reference plane and the projection
centre with respect to the geocentrical reference system and movement of the ship as the
geometrical object containing the reference system. They constitute a basis for preparing the
conception of connecting the moving ship with the observer reference system using three
established, nonlinear points (with known position with respect to the geocentrical reference
system) placed on ship's board and with the horizontal topocentric reference system.

INTRODUCTION

Let E 3 wili be 3D Euclidean space over a body of real numbers R, E 3 will be associated
Euclidean one, O will be the point £3 and (e1, ei, e1) will be the ortonormal base of the £3

. 

Ortocartesian reference system (global reper) of the space E3 will be the system:

(1) 

Point O describes the beginning (or the base point), and (e1, e2, e3) the base
of the system 3. Let 3 will be the established reference system of the space
E3• For any point P:

(2) 
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The set p = (x, y, z) will be called ortocartesian coordinates of the point P with respect to 
the reference system 3. 

Let 3 = {O, ( e,, e2, e3)} and 3' = { O', ( e;, e ~, e D} will be ortocartesian reference 
systems of the space £3. 

The reference system 3 (called the geocentrical) will be connected with the Earth in this 
way, that its versors e,, e2, e3 will determine the axes X, Y, Z of this system. The axis Z will 
agree with the axis of rotation of the Earth. Axes X and Y will be placed in the equator's 
plane: the axis X will be placed in the prime meridian and the axis Yin the meridian 90° £. 

The reference system 3' (called the observer's) will be connected with the 
position of the vessel and its beginning and the base will be determined with 
respect to the reference system 3. 

The observer's reference system 3' = {O', ( e;, e ~, e;)} will be described in the space of 
locations: 

(3) 

by the pair (n, k) noncolinear (in particular ortonormal) vectors and the point O', which will 
be its beginning. 

Versors of the system 3' will be obtained by means of following equations: 

I 
kxn 

ei=-- (4) 
kxn 

e~=e'3xe; (5) 

I n 
e3 = - (6) 

n 

Conception model of the perspective projection's process 

The perspective projection belongs to the class of the geometrical planar 
projections. The projection is made on the plane, however, linear projection beams are used. 

Visual effect of the single-point perspective projection is similar to the effect occurring 
in the human optic system. In the perspective projection the real image of an observed 3D 
object originates as a result of projection of each point by projection beams radiated from 
the projection centre and crossing the projection plane. 

Assuming that a chart should be prepared for observer's position (for ship's position), it 
is suggested that the projection plane Il, reference system 311 and projection centre 
S position are given with respect to 3' in following way: 

Il= {PE £3, P =O'+ x'e; + y'e~,(x',y')E R2
} (7) 



z 

Fig. I. Location of the reference systems 3' i 3 in the space E1
. 
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Fig. 2. The reference systems '3' 

Z,Z' 

Fig. 3. Projection of the point P on the projection plane n 
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3 11 = {O', ( e ; , e ~)} 

S = (O, O, d) 

(8) 

(9) 

It follows that the projection is made in the observer reference system 3'. However, 
before projection, the base (e;, e ~' e3) transformation and the centre O of the geocentrical 
reference system 3 in relation to the base ( e;, e ~, e;) and the centre O' of the observer 
reference system 3', should be made. 

The transformation, which consists of translation of the point O to the point O' and 
rotation of the base (e1, e2, e3) with respect to the base (e;, e~, e3), is done using the 
following transformation matrix: 

I I I -(x ;xo+ y ;yo+ z; Zo) X1 YI z, 

I I I -(x ~xo + y ~Yo+ z~zo) Xz Y2 Z2 
MTR 

x£ I I -(x£xo+ y£yo+ z;zo) Y3 Z3 

o o o 1 

where: 

(10) 

e; = (x;,y;,z;), 
e~ = (x~,y~,z~), 
e£ = (x£,y£,z3), 
O' = (xo,Yo,Zo). 

In suggested model, it is assumed that the geometrical data contained in ENC 
are given in the homogeneous ortocartesian coordinates. So, there is possible to 
compound the afinic transformations: rotation, translation and scaling. In this case, 
it allows to compound the translation matrix and the rotation one and obtain the 
compound transformation matrix MTR. 

Coordinates of the point P' = (x;, y ;) on the plane Il(called the flat one) in the reference 
system 311 can be obtained by means of the equations: 

I Xp 
Xp=---, 

lzpl + 1 
d 

(11) 

(12) 

where: P = (xp, yp, Zp) - coordinates of the projected point, S = (O, O, d) - coordinates of the 
projection centre. 
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Position changing of the projection plane and the projection centre 
with respect to the geocentrical reference system 

The projection plane and the projection centre are rigidly connected with the
observer reference system 3'. To change the location n and S with respect to 3, it is

~ ~ ~ 
necessary to change the location of vectors 0'E;=e;, 0'E~=e~, 0'E3=e3, (location

of the centre O' and ends Iź'], E~, £3) of versors (e;, e~, e:J)) of the observer reference
system in the location spaceEi. This transformation is the compound of the translation with
respect to 3 and the rotation 3' with the centre O' with respect to the system { O', (e1, e2, e3)}. 

This transformation can be written as:

~ c;= 00'

e:=MRe;(i=l,2,3) 

where c; is the translation vector of the point O to the point O' and MR 

(13)

(14)

(15)

is the rotation matrix of the base (e;, e~, e3) with respect to the base (e1, e2, e3). 

I
I
I

I I

e2 : 
I
I
I E' I

£3
3 

o

Fig. 4. Geometrical interpretation of the location changing n and S with respect to g
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Rotation of the base ( e;, e ~, e 3) can be described by means of several groups of 
parameters: 

space orientation angles and Euler's angles, 
- direction cosines, 
- quaternions and Cayley-Klein's parameters. 
Because of speed of the numerical calculation, the most frequently used method is 

quaternions one. 

Movement of the observer geometrical reference system 
~ ~ ~ 

When location of vectors O'E[=e[, O'E;=e;, O'E3 =e3, with respect to the 
geocentrical reference system g (location of the centre O' and ends (£;, E ~, E 3) of versors 
(e;, e~, eJ)) of the observer reference system .:3' in the location space E~ are functions of the 
time variable t (tE -r), then the system .:3' is in movement 9\g with respect to the reference 
system g in the time range -r. 

There is assumed, that the system .:3' is in rigid (Euclidean) movement with respect to 
the system g in the time range r: 

\;j P,,P2 E £~, \:/t',t" E -Z- IP,(t')P2(t')I = IP,(t")Pz(t")I 

9\g(E~,t) 
(16) 

---------- ------ -, 
' ', E3 

\ 
\ 
\ 

~~~~Q------------~\ __ 9\g (E;,t) 
.:3' ------- ------ ..... ,, E' (t' ..... ,, 
, O' e' E' , z , ', e l I \ , ( \ 
3 m'.l , ) ,e? t , _______ __,, (£3,t \ !:I / \ 

________ --.:..._, \ x (£
2 
,t)\ 

E; ' \ ' ', \ \ 
\ 
\ 
\ 
\ 
\ 
\ 

E;(t) 

E' 
2 

E~-(t) 

E;(t) 

E~ e 
o .:3 

Fig. 5. Geometrical interpretation of the movement 9\5 of the observer reference system :3' with respect 
to the geocentrical reference system :3 
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Location 3' with respect to 3 can be expressed: 
~ 

e; = O'E;= O'(t)E;(t) 
~ 

e~ = O'E~= O'(t)E;(t) 
~ 

e~ = O'E;= O'(t)E;(t) 

(17) 

(18) 

(19) 

9\3 unambiguitly describes movement of the location space £~ with respect to the 
reference system 3: 

(20) 

fort E r. 
This movement is unambiguitly described at each moment t (t E r) by location O'(t), 

E; (t), E~ (t), E; (t). This location is determined by means of vector movement 
functions: 

~ 
:2(0', t) = OO'(t) (21) 

~ 
x3(E;,t) = OE;(t) (22) 

- ~ 
.r(E~,t) = OE~(t) (23) 

(24) 

Connecting the observer reference system with the ship's hull reference system 
by three nonlinear points 

The hull reference system SK = {O\ (e}, et ef)} is rigidly connected 
with the ship's hull, which axes XK, YK, Z" determine crossing lines of three 
structural planes of the ship: 
- the plane YK, O\ Z\ called the symmetry plane (cutting the hull into two 

symmetrical parts), 
- the plane X\ OK, YK, called midship section plane, 
- the plane XK, OK, zK, called the basic plane. 

The chart image should be the most similar to the image perceived by the officer of the 
watch on the bridge. It is suggested to initial the set of the base and the centre of the observer 
system with relation to the ship in following way: 
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where O' describes established point OM of the bridge. 
Then the projection plane Il is perpendicular to the symmetry plane and the basic one. 

The chart image, which results from the projection of the geometrical objects contained in 
ENC on the plane n, shows the manoeuvre area in front of the ship's bow, marked as C. 

Let be known the location of three nonlinear points and the established point 
OM of the bridge ((P1, P2, P3, OM) E C), with relation to -~·v. Points Pi, P2, P3 
describe the following vectors: 

~ 
n= P1P2 

~ 
k = P1P3 

(25) 

(26) 

which determine the base (ef', ef, ef) in the location space£~<- The rotation matrix of the 
base (ef, ef, ef) to the base (ef', ef, ef) can be expressed: 

K' K' K' o X1 Yi Z1 

K' K' _K' o MR= X2 Y2 <-2 
K' K' K' o X3 Y3 Z3 

o o o 1 

(27) 

where 
ef = (xf', yf', z}\ 
ef= (xf, yf, zf), 

ef= (xf, yf, zn. 
The matrix Ml: 

T 
K' K' K' o K' K' K' o X1 y, z, X1 X2 X, , 

xf K' K' o K' K' K' o MR= Y2 Z2 = Y1 Y2 Y3 
K' K' K' o K' K' K' o X3 Y3 Z3 z, Z2 "-3 

o o o o o o 
(28) 

is the matrix of reverse rotation, i.e. rotation of the base (ef, ef, ef) to the base (ef', eL 
ef). £M = P,OZ is the vector of translation of the point P, to the point QM_ 
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Let the ship C is in the rigid movement 9fl with respect to the geocentrical reference
system S = { O, (e1, e2, e3)}, in the time range rand location (position) of three nonlinear
points (P1, P2, P3) E C with respect to S (in the location space £,/ are known.

Let points P1, P2, P3 describe at each moment t (t E r) vectors:

(29)

(30)

determining the base, that, after transformation by the translated rotation matrix MI, is the
base (e ~, e 2, e ~) of the observer reference system 3' (called the initial set base). Additionaly
the point PI after translation by the vector ~M describes the centre of the observer's reference
system (point O') 3'. 

Therefore, in the model, it is suggested to use the constant translation of the plane and
the projection centre with respect to the ship permitting displaying the manoeuvring area in
each observation sector.

This operation consists of initial change of the setting the base and location of the
observer reference system's centre 3'.

Connecting the observer reference system with the horizontal topocentric 
reference system 

Horizontal topocentric reference system 3H = { OH, (ef, ef, e~1
)} is obtained by

transformation 3 = { O, (e1, e2, e3) }. Transformation 3 is a compound of the rotation of the
base (e1, e2, e3) and translation of the point O to the point OH, which is placed on the Earth.

Rotation of the base of the system 3 can be described by following compound matrix of
transformations:

- sin !fl cos A - sin !fl sin)., cos tp o
M<,l,'f'J_ -sin,1, COSA o o

R - 

cos !fl cos J cos !fl siu.ł sin !fl o (31)

o o o

where: !fl - geocentrical latitude of the point P, A - longitude of the point P. 
The above is a compound of the rotation on angles.eł versors e1 and e2 (with constant eo), 

!fl versors e2 and e3 (with constant e1) the base of the system S and the transformation,
which lies in conversion of positions versors determinating the axes OX and OZ.

The base (ef, ef, et) can also be determined by parameterization of 3D space V using
spherical coordinates r, A and !fl. 

The parameterized function (the chart) of the space V with respect to the reference
system 3 describes following equation:
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Fig. 6. Location of the observer reference system 3' connected with the ship by three nonlinear 
points P,, P,, P3. 
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Fig. 7. Location of the observer reference system 3 and 311 



Fig. 8. Graphic interpretation of transformation of the base of the horizontal topocentric reference system 311 

toward the initial set base of the observer's reference system '.3' 
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Fig. 9. Location of the projection plane n with respect to the vessel C 
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x = r cos łf/COSAe1 + r cos łf/SinAe2 + r sin łfle3 (32)

Calculating derivatives of the function with respect tor, A, łfl, we obtain vectors of the local
base in 3D space V: 

g, = cos łfl cos Ae1 + cos łfl sin Ae2 + sin łfle3 

g,. = - r cos lflsinAe1 + r cos łf/COSAe2 

gl/f= - r sin łf/COSAe1 - r sin łf/SinAe2 + r cos łfle3

which, after normalizing:

H g,. 1 · 1 ·e3 = - = cos łfl cos /l,e1 + cos łfl sm /\,e2 + sm łfle3 lg,. I 

(33)

(34)

(35)

(36) 

(37) 

(38)

are the base for each of points on the Earth surface with known geocentrical latitude lf/ and
longitude A.

Let be known location of the points P, OM E C, with respect to 5JK_ These points

determine the translation vector ~M = POJ of the point P to the point OM.

Let be known: the real course KR and the position (geocentrical latitude lfland longitude
A of the point PE C) of the vessel C being in movement 9P, in time range r, with respect to
the reference system 3. 

Let for each moment t (t E r) the point P determines:

OM (t) = P(t) + ~' 

3H(t) = { OH (t) = OM (t), (e1 (t), et (t), ef (t))}

O'(t) = OM(t)

(39)

(40) 

(41) 

and versors et, ef of the system SH and the angle K0 = KR + 90° vectors:

k(t) = ef (t) 

(42)

(43)

determining the initial set base (e{, e~, e;) of the observer's reference system 3', where
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coe K; sinK0 o o
M(Ko) = -sin Ko cce K« o o

R (44)o o l o
o o o 1

is the rotation matrix for the angle K0 of versors ef, ef (with constant e~) of the base of the
horizontal topocentric reference system 3H. 

Transformation of the base of the reference system 3 to the bases 3H, 3 ', can be also
written using following compound rotation matrix:

-cosK0 sin 1/fCOSA - sinK0 sin.ł

cos 1/f cos A 

sin Ko sin 1/f cos A - cos Ko sin A 

sin Ko cos A - cos Ko sin 1/f sin A 

cos 1/f sin A 

sin K0 sin 1/f sin A + cos Ko cos A 

o o 

cos K0 cos 1/f o 

sin 1/f o 

-sin Ko COS 1/f o 

o 

(45)

The base of the observer's reference system 3' obtained as a result of transformation of
the base of the horizontal topocentric reference system 3H, has the versor e; collinear with
the course line of the vessel. It results that for each moment t (t E r) the projection plane II is
perpendicular to the plane of the topocentric horizon (determined by the versors ef and ef) 
and the real course line of the moving vessel 9\'3, in time range r.

This conception of connecting the observer's reference system 3' with the vessel also
supposes the possibility of input the constant offset of the location of the reference plane and
projection centre with respect to the initial set for presentation the maneuver area in the
specific observation sector.

CONCLUSIONS

l. The perspective projection enables obtaining 3D real image, which is the
quickest and the most comprehensible by the human taking majority of information by the
eyesight.

2. 3D image of the navigation area created during the movement of the vessel, enables
better space orientation of the officer of the watch increasing efficiency of analyzing,
working out, synthetizing and concluding possibilities.

3. Reconstructed 3D image of the area and sea bottom being created on the basis of the
geometrical data included in the Electronic Navigation Chart and compared with images
from the camcorder, sonar or radar enables using the comparative methods of navigation.
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Dynamiczne odwzorowanie perspektywiczne - metody związania płaszczyzny
i środka rzutowania z jednostką pływającą, będącą w ruchu

Streszczenie

Celem niniejszego artykułu było przedstawienie wyników badań prowadzonych nad nową formulą
odwzorowawczą do dynamicznego, trójwymiarowego, realistycznego zobrazowania informacji geometrycznej
o środowisku geograficznym. Formulą tą nazywaną dynamicznym odwzorowaniem perspektywicznym,
określono odwzorowanie perspektywiczne na płaszczyznę z jednym stałym punktem rzutowania w pozycji
obserwatora, przy czym zarówno płaszczyzna rzutowania jak i punkt rzutowania dowiązane są do jednostki
pływającej będącej w ruchu. W artykule przedstawiono opis matematyczny dynamicznego odwzorowania
perspektywicznego, opartego na dwóch koncepcjach związania jednostki pływającej (będącą w ruchu) z układem
rzutowania (płaszczyzną i punktem rzutowania), tj.:

poprzez trzy ustalone, niewspółliniowe punkty (o znanym położeniu względem geocentrycznego układu
odniesienia) znajdujące się na jednostce pływającej,
poprzez ustalony punkt (o znanym położeniu względem geocentrycznego układu odniesienia) i kurs
rzeczywisty jednostki pływającej.

Pierwsza koncepcja, w której więzami są trzy ustalone, niewspólliniowe punkty znajdujące się na jednostce
pływającej, pozwoli na dynamiczne zobrazowanie rejonu żeglugi, zmieniające się dynamicznie nie tylko ze
względu na ruch jednostki pływającej, ale także ze względu najej przechyły poprzeczne i podłużne oraz nurzanie.
Dlatego też, zobrazowanie to nie będzie zawsze użyteczne dla nawigacji, szczególnie przy złych warunkach
hydrometeorologicznych, ale winno dać dobrą podstawę do pełniejszego wykorzystania porównawczych metod
pozycjonowania, chociażby przez możliwość porównywania z obrazami z kamery wizyjnej, czy sonaru.
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Druga koncepcja, powinna pozwolić na dynamiczne zobrazowanie rejonu żeglugi, w czasie ruchu i w czasie
zmiany kursu jednostki pływającej. Zobrazowanie to będzie odporne na przechyły poprzeczne i podłużne oraz
nurzanie Jednostki pływającej, dlatego ta koncepcja wydaje się być najkorzystniejsza do prezentowania na mostku
nawigacyjnym Elektronicznej Mapy Nawigacyjnej.

Kuiuuunodi Xayc 
Apmyp Maxap 

llnH3Mlf'!eCKOe nepcnexrsmnoe OT06pa)l(el111e K3K MeTO)J, CB.11111 UJIOCKOCTII II uenrpa npoeKUIIII 
c nepeweuiaiouuica nnasyseń em1111111eii 

Pe3IOMe

Llern.ro CT3TbH 3Bfl5IeTC5! npencraaneaae pe3yJlbT3TOB 11ccnenoBaH11tt, npoaenemu,rx no HOBOH
npoeKu110HHOH rpopsryne M.11 n11HaMWiecKoro, TpeXMepHoro, peam.aoro rparpa-iecxoro npencrannexaa
reoMeTpH'!eCKOH 11HcpopMaU1111 o reorpadnorecxoa cpezie, 3Ta cpopMyna, H33bIBaeMa5! Lll1H3Ml1'JeCKl1M
nepcnexruauusa OT06pa)l(eH11eM, onpenenser nepcnexrunnoe OT06pa)l(eH1-1e Ha llJlOCKOCTL C OL!Hl1M
llOCTOi!HHblM nyHKTOM npoeKU1111 B 110311UH11 Ha6moJJ.aTeJ15!, npu YeM llJlOCKOCTb npoeKU11H 11 nyHKT
npoeKU11H np11B5133Hbl K 11Jl3BYlJeH enl1HULI. 8 CT3Tbe npencrasneuo MaTeMaTW!eCKOe orurcanae
L!HH3MW!CKOH nepcneKTI-IBHOH npoeKUHH, OCHOB3HO Ha KOHuenUHJIX np11B5!3Kl1 11Jl3BYlJeH enHH11ULI
K CHCTeMe npoeKU11H (K llJlOCKOCTH 11 TO'-!Ke npoexuaa), a 11Me,mo:
- sepes TPl1 onpeneneaasre, HeCOJ111HettHble nyHKTLI (c 113BeCTHLIM nonoxeuaesa OTHOCHTeJlbHO

reouenrpauecxoii CHCTeMbl KOOpLlHHaT), pacnonoxennue Ha 11Jl3BY'JeH enanauu,
- -repes onpeneneuinaii nyHKT (c H3BeCTHLIM llOJlQ)l(eH11eM OTHOCHTeJlLHO reoueHTpW!CKOH CHCTeMbl

KOOpL\HH3T) H nettCTBIHeJlbHblH xypc 11Jl3BY'JeH •enHH11Ubl.
Flepsas KOHuenuHJI, B KOTOpOH CB5!35IMl1 i!BJli!IOTCJI TPH onpenenemu.ie, HeCOJ111HeHHble nyHKTLI,

H3XOLli!!llHeC5! Ha 11Jl3BYlJeH enHHHUbl, naer B03M0)1(H0CTb Lll1H3MJ1'-!eCKoro 11306pa)l(eHJrn pasiona
cynoxoncraa, 113MeHJIIO!lleroc5! Lll1H3MW!CKH He TOJlbKO 113-33 Ll811)1(eHHJ! 11Jl3BYlJeH eznnutuu, HO rosce
H3-33 ee nponorn.iuax H nonepe-msrx KpeHOB 11 norpyxennś. flo3TOMY, 3TOT B11Ll 11306pa)l(eHl15! He scerna
óyrrr npnronaur« LlJlJ! H3BHrau1111, npexcne acera B llJlOXHX ranpor-iereoponoraucxax ycnounsx, HO OHO
C03Ll3B3Tb xopouryro OCHOBbl L\Jli! 6onee llOJlHOrO HC110Jlb30B3HH51 cpaaaa'rern.aux MeTOLl onpenerreaaa
nonoxenna, XOTa 61,1 -repes B03M0)1(HOCTb cpanaeuna C 11306pa)l(eHl15!Ml1 113 nnneoxawepsr 11Jll1 conapa.

BTopaJI KOHuenUHJ! Ll0Jl)l(H3 C03Ll3Tb B03M0)1(Hb!M C03Ll3Hl1e LlHH3MW!eCKOro H306pa)l(eH1rn paiioua
cynoxoncma BO sper-ra LlBH)l(eHH.11 11 BO speMi! 113MeHeHHJ! xypca 11Jl3BYlJeH eznnonn,r. 3To H306pa)l(eHHe
J!BJli!eTCi! YCTOHYHBb!M K nonepe-nu.rr-r H npOL!OJlbHb!M KpeHOM, a TaK)l(e K norpyxeaaasa 11Jl3BY'JeH
enHHl1Ubl H 1103eTOMY K3.)l(eTC5!, '-ITO 3Ta xonuenuas fiyzre'r C3MOH npnronnoił LlJlJ! npeL!CT3BJleHH5! Ha
WTYPM3.HCKOM MOCTHKe 3neKTpOHHOH Has11raUHOHHOH Kaptu.


