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Dynamic perspective projection
— methods of connecting the reference plane
and the projection centre with the moving vessel

In this paper, the definitions of the space and projection systems, used in the mathematical
model, have been shown. The projection system, situation of the plane and the projection centre
have been established. The concept of the model of perspective projection process has been
described: the stages of the geometrical data process (3D objects included in Electronic Navigation
Chart- ENC) realized during projection process.

Separately were considered the issues of changing of the reference plane and the projection
centre with respect to the geocentrical reference system and movement of the ship as the
geometrical object containing the reference system. They constitute a basis for preparing the
conception of connecting the moving ship with the observer reference system using three
established, nonlinear points (with known position with respect to the geocentrical reference
system) placed on ship’s board and with the horizontal topocentric reference system.

INTRODUCTION

Let E* will be 3D Euclidean space over a body of real numbers R, E* will be associated
Euclidean one, O will be the point E* and (e;, e,, ;) will be the ortonormal base of the E>.
Ortocartesian reference system (global reper) of the space E® will be the system:

S = {09(61762’63)} (1)
Point O describes the beginning (or the base point), and (e;, e, e;) the base

of the system 3. Let 3 will be the established reference system of the space
E®. For any point P:

P = xe, + ye, + ze; 2)



100 Krzysztof Naus, Artur Makar

The set p = (x, y. z) will be called ortocartesian coordinates of the point P with respect to
the reference system 3.

Let 3 = {0, (e}, €2 e3)} and 8 = {0, (e], e}, e3)} will be ortocartesian reference
systems of the space E°.

The reference system 3 (called the geocentrical) will be connected with the Earth in this
way, that its versors e, e,, e; will determine the axes X, Y, Z of this system. The axis Z will
agree with the axis of rotation of the Earth. Axes X and Y will be placed in the equator’s
plane: the axis X will be placed in the prime meridian and the axis Y in the meridian 90°E.

The reference system 3’ (called the observer’s) will be connected with the
position of the vessel and its beginning and the base will be determined with
respect to the reference system 3.

The observer’s reference system 3’ ={0’, (e, €3, e3)} will be described in the space of
locations:

Ei={Pe E* P =0+ xe, + ye, + zes, (x,,2) € R*} 3)

by the pair (n, k) noncolinear (in particular ortonormal) vectors and the point O’, which will
be its beginning.
Versors of the system 3’ will be obtained by means of following equations:

, _kxn @
i T kxn
es=e'3xe;] (5)
, n
€3 = — (6)

Conception model of the perspective projection’s process

The perspective projection belongs to the class of the geometrical planar
projections. The projection is made on the plane, however, linear projection beams are used.

Visual effect of the single-point perspective projection is similar to the effect occurring
in the human optic system. In the perspective projection the real image of an observed 3D
object originates as a result of projection of each point by projection beams radiated from
the projection centre and crossing the projection plane.

Assuming that a chart should be prepared for observer’s position (for ship’s position), it
is suggested that the projection plane IT, reference system 3’7 and projection centre
S position are given with respect to 3’ in following way:

IT={Pec E}, P=0"+xe] +yes(xy)e R} @)



Fig. 1. Location of the reference systems 3”1 3 in the space E°.



Fig. 2. The reference systems 3’

Fig. 3. Projection of the point P on the projection plane /7
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87 = {0 (el.eD} 8)
§ = (0,0,d) )

It follows that the projection is made in the observer reference system 3’. However,
before projection, the base (e7, €3, e3) transformation and the centre O of the geocentrical
reference system 3 in relation to the base (e, e3, ¢3) and the centre O” of the observer
reference system 3’, should be made.

The transformation, which consists of translation of the point O to the point O” and
rotation of the base (e;, e, e;) with respect to the base (e, e3, ¢3), is done using the
following transformation matrix:

x{ oyl ozl —(xIxo+yiyo+zizo)

X3y, zi —(xixo+yiyo+2320)
MTR = (10)
x5 yi o 75 —(xxotyiye+zizo)

0 0 0 1

where:
er = (xLY121),
€2 = (X2,¥222);
es = (x3,Y323),
0’ = (X0, Y0, 20)-

In suggested model, it is assumed that the geometrical data contained in ENC
are given in the homogeneous ortocartesian coordinates. So, there is possible to
compound the afinic transformations: rotation, translation and scaling. In this case,
it allows to compound the translation matrix and the rotation one and obtain the
compound transformation matrix Myg.

Coordinates of the point P’ =(x,,y,) on the plane I7(called the flat one) in the reference
system 3/ can be obtained by means of the equations:

“p

7

x) = , (11)
@+1
d

=1 ly , (12)
2+l
d

where: P = (x,, y,, z,) — coordinates of the projected point, S = (0, 0, d) — coordinates of the
projection centre.
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Position changing of the projection plane and the projection centre
with respect to the geocentrical reference system

The projection plane and the projection centre are rigidly connected with the

observer reference system 3’. To change the location IT and S with respect to 3, it is
. — — — .
necessary to change the location of vectors O'E{=e{, O'E;=e;, O'E;=ej;, (location

of the centre O’ and ends (E{, E3, E3) of versors (e1, e3, e3)) of the observer reference

system in the location space E 3. This transformation is the compound of the translation with

respect to 3 and the rotation 3” with the centre O’ with respect to the system {O’, (ey, €2, €3) }.
This transformation can be written as:

__>
£ =00 (13)
ei=Mrpe; (i=1,2,3) (14)

where £ is the translation vector of the point O to the point O” and Mg

7 ’ ’

X1 Y1 7

F 7 7
Miy=|(x2 Y2 22 (15)

7 ’ /7

X3 Y3 23

Fig. 4. Geometrical interpretation of the location changing /7 and S with respect to 3
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Rotation of the base (ef, e3. e¢3) can be described by means of several groups of
parameters:

— space orientation angles and Euler’s angles,

— direction cosines,

— quaternions and Cayley-Klein’s parameters.

Because of speed of the numerical calculation, the most frequently used method is
quaternions one.

Movement of the observer geometrical reference system
— — —

When location of vectors O’'E{=ej, O’'E;=e3;, O’Ej;=e; with respect to the
geocentrical reference system 3 (location of the centre O” and ends (E{, E3, E3) of versors
(ef, e}, e%)) of the observer reference system 3’ in the location space E3 are functions of the
time variable 7 (z € 7), then the system 3’ is in movement R° with respect to the reference
system 3 in the time range 7.

There is assumed, that the system 3’ is in rigid (Euclidean) movement with respect to
the system 3 in the time range =

VP,P,e E}, Vi',t” € T|Pi")Pyt))| = |Pi(t")P(t")] (16)

Fig. 5. Geometrical interpretation of the movement R° of the observer reference system 3’ with respect
to the geocentrical reference system 3
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Location 3" with respect to 3 can be expressed:

ey e (17
ei=0E{=0@WE®)
e; = OEj= O(DE)
(19)

s
e = O'El= O'(DE()

R unambiguitly describes movement of the location space E3 with respect to the
reference system 3:

E}.() = E3 (20)

forte
This movement is unambiguitly described at each moment 7 (z € 7) by location O’(z),

Ei{(¢), E;(t), E3(r). This location is determined by means of vector movement
functions:

—_—
(0, 1) = 00 (1) (21)

*(E1, 1) = OE{ (¥) (22)
- =

x(E3 1) = OE; (1) (23)
& ———

x3(E3, D = OE5 @) (24)

Connecting the observer reference system with the ship’s hull reference system
by three nonlinear points

The hull reference system 3% = {0, (ef, €5, ef)} is rigidly connected
with the ship’s hull, which axes XX, Y Z* determine crossing lines of three
structural planes of the ship:

— the plane Y*, O*, Z*, called the symmetry plane (cutting the hull into two
symmetrical parts),

— the plane X*, O*, YX, called midship section plane,

— the plane X*, O, Z¥, called the basic plane.

The chart image should be the most similar to the image perceived by the officer of the
watch on the bridge. It is suggested to initial the set of the base and the centre of the observer
system with relation to the ship in following way:



Dynamic perspective projection... 105

gl =ef
es=ek
e;=ef
0’ = o"

where O describes established point O" of the bridge.

Then the projection plane I7 is perpendicular to the symmetry plane and the basic one.
The chart image, which results from the projection of the geometrical objects contained in
ENC on the plane /1, shows the manoeuvre area in front of the ship’s bow, marked as C.

Let be known the location of three nonlinear points and the established point
O™ of the bridge ((P,. P,. P;, O™) € (). with relation to 3*. Points P;, P, P;
describe the following vectors:

n= P]Pg (25)
k = P1P3 (26)

which determine the base (eX”, eX, X") in the location space E 3. The rotation matrix of the
base (e, eX, eX) to the base (eX, X', eX") can be expressed:

A yF X 0
M,=| ¥ ¥i & 0
oF ¥ & 0 @n
_0 0 0 1
where
ef = (x, ¥, D),
ef = (x5, 8 25,
ef = (xf, y§, ).
The matrix My
.
¥ 3 2 D LN T S
My=| X2 ¥2 22 0 | _ |y yi yi O
S AR e
0O 0 0 1 0 0 0 1

K’
2 9

is the matrix of reverse rotation, i. e. rotation of the base (eX’, e5 ", eX') to the base (X', e

ed b Ep= PIO'E’ is the vector of translation of the point P; to the point O".
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Let the ship C is in the rigid movement R* with respect to the geocentrical reference
system 3 = {0, (ey, e, €3)}, in the time range 7 and location (position) of three nonlinear
points (P, P,, P3) € C with respect to 3 (in the location space Es® are known.

Let points P,, P,, P; describe at each moment 7 (r € 7) vectors:

n(r) = Py(1) P(1) (29)
k(#) = Py(0) P5(2) (30)

determining the base, that, after transformation by the translated rotation matrix M2, is the
base (e 1, e3, e}) of the observer reference system 3’ (called the initial set base). Additionaly
the point P, after translation by the vector &, describes the centre of the observer’s reference
system (point O") 3’.

Therefore, in the model, it is suggested to use the constant translation of the plane and
the projection centre with respect to the ship permitting displaying the manoeuvring area in
each observation sector.

This operation consists of initial change of the setting the base and location of the
observer reference system’s centre 3.

Connecting the observer reference system with the horizontal topocentric
reference system

Horizontal topocentric reference system 3% = {0, (ef, €4, %)} is obtained by
transformation 3 = {0, (ey, e, e3)}. Transformation 3 is a compound of the rotation of the
base (e,, e, e5) and translation of the point O to the point O, which is placed on the Earth.

Rotation of the base of the system 3 can be described by following compound matrix of
transformations:

—sinycosA —sinysind cos¥ 0

MG = —sinA cos A 0 0
cos wcosA cos yr sin A simy 0 31

0 0 0 1

where: ¥ — geocentrical latitude of the point P, A — longitude of the point P.

The above is a compound of the rotation on angles: A versors e, and e, (with constant e5),
W versors e, and e; (with constant ¢;) the base of the system 3 and the transformation,
which lies in conversion of positions versors determinating the axes OX and OZ.

The base (e, ¥, %) can also be determined by parameterization of 3D space V using
spherical coordinates r, A and .

The parameterized function (the chart) of the space V with respect to the reference
system 3 describes following equation:



Fig. 6. Location of the observer reference system & connected with the ship by three nonlinear
points Py, P, Ps.
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Fig. 7. Location of the observer reference system 8 and S



Fig. 8. Graphic interpretation of transformation of the base of the horizontal topocentric reference system

toward the initial set base of the observer’s reference system 3’
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Fig. 9. Location of the projection plane /7 with respect to the vessel C
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x=rcosycosde + rcosysinde, + rsinye; (32)

Calculating derivatives of the function with respect to r, A, ¥, we obtain vectors of the local
base in 3D space V:

g =Ccosycosde, +cosysinde, + sin e, (33)
gi=—rcosysinde, + rcoswcoslde, (34)
gy=—rsinycosde; —rsinysinde, + r cos yes (35)

which, after normalizing:

H_ 8v

ey = o] =—sinycosde, — sinysinde, + cos we;, (36)
8v
el = Igll = —sinAde, + cos Ae, 37
84
efl = |gr| = cos ¥ cos Ae; + cos ¥ sin e, + sin e, (38)
8r

are the base for each of points on the Earth surface with known geocentrical latitude ¥ and
longitude A.
Let be known location of the points P, O € C, with respect to 3X. These points

L

determine the translation vector £, = PO of the point P to the point O™.

Let be known: the real course KR and the position (geocentrical latitude y and longitude
A of the point P € C) of the vessel C being in movement R>, in time range 7, with respect to
the reference system 3.

Let for each moment ¢ (+ € 7) the point P determines:

0"(n = P(n) + & (39)
31 = {0%(1) = 0" (@), (ef (1), €5 (1), €5 (1))} (40)
O'(t) = 0"(n) (41)

and versors e%, e¥ of the system 3 and the angle K, = KR + 90° vectors:
n(r) = Mg® (1) - e5(0) (42)
k() = €5 (0 (43)

determining the initial set base (e, e3, €3) of the observer’s reference system 3’, where
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cosK, smK, 0 O
M&) = | — sinK, cosK, 0 O
’ 0 0o 1 0 (44)
0 0 0 1 |

is the rotation matrix for the angle K, of versors e?, e* (with constant e¥) of the base of the
horizontal topocentric reference system 3%.

Transformation of the base of the reference system 3 to the bases 3, 3, can be also
written using following compound rotation matrix:

[ —cos Ko sin i cos A — sin K, sin A sinKy cos A — cos Ky sin ysind  cosKycosy O ]
Mo = cos i cos A cos i sin A sin i 0
sin K sin i cos A — cos K sin A sinKy sin i sinA + cos Ko cosA  —sinKpcosy 0

L 0 0 0 1|

(45)

The base of the observer’s reference system 3’ obtained as a result of transformation of
the base of the horizontal topocentric reference system 3%, has the versor e collinear with
the course line of the vessel. It results that for each moment 7 ( € 7) the projection plane 11 is
perpendicular to the plane of the topocentric horizon (determined by the versors e and %)
and the real course line of the moving vessel R°, in time range 7.

This conception of connecting the observer’s reference system 3’ with the vessel also
supposes the possibility of input the constant offset of the location of the reference plane and
projection centre with respect to the initial set for presentation the maneuver area in the
specific observation sector.

CONCLUSIONS

1. The perspective projection enables obtaining 3D real image, which is the
quickest and the most comprehensible by the human taking majority of information by the
eyesight.

2. 3D image of the navigation area created during the movement of the vessel, enables
better space orientation of the officer of the watch increasing efficiency of analyzing,
working out, synthetizing and concluding possibilities.

3. Reconstructed 3D image of the area and sea bottom being created on the basis of the
geometrical data included in the Electronic Navigation Chart and compared with images
from the camcorder, sonar or radar enables using the comparative methods of navigation.
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Dynamiczne odwzorowanie perspektywiczne — metody zwiazania plaszczyzny
i Srodka rzutowania z jednostka pltywajaca, bedaca w ruchu

Streszczenie

Celem niniejszego artykutu bylo przedstawienie wynikéw badafi prowadzonych nad nowa formutg
odwzorowawcza do dynamicznego, tréjwymiarowego, realistycznego zobrazowania informacji geometrycznej
o Srodowisku geograficznym. Formula ta nazywana dynamicznym odwzorowaniem perspektywicznym,
okre$lono odwzorowanie perspektywiczne na plaszczyzne z jednym stalym punktem rzutowania w pozycji
obserwatora, przy czym zaréwno plaszczyzna rzutowania jak i1 punkt rzutowania dowiazane sa do jednostki
plywajacej bedacej w ruchu. W artykule przedstawiono opis matematyczny dynamicznego odwzorowania
perspektywicznego, opartego na dwdch koncepcjach zwiazania jednostki ptywajacej (bedaca w ruchu) z ukiadem
rzutowania (plaszczyzna i punktem rzutowania), tj.:

— poprzez trzy ustalone, niewspélliniowe punkty (o znanym polozZeniu wzgledem geocentrycznego ukladu
odniesienia) znajdujace si¢ na jednostce ptywajacej,

— poprzez ustalony punkt (o znanym polozeniu wzgledem geocentrycznego ukladu odniesienia) 1 kurs
rzeczywisty jednostki plywajacej.

Pierwsza koncepcja, w ktorej wigzami sg trzy ustalone, niewspéiliniowe punkty znajdujace si¢ na jednostce
plywajacej, pozwoli na dynamiczne zobrazowanie rejonu zeglugi, zmieniajace si¢ dynamicznie nie tylko ze
wzgledu na ruch jednostki plywajacej, ale takze ze wzgledu na jej przechyly poprzeczne i podtuzne oraz nurzanie.
Dlatego tez, zobrazowanie to nie bedzie zawsze uzyteczne dla nawigacji, szczeg6lnie przy zlych warunkach
hydrometeorologicznych, ale winno da¢ dobra podstawe do pelniejszego wykorzystania poréwnawczych metod
pozycjonowania, chociazby przez mozliwo$¢ poréwnywania z obrazami z kamery wizyjnej, czy sonaru.



110 Krzysztof Naus, Artur Makar

Druga koncepcja, powinna pozwoli¢ na dynamiczne zobrazowanie rejonu zeglugi, w czasie ruchu i w czasie
zmiany kursu jednostki ptywajacej. Zobrazowanie to bedzie odporne na przechyly poprzeczne 1 podluzne oraz
nurzanie jednostki plywajacej, dlatego ta koncepcja wydaje sie by¢ najkorzystniejsza do prezentowania na mostku
nawigacyjnym Elektronicznej Mapy Nawigacyjnej.

Kuwbtuumodg) Xayc
Apmyp Makap

JInHaMHYecKoe NMepcrneKTHBHOE 0TOOpakeHHe KAK MeTO/l CBA3H IUIOCKOCTH H IEHTPa NMPOeKIHH
€ mepeMeINaKUHCA IUIaBydeH eJHHHIeH

Peszome

Lenpio cTaTbM aBNSETCA NPENCTABJIEHHE PE3YNbLTATOB MCCIEIOBAaHMH, NPOBEJEHHLIX MO HOBOM
NPOEKUHOHHOH GopMyie A1 AMHAMHYECKOTO, TPEXMEPHOI0, PeaJIbHOro rpa)H4ecKoro nNpeacTaBeHHs
reoMeTpHueckoit nHpopmauuu o reorpaduyeckoii cpene. Ota Gopmyna, HasbIBaEMas IHHAMHYECKUM
NEPCNEKTHBHLIM OTOOPaXEHHEM, ONPENENAET NEPCNEKTHBHOE OTOOPaXEHHE Ha MJIOCKOCTL ¢ OJHHMM
MOCTOSIHHBLIM MYyHKTOM MPOEKUMU B MO3MLHK HabiodaTenss, npu 4€M IUIOCKOCTb MPOEKUMH H NMYHKT
NpOEKUMHM NpHBs3aHbl K ruiaBydedl eaununl. B crathe mpeacTaBneHo MaTeMaTHYECKOE ONMCAHHE
JUHAMHYCKOH TEPCMEKTHBHON MPOEKUMH, OCHOBAHO Ha KOHUCMUMSX NPUBA3KH IUIaBy4y€H €dMHHLLI
K CUCTEME NPOEKUHH (K MIOCKOCTH ¥ TOYKE MPOEKUHMH), a HMEHHO:

— 4epe3 TpH ONpedesEHHbIE, HECOJIMHEHHbIE NMYHKThl (C M3BECTHLIM MOJIOKEHHEM OTHOCHTEIBLHO
rEeOLEHTPHUECKOI CHCTEMBI KOODANHAT), PACHOIOKEHHbIE HA TIaBY4eH €IHHHLIBI,

— 4epe3 ONpeneSEHHbIH MYHKT (C M3BECTHLIM MOJIOKEHHEM OTHOCHTENILHO IEOLEHTPUYCKOH CHCTEMBI
KOOpAMHAT) U AEHCTBUTEILHBIA KYpC MiaByded ¢ IMHULDL.

IepBast KOHUENLMS, B KOTOPOH CBA3SIMH SABJAIOTCS TPH ONPEACHEHHBIE, HECONUHERHDIE MyHKTHI,
HaxXOAsIIMecs Ha TUIaBydeH eIMHMULL, JaET BO3MOXHOCTL AHHAMMYECKOTO H300paxeHHs pahoHa
Cy[OXOACTBA, H3MEHAIOWErOCA IHHAMHYCKH HE TOJILKO H3-3a OBMXKEHHS IUIABYYCH €AMHHULI, HO TOXE
13-3a €€ NPOAOJILHBIX M MOMEPEYHBIX KDEHOB 1 morpyxeHHi. [TosTomMy, 3TOT BHI H306pakeHus He BCeraa
GyAT NPUIOOHBIM [JI HABUTALHUH, NPEXIe BCEro B MIIOXHX THAPOMETEOPOJIOTHYCKHX YCIIOBHAX, HO OHO
CO371aBaTh XOPOIIYIO OCHOBBI M1t 60JIee MOJHOrO HCMOJIL30BaHHS CPABHUTEJILHBIX METOA ONpEaCICHHS
TTOJIOXKEHMUSI, XOTa Obl Yepe3 BO3MOXKHOCThL CPAaBHEHHUS C H300paXEHHAMH U3 BUAEOKAMEDDI TUIH COHApa.

BTopast KOHuUEeNIHMs TOJDKHA CO3MaTh BO3MOXKHBIM CO3/1aHHE IHHAMHYECKOTO H300paxkeHns paifona
CyZIOXOACTBA BO BpeMsl ABHKEHHs H BO BPEMSs H3MEHEHHUS KypCa IU1aBydel eQHHHLLL. DTO n3obpaxeHue
SABJISIETCS YCTOWYMBBIM K TOMEPEYHBLIM M MPOJOJILHLIM KPEHOM, @ TakKXe K MOTPYXEHHAM IUIaBydeit
€MHHILI M MO3ETOMY KaXETCsl, YTO 3Ta KOHLENUUA OyaeT camMON MPUrOAHOH OIS MPEACTABICHHS Ha
WITYPMaHCKOM MOCTHKe DieKTpoHHoH Hapuraunonnoi Kapror.



