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Abstract The problem considered is that of an isotropic, micropolar
thermoelastic medium with voids subjected to the Thomson effect. The
solution to the problem is presented in the context of the refined multi-
phase-lags theory of thermoelasticity. The normal mode analysis was used
to obtain the analytical expressions of the considered variables. The non-
dimensional displacement, temperature, microrotation, the change in the
volume fraction field and stress of the material are obtained and illustrated
graphically. The variations of these quantities have been depicted graphi-
cally in the refined-phase-lag theory, Green and Naghdi theory of type II,
Lord and Shulman theory and a coupled theory. The effects of the Thomson
parameter and phase lag parameters on a homogeneous, isotropic, microp-
olar thermoelastic material with voids are revealed and discussed. Some
particular cases of interest are deduced from the present investigation.
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Nomenclature
a – wave number in the x-direction, m
Ce – specific heat at constant strain, kJ/kgK
e – dilatation
F0 – constant force, N/m2

i – imaginary unit
j – microinertia,m2

K∗ – thermal conductivity, W/(m K)
k – material constants due to presence of micropolar, N/m2

L0 – Thomson coefficient
M – small non-dimensional constant
mij – couple stress tensor components
N – parameter, N = 1 . . . 7
q1, q2 – displacement potentials
s – time constant, s
T – temperature above the reference temperature T0, such that

|(T − T0)/T0| � 1, K
T0 – environmental temperature, K
t – time, s
u – displacement vector, ≡ (u, v, w)
u, v, w – displacement components, m
υ – volume thermal expansion, = (3λ+ 2µ+ k)αt
x, y, z – Cartesian coordinates
∇2 – Laplace operator
(...· ) – number of over dots stand for the order of differentiation of a variable

with respect to time
Greek symbols
α, β, γ – material constants due to presence of micropolar: (0, N/m2K, N)
αt – coefficient of linear thermal expansion, 1/K
α∗, η∗, ω∗, β∗,m, ζ∗ – material constants due to presence of voids: N, N/m2, Ns/m2,

N/m2, N/m2K, N/m2

δ – parameter takes values either 0 or 1, according to the thermoe-
lasticity theory applied

δij – Kronecker delta
εij – strain tensor components
εijr – permutation tensor
θ – temperature increment, = T − T0, K
θ0 – constant temperature, K
λ, µ – Lamé constants, N/m2

ρ – material density, kg/m3

ρ0
e – charge density when strain vanishes, kg/m3

σij – stress tensor components, N/m2
τq – phase-lag of heat flux, s
τθ – phase-lag of temperature gradient, s
τ0 – first relaxation time, s
φ – microrotation vector
φ2 – microrotation component
ψ – change in volume fraction field
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1 Introduction

The generalized thermoelasticity theories have been developed with the
goal of removing the paradox of infinite speed of heat propagation inher-
ent in the classical coupled dynamical thermoelasticity theory discussed
by Biot [1]. In the generalized theories of thermoelasticity, the governing
equations involve thermal relaxation times and they are of hyperbolic type.
The extended thermoelasticity theory by Lord and Shulman introduces
one relaxation time in the thermoelastic process and the temperature-rate-
dependent theory of thermoelasticity by Green and Lindsay, which takes
into account two relaxation times, are two well established generalized the-
ories of thermoelasticity [2, 3]. Green and Naghdi developed a generalized
theory of thermoelasticity which involves thermal displacement gradient as
one of the constitutive variables in contrast to the classical coupled ther-
moelasticity which includes temperature gradient as one of the constitutive
variables [4–6].

Tzou proposed a simple-phase-lag model to treat microstructural in-
teractions such as phonon-electron and phonon scattering via two phase-
lags; the first is the phase lag phase of temperature gradient and the sec-
ond is the phase lag phase of heat flux, to fast transient effect of thermal
waves [7, 8]. Roy Choudhuri established a coupled thermoelasticity theory
of three phase-lags by adding a third phase-lags of the thermal displace-
ment gradient [9]. The general model of the equations of the formulation in
the context of the three phase-lags theory is applied by many investigators.

The linear theory of micropolar elasticity is adequate to represent the
behavior of such materials. For ultrasonic waves, i.e. in the case of elas-
tic vibrations characterized by high frequencies and small wavelengths,
the influence of the body microstructure becomes significant. This influ-
ence of microstructure results in the development of new types of waves,
not found in the classical theory of elasticity. Metals, polymers, compos-
ites, soils, rocks, concrete is typical media with microstructures. The gen-
eral theory of linear micropolar elasticity was given by Eringen [10–12].
Under this theory, solids can undergo macro-deformations and microrota-
tions. Micropolar solids can support couple of stresses in addition to force
stresses. The micropolar theory was extended to include thermal effects
by Nowacki [13], Tauchert et al. [14], Nowacki and Olszak [15], Dhaliwal
and Singh [16], Marin and Nicaise [17], Marin et al. [18], and Othman et
al. [19, 20]. Among the contributions to the subject of micropolar ther-
moelasticity life, the works of Chandrasekharaiah [21] obtained the equa-
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tions for a generalization of these equations which includes heat-flux among
the constitutive variables and proved variation and reciprocal principles
for such equations. Othman et al. [22] investigated the effect of rotation
and initial stresses on generalized micropolar thermoelastic medium with
a three-phase-lag. Othman and Abd-Elaziz [23] studied the effect of rota-
tion and gravity on a micropolar magneto-thermoelastic medium with the
dual-phase-lag model. Othman et al. [24] discussed the effect of the heat
laser pulse on wave propagation of generalized thermoelastic micropolar
medium with energy dissipation.

The theory of linear elastic materials with voids is one of the most im-
portant generalizations of the classical theory of elasticity. This theory has
practical utility in investigating various types of geological, biological, and
synthetic porous materials for which the elastic theory is inadequate. This
theory is concerned with elastic materials consisting of a distribution of
small pores (voids), in which the void volume is included among the kine-
matics variables and in the limiting case of vanishing this volume, the theory
reduces to the classical theory of elasticity. Linear and nonlinear theories
of voids elastic material were introduced by Cowin and Nunziato [25]. The
linear theory of thermoelastic material with voids was investigated by many
researchers [26–31].

The phenomenon of Thomson effect is the evolution or absorption of
heat when electric current passes through a circuit composed of a single
material that has a temperature difference along its length. This transfer
of heat is superimposed on the common production of heat associated with
the electrical resistance to currents in conductors. The Thomson effect is
very important for understanding thermal power generation especially in
electrical circuits and sensors. Therefore, in this paper, we want to ex-
plain the effect of thermal radiation associated with the phenomenon of
the Thomson effect on a micropolar thermoelectric medium. The Thomson
coefficient assumed to be a constant but the charge density of the induced
electric current considered as a function of time. The impact of the Thom-
son effect for a homogeneous, isotropic, micropolar thermoelastic medium
with voids in the context of the multi-phase-lags theory of thermoelasticity
(refined multi-phase-lags theory) was investigated. The analytical expres-
sions for the considered physical quantities were obtained by applying the
normal mode analysis. Comparisons are made with the results for different
values of the Thomson effect parameter and for different theories of ther-
moelasticity. The distributions of the considered variables are represented
graphically.
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2 Formulation of the problem and the basic
equations

The generalized homogeneous isotropic micropolar thermoelastic medium
is considered with voids. The coordinates x, y, and z is considered with
origin at y = 0, and z-axis is setting normal to the medium. The medium
is subjected to a uniform temperature T0 in the undisturbed state. All field
quantities are given in terms of the coordinates x, z, and time t. The fun-
damental equations for a linear, isotropic and homogeneous thermoelastic
medium may be demonstrated as follows:

Displacement vector and microrotation

u ≡ (u, 0, w), φ ≡ (0, φ2, 0). (1)

Constitutive relations [10,25]:

σij = 2µεij + k (uj,i − εijrφr) + (λe+ β∗ψ − υθ) δij , (2)
mij = αφr,rδij + βφi,j + γφj,i , (3)

εij = 1
2 (ui,j + uj,i) , (4)

where α∗, η∗, ω∗, β∗, m, ζ∗ are the material constants due to presence of
voids.

Equation of motion
σji,j = ρüi , (5)

where the number of overdots stand for the order of differentiation of a vari-
able with respect to time. Using Eqs. (2) and (4), Eq. (5) can be written as

(µ+ k)ui,ii + (λ+ µ)ei + k(εijrφr)i + β∗ψi − υθi = ρüi . (6)

The refined multi-phase-lags thermoelasticity theory with Thomson ef-
fect is described in [28,32]. In this paper, the Thomson coefficient assumed
to be a constant but the charge density of the induced electric current
considered as a function of time:

K∗
(

1 +
N∑
r=1

τ rθ
r!
∂r

∂tr

)
θii =

(
δ + τ0

∂

∂t
+

N∑
r=1

τ r+1
q

(r + 1)!
∂r+1

∂tr+1

)
×
(
ρCeθ̇ + υT0ė+mT0ψ +Mρ0

eL0e
)
. (7)



284 A.M. Alharbi, E.M. Abd-Elaziz, and M.I.A. Othman

Micropolar equation (see [14])

εijpσjp +mji,j = ρjφ̈i . (8)

Using Eqs. (1)–(3) Eq. (8) takes the form

(α+ β + γ)∇(∇× φ)i − γ∇× (∇× φ)i + k(∇× u)i − 2kφi = ρjφ̈i . (9)

Voids equation

α∗∇2ψ − η∗ψ − ω∗ψ̇ − β∗e+mθ = ρ ζ∗ψ̈ . (10)

The strain
e = ∇ · u. (11)

Applying Eq. (1) into Eqs. (6) and (9), the governing equations for a mi-
cropolar thermoelastic medium with voids under the influence of Thomson
effect with the refined phase-lags theory can be rewritten as:

(µ+ k)∇2u+ (λ+ µ) ∂e
∂x
− k∂φ2

∂z
+ β∗

∂ψ

∂x
− υ ∂θ

∂x
= ρü , (12)

(µ+ k)∇2w + (λ+ µ)∂e
∂z

+ k
∂φ2
∂x

+ β∗
∂ψ

∂z
− υ∂θ

∂z
= ρẅ , (13)

K∗
(

1 +
N∑
r=1

τ rθ
r!
∂r

∂tr

)
∇2θ =

(
δ + τ0

∂

∂t
+

N∑
r=1

τ r+1
q

(r + 1)!
∂r+1

∂tr+1

)
(
ρCeθ̇ + υT0ė+mT0ψ +Mρ0

eL0e
)
. (14)

γ∇2φ2 + k(∂u
∂z
− ∂w

∂x
)− 2kφ2 = ρjφ̈2 , (15)

α∗∇2ψ − η∗ψ − ω∗ψ̇ − β∗e+mθ = ρ ζ∗ψ̈ . (16)

Also, the stress tensor and couple stress tensor components take the form:

σxx = (2µ+ k)∂u
∂x

+ λe+ β∗ψ − υT, (17)

σyy = λe+ β∗ψ − υT, (18)

σzz = (2µ+ k)∂w
∂z

+ λe+ β∗ψ − υT, (19)
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σxz = µ
∂u

∂z
+ (µ+ k)∂w

∂x
+ kφ2 , (20)

σzx = (µ+ k)∂u
∂z

+ µ
∂w

∂x
− kφ2 , (21)

mxy = γ
∂φ2
∂x

, (22)

myx = β
∂φ2
∂x

, (23)

myz = β
∂φ2
∂z

, (24)

mzy = γ
∂φ2
∂z

, (25)

mxx = myy = mzz = mxz = mzx = 0. (26)

For simplifications we shall use the following non-dimensional variables:

{x′, z′} = ω

c1
{x, z}, {u′, w′} = ρωc1

µ
{u,w},

{φ′2, ψ′} = ρc2
1
µ
{φ2, ψ}, θ′ = 1

T0
θ, σ′ij = σij

µ
,

{t′, τ ′0, τ ′θ, τ ′q} = ω{t, τ0, τθ, τq}, m′ij = ω

c1µ
mij · υ

(27)

where c2
1 = (λ+ 2µ+ k)

ρ
and ω = ρCec

2
1

K∗
.

Using (27), governing Eqs. (12)–(16), become:(
µ+ k

ρc2
1

)
∇2u+

(
λ+ µ

ρc2
1

)
∂e

∂x
−
(
k

ρc2
1

)
∂φ2
∂z

+
(
β∗

ρc2
1

)
∂ψ

∂x
−υ ∂θ

∂x
= ü, (28)

(
µ+ k

ρc2
1

)
∇2w+

(
λ+ µ

ρc2
1

)
∂e

∂z
+
(
k

ρc2
1

)
∂φ2
∂x

+
(
β∗

ρc2
1

)
∂ψ

∂z
−υ∂θ

∂z
= ẅ, (29)

K∗
(

1 +
N∑
r=1

τ rθ
r!
∂r

∂tr

)
∇2θ =

(
δ + τ0

∂

∂t
+

N∑
r=1

τ r+1
q

(r + 1)!
∂r+1

∂tr+1

)
(
ρCec

2
1

ω
θ̇ + υ2T0

ρω
ė+ mT0υ

ρω2 ψ + Mρ0
eL0υ

ρω2 e

)
, (30)

[
∇2 −

(
ρjc2

1
γ

)
∂2

∂t2
− 2kc2

1
γω2

]
φ2 + kc2

1
γω2

(
∂u

∂z
− ∂w

∂x

)
= 0, (31)
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[
∇2 −

(
ρζ∗c2

1
α∗

)
∂2

∂t2
−
(
ω∗c2

1
α∗ω

)
∂

∂t
− η∗c2

1
α∗ω2

]
ψ

−
(
β∗c4

1
α∗ω4

)
e+

(
mρc4

1
α∗ω2υ

)
θ = 0. (32)

Also, the stress tensor components (17)–(21), using (27), become:

σxx =
(2µ+ k

ρc2
1

)
∂u

∂x
+
(
λ

ρc2
1

)
e+

(
β∗

ρc2
1

)
ψ − θ, (33)

σyy =
(
λ

ρc2
1

)
e+

(
β∗

ρc2
1

)
ψ − θ , (34)

σzz =
(2µ+ k

ρc2
1

)
∂w

∂z
+
(
λ

ρc2
1

)
e+

(
β∗

ρc2
1

)
ψ − θ, (35)

σxz =
(
µ

ρc2
1

)
∂u

∂z
+
(
µ+ k

ρc2
1

)
∂w

∂x
+
(
k

ρc2
1

)
φ2 , (36)

σzx =
(
µ+ k

ρc2
1

)
∂u

∂z
+
(
µ

ρc2
1

)
∂w

∂x
−
(
k

ρc2
1

)
φ2 . (37)

Similarly, the couple stress tensor components (22)–(25), using (27), take
the form:

mxy =
(
γω2

ρc4
1

)
∂φ2
∂x

, (38)

mzy =
(
γω2

ρc4
1

)
∂φ2
∂z

, (39)

myx =
(
βω2

ρc4
1

)
∂φ2
∂x

, (40)

myz =
(
βω2

ρc4
1

)
∂φ2
∂z

. (41)

We introduce the displacement potentials q1(x, z, t) and q2(x, z, t) which
are related to displacement components, and in effect we obtain:

u = ∂q1
∂x

+ ∂q2
∂z

, w = ∂q1
∂z
− ∂q2
∂x

,

e = ∂u

∂x
+ ∂w

∂z
= ∇2q1 ,

∂u

∂z
− ∂w

∂x
= ∇2q2 .

(42)
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Using (42), Eqs. (28)–(32) become:(
∇2 − ∂2

∂t2

)
q1 +

(
β∗

ρc2
1

)
ψ − θ = 0, (43)

[(
µ+ k

ρc2
1

)
∇2 − ∂2

∂t2

]
q2 −

(
k

ρc2
1

)
φ2 = 0, (44)

K

(
1 +

N∑
r=1

τ rθ
r!
∂r

∂tr

)
∇2θ =

(
δ + τ0

∂

∂t
+

N∑
r=1

τ r+1
q

(r + 1)!
∂r+1

∂tr+1

)
(
ρCec

2
1

ω
θ̇ + υ2T0

ρω
∇2q̇1 + mT0υ

ρω2 ψ + Mρ0
eL0υ

ρω2 ∇2q1

)
, (45)

[
∇2 −

(
ρjc2

1
γ

)
∂2

∂t2
− 2 kc

2
1

γω2

]
φ2 + kc2

1
γω2∇

2q2 = 0, (46)[
∇2 − ρζ∗c2

1
α∗

∂2

∂t2
− ω∗c2

1
α∗ω

∂

∂t
− η∗c2

1
α∗ω2

]
ψ

−
(
β∗c4

1
α∗ω4

)
∇2q1 +

(
mρc4

1
α∗ω2υ

)
θ = 0. (47)

3 Normal mode analysis
The solution of the considered physical variable can be decomposed in terms
of normal modes as the following from:

[u,w, q1, q2, T, φ2, ψ, σij ](x, z, t) =
[u∗, w∗, q∗1, q∗2, T ∗, φ∗2, ψ∗, σ∗ij ](z)e(st+iax), (48)

where the complex time constant is s, a is the wave number in the x-
direction, and i represent the imaginary unit.

Using Eq. (48), Eqs. (43)–(47) take the form:

[D2 − a1]q∗1 + a2ψ
∗ − θ∗ = 0, (49)

[a3D
2 − a4]q∗2 − a5φ

∗
2 = 0, (50)

[D2 − a6]φ∗2 + a7[D2 − a2]q∗2 = 0, (51)

[D2 − a8]ψ∗ − a9[D2 − a2]q∗1 + a10θ
∗ = 0, (52)

[a11D
2 − a12]θ∗ − a13[D2 − a2]q∗1 − a14ψ

∗ = 0. (53)
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Eliminating q∗1, ψ∗, and θ∗ between Eqs. (49), (52), and (53), we obtain

[D6 −A1D
4 +A2D

2 −A3]{q∗1, ψ∗, θ∗} = 0. (54)

Equation (54) can be factorized as

(D2 − k2
1)(D2 − k2

2)(D2 − k2
3){q∗1, θ∗, ψ∗} = 0, (55)

where k2
n(n = 1, 2, 3) are the roots of the characteristic equation of (54),

and

D = d
dz , a1 = a2 + s2, a2 = β∗

ρc2
1
, a0 = δω∗

c2
1
, a3 = µ+ k

ρc2
1
,

a4 = a3a
2 + s2, a5 = k

ρc2
1
, a6 = a2 + ρjs2c2

1
γ

+ 2kc2
1

γω2 , a7 = kc2
1

γω2 ,

a8 = a2 + ρζ∗s2c2
1

α∗
+ ω∗sc2

1
α∗ω

+ η∗ c2
1

α∗ω2 , a9 = β∗c4
1

α∗ω4 , a10 = mρa0 c
4
1

α∗ω2υ
,

a11 = K∗
(

1 +
N∑
r=1

τ rθ
r! s

r

)
, a0 = δ + τ0s+

N∑
r=1

τ r+1
q

(r + 1)!s
r+1 ,

r0 = ρCeC
2
1s

2

ω
,

a12 = a11a
2 + r0a0 , a13 = υ2T0sa0

ρω
+ Mρ0

eL0υa0
ρω2 , a14 = mT0a0

ρω2 ,

A0 = 1
a11

, A1 = A0 (−a9a2a11 + a12 + a13 + a1a11 + a8a11) ,

A2 = A0
(
a8a12 − a9a

2a2a11 + a1a8a11 + a10a14 − a9a2a12

−a9a14 + a13a8 + a1a12 − a13a2a10 + a13a
2
)
,

A3 = A0
(
a1a8a12 − a9a

2a2a12 − a9a
2a14 + a1a10a14

−a13a
2a2a10 + a13a

2a8
)
.

The solution of Eq. (55) bounds at z →∞, are given by

(q∗1, ψ∗, θ∗)(z) =
3∑

n=1
(1, H1n, H3n)Mne

−knz. (56)

In the same manner, eliminating q∗2 and φ∗2, between Eqs. (50) and (51), we
get

[D4 −B1D
2 +B2]{q∗2, φ∗2} = 0. (57)
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Solution of of the characteristic equation of Eq. (57), bound at z →∞, are
given by

(q∗2, φ∗2)(z) =
5∑

h=4
(1, R1h)Mhe

−khz, (58)

where k2
h (h = 4, 5) are the roots of the characteristic equation of Eq. (57),

and

B0 = 1
a3
, B1 = B0(a4 + a3a6 − a5a7),

B2 = B0(a4a6 − a5a7a
2), n = 1, 2, 3,

H1n = a9(k2
n − a2)− a10(k2

n − a1)
k2
n + a2a10 − a8) , H2n = k2

n − a1 + a2H1n ,

R1h = a3k
2
h − a4
a5

, h = 4, 5.

In order to obtain the displacement components u∗, w∗ using Eqs. (56), (58)
into Eq. (42), respectively, we get:

u∗(z) =
3∑

n=1
iaMne

−knz −
5∑

h=4
khMhe

−khz , (59)

w∗(z) = −
3∑

n=1
knMne

−knz −
5∑

h=4
iaR1hMhe

−khz . (60)

The strain is

e∗(z) =
3∑

n=1
H3nMne

−knz . (61)

Introducing the above equations into Eqs. (33)–(41), yields:

σ∗xx(z) =
3∑

n=1
H4nMne

−knz −
5∑

h=4
R2hMhe

−khz , (62)

σ∗yy(z) =
3∑

n=1
H5nMne

−knz , (63)

σ∗zz(z) =
3∑

n=1
H6nMne

−knz +
5∑

h=4
R2hMhe

−khz , (64)
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σ∗xz(z) =
3∑

n=1
H7nMne

−knz +
5∑

h=4
R3hMhe

−khz , (65)

σ∗zx(z) =
3∑

n=1
H7nMne

−knz +
5∑

h=4
R4hMhe

−khz , (66)

(m∗xy,m∗zy,m∗yx,m∗yz)(z) =
5∑

h=4
(R5h, R6h, R7h, R8h)Mhe

−khz , (67)

where Mn (n = 1, 2, 3, 4, 5) are some constants and

r7 = 2µ+ k

ρc2
1

, r8 = λ

ρc2
1
, r9 = β∗

ρc2
1
, r10 = µ

ρc2
1
,

r11 = µ+ k

ρc2
1
, r12 = k

ρc2
1
, r13 = γω2

ρc4
1
, r14 = βω2

ρc4
1
,

H3n = k2
n − a2, R2h = iar7kh ,

H4n = r8(k2
n − a2)− a2r7 + r9H1n −H2n ,

R3h = r10k
2
h + r11R1ha

2 + r12R1h , H7n = −ia(r10 + r11)kn ,
R4h = r11k

2
h + (r10a

2 − r12)R1h , R5h = iar13R1h , R8h = −khr14R1h ,

R7h = iar14R1h , H5n = r8(k2
n − a2) + r9H1n −H2n ,

H6n = r8(k2
n − a2) + k2

nr7 + r9H1n −H2n , R6h = −khr13R1h ,

n = 1, 2, 3, h = 4, 5.

4 Boundary conditions

The determination of parameters M1, M2, M3, M4, M5 leads to consider-
ation of the boundary conditions at z = 0.

4.1 Mechanical boundary conditions

The normal stress condition (mechanically stressed by constant force F0),
and the tangential stress condition (stress free), so that

σzx = 0, σzz = −F0e
(st+iax). (68)
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4.2 Condition of the couple stress

The couple stress is constant in z-direction, this implies that

mzy = 0. (69)

4.3 Thermal condition

The thermal shock is assumed at the surface z = 0, which leads to

θ = θ0e
(st+iax), (70)

where θ0 is a constant temperature.

4.4 Voids condition
∂ψ

∂z
= 0. (71)

Using Eqs. (27) and (48) on the boundary conditions (68)–(71) and using
the considered variables, we obtain:

H71M1 +H72M2 +H73M3 +R44M4 +R45M5 = 0, (72)
H61M1 +H62M2 +H63M3 +R24M4 +R25M5 = −F0 , (73)

R64M4 +R65M5 = 0, (74)
H21M1 +H22M2 +H23M3 = θ0 , (75)

−k1H11M1 − k2H12M2 − k3H13M3 = 0. (76)

Using the inverse matrix method we can solve the system of algebraic
Eqs. (72)–(76) and get the values of the constants Mn, n = 1, 2, 3, 4, 5



M1

M2

M3

M4

M5


=



H71 H72 H73 R44 R45

H61 H62 H63 R24 R25

0 0 0 R64 R65

H21 H22 H23 0 0

−k1H11 −k2H12 −k3H13 0 0



−1

0

−F0

0

θ0

0


. (77)
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5 Particular and special cases of thermoelastic
theory

We discuss some special cases for different values of the parameters consid-
ered in the problem:

(i) If we take τq = τθ = τ0 = 0, δ = 1,then the above analysis reduces for
the coupled theory (CT).

(ii) If we take τq = τθ = 0, δ = 1, τ0 > 0, then the above analysis reduces
for the Lord–Shulman (L–S) theory.

(iii) The Green–Naghdi theory of type II without energy dissipation is
obtained from the above analysis when τq = τθ = 0, δ = 0, and
τ0 = 1.

(iv) The simple phase-lags theory is obtained from the above analysis
when τq = τ0 > τθ ≥ 0, δ = 1, N = 1, and by setting the term that
contains τ2

q equals zero.

(v) The present refined phase-lags theory is given when τq = τ0 > τθ ≥ 0,
δ = 1, and N ≥ 1.

(vi) Neglecting Thomson effect, by taking L0 = 0, in Eqs. (28)–(32) we
obtain the corresponding expressions of the physical variables in mi-
cropolar thermoelasticity with voids under the effect of two temper-
ature parameters and without the Thomson effect.

(vii) Neglecting the void effect, by neglecting the material constants due
to the presence of voids, putting (α∗ = η∗ = ω∗ = β∗ = m = ζ∗ = 0)
in Eqs. (28)–(32).

(viii) Neglecting the micropolarity effect, by neglecting the material con-
stants due to the presence of micropolar, putting k = α = β = γ = 0
in Eqs. (28)–(32).

6 Numerical results and discussions

Suppose that the medium is a micropolar material available in the mag-
nesium crystal form and being imperiled to thermal as well as mechanical
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disturbances for numerical calculations. The physical constants of magne-
sium are adopted as Othman et al. [22]:

µ = 4× 1010 N m−2, λ = 9.4× 1010 N m−2, ρ = 1.74× 103 kg m−3,

T0 = 298 K, k = 85 N m−2, K∗ = 1.7× 102 J m−1s−1deg−1,

j = 2× 10−20 m2, Ce = 1.04× 103 kg m−3, ρ0
e = 1.6× 10−19 kg m−3,

γ = 0.779× 10−8 N, β = 2.68× 106 N m−2deg−1,

α = 1.78× 10−5, αt = 1.78× 10−5 K−1.

The void parameters are taken as:

η∗ = 1.475× 1010 N/m2, α∗ = 3.668× 10−5 N, m = 2× 106 N/m2 ·K,
ζ∗ = 1.753× 10−15 N/m2, ω∗ = 0.0787× 10−3 N · s/m2,

β∗ = 1.13849× 1010 N/m2.

Since we have s = ζ1 + iζ2, est = eζ1t[cos(ζ2t) + i sin(ζ2t)] and for small
values of time, thus, cos(ζ2t) → 1, and sin(ζ2t) → 0, therefore, s ' ζ1
(real) can be taken. The numerical calculations have been performed using
commercial software package Matlab 7.0.4 [33]. To perform the calculations,
the following values are considered; a = 1.5 m, x = 0.1 m, ζ1 = 1.6 rad/s,
ζ2 = −0.02 rad/s, M = 4, 0 ≤ z ≤ 3.

The following comparisons have been made in four situations:

(i) Different values of Thomson parameter L0, (L0 = 0.0, 0.2, 0.3, 0.4).

(ii) Different theories of thermoelasticity, namely; the refined phase-lag
theory, Lord–Shulman theory, Green–Naghdi theory of type II, and
a coupled theory.

(iii) Effect of thermal condition, different values of temperature applied
θ0, (θ0 = 0.10, 0.13, 0.16).

(iv) Effect of mechanical condition, different values of applied force F0,
(F0 = 0.10, 0.11, 0.12).

Figures 1–10 give a comparison of the results obtained for the displacement
components, strain, temperature, stress components, microrotation compo-
nent, change in the volume fraction field, and the couple stress tensor com-
ponents, against the z-direction for different values of the Thomson effect
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parameter L0 = 0.0, 0.2, 0.3 and 0.4. We can note that the Thomson effect
parameter has significant effects on all the studied fields. Figures 1, 2, 3,
and 4 show that the distributions of the displacement components, u, w,
the strain, e, and the temperature θ, decrease with the increase in the value
of L0.

Figure 1: Distribution of the displacement component u versus z.

Figure 2: Distribution of the displacement component w versus z.

Figure 3: Distribution of the strain e versus z.
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Figure 4: Distribution of the temperature θ versus z.

Figures 5 and 6 show that the Thomson effect parameter has large effects
on the values of the stress components, σzz and σzx.

Figure 5: Distribution of the stress component σzz versus z.

Figure 6: Distribution of the stress component σzxversus z.

Figures 7, 8, and 9 depict the distribution of the microrotation compo-
nent, the change in the volume fraction field, and the couple stress tensor
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component, against the distance, z. It is observed that the values of φ2,
ψ and myx decrease with the increase in the value of the Thomson effect
parameter, L0.

Figure 7: Distribution of the stress component σzz versus z.

Figure 8: Distribution of the change in the volume fraction field ψ versus z.

Figure 9: Distribution of the couple stress tensor component myx versus z.
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Figure 10 shows the variation of the couple stress tensor component mzy

against the distance z. It can be seen that; the couple stress tensor compo-
nent mzy starts from a zero value, which satisfies the boundary conditions.

Figure 10: Distribution of the couple stress tensor component mzy versus z.

Figures 11–20 show the variations of some physical variables at Thom-
son effect parameter L0 = 0.2 for different theories of thermoelasticity,
namely: the refined phase-lags theory, the Green–Naghdi theory of type II,
the Lord–Shulman theory and the coupled theory. Figure 11 shows that the
relative difference between theorems for the displacement component u. It
can be seen that along the z-direction, the refined phase-lags theory gives
the smallest value of u, while the coupled theory yields the highest ones.

Figure 11: Distribution of the displacement component u versus z.

Figure 12 shows that the displacement component u, increases as z increases
for 0 ≤ z ≤ 0.6 and decreases for 0.6 ≤ z ≤ 2.7, while the values are the
same for z ≥ 2.7. Figures 13 and 14 depict the variations of the strain, e,
and temperature, θ, against the distance z. It can be observed that along
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the z-direction, the refined phase-lags theory gives the smallest value of e
and θ while the coupled theory yields the highest values. Figure 15 shows
the variation of the stress component σzz against the distance z. For all
theories, the values of σzz increase as z increases.

Figure 12: Distribution of the displacement component w versus z.

Figure 13: Distribution of the strain e versus z.

Figure 14: Distribution of the temperature θ versus z.
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Figure 15: Distribution of the stress component σzz versus z.

Figure 16 shows that the stress component σzx decreases as distance z
increases in the range 0 ≤ z ≤ 0.6 increases in the range 0.6 ≤ z ≤ 3 while
the values are the same for z ≥ 3.

Figure 16: Distribution of the stress component σzx versus z.

Figures 17, 18, and 19 depict that the distribution of the microrotation
component, the change in the volume fraction field, and the couple stress
tensor component against the distance z. It is observed that: along the z-
direction, the refined phase-lags theory gives the smallest value of φ2, ψ
and myx, while the coupled theory yields the highest ones.

Figure 20 illustrates the variation of the couple stress tensor component
mzy against the distance z. It can be seen that; along the z−direction, the
coupled theory gives the smallest value of mzy, while the refined phase-lags
theory yields the highest value.

Figures 21–27 investigate the dimensionless displacement, temperature,
stress components, microrotation, change in the volume fraction field, and
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Figure 17: Distribution of the microrotation component φ2 versus z.

Figure 18: Distribution of the change in the volume fraction field ψ versus z.

Figure 19: Distribution of the couple stress tensor component myx versus z.

couple stress tensor component with frequency of the disturbance caused
by the temperature applied. In these figures, three values of temperature
applied θ0 = 0.1, 0.13, and 0.16 are considered. Also, our calculations are
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carried out under the impact of Thomson effect in context of refined phase
lags model of thermoelasticity. In Figs. 21 and 22, the distributions of u,
θ, increase when the value of θ0 increases with clears difference. In Figs. 23

Figure 20: Distribution of the couple stress tensor component mzy versus z.

Figure 21: Distribution of the displacement component u versus z.

Figure 22: Distribution of the temperature θ versus z.



302 A.M. Alharbi, E.M. Abd-Elaziz, and M.I.A. Othman

and 24, the distributions of stress σzz, σzx, decrease when the value of θ0 in-
creases. Figures 25–27, show the temperature applied, θ0, has an important
effect on the distributions of φ2, ψ, and mzy.

Figure 23: Distribution of the stress component σzz versus z.

Figure 24: Distribution of the stress component σzx versus z.

Figure 25: Distribution of the microrotation component φ2 versus z.
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Figure 26: Distribution of the change in the volume fraction field ψ versus z.

Figure 27: Distribution of the couple stress tensor component mzy versus z.

Figures 28–32 show the variations of w, σzz, σzx, φ2 and mzy versus z,
due to concentrated force, F0. In these figures, we assumed three values for
force as F0 = 0.1, 0.11, and 0.12. Figure 28 shows that the distribution of

Figure 28: Distribution of the displacement component w versus z.
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the displacement component w increases with the increase in the value of
the force F0. Figures 29–31 depict the variations of stresses σzz, σzx, and
microrotation, φ2, against the distance z. It can be observed that; the pa-
rameter F0, has a decreasing effect on the distributions of these quantities.

Figure 29: Distribution of the stress component σzz versus z.

Figure 30: Distribution of the stress component σzx versus z.

Figure 31: Distribution of the microrotation component φ2 versus z.
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Figure 32 represents the couple stress tensor mxy calculated for different z
values with applied force as the parameter. It is found that the distribution
of mxy increases when the value of F0, increases.

Figure 32: Distribution of the couple stress tensor component mzy versus z.

Figures 33–37 represent the application of the refined phase-lags theory to
obtain three-dimensional surface curves for the physical quantities of dis-

Figure 33: Three-dimensional curve distribution of the displacement component w versus
distance.

Figure 34: Three-dimensional curve distribution of the thermodynamic temperature θ
versus distance.



306 A.M. Alharbi, E.M. Abd-Elaziz, and M.I.A. Othman

placement component, temperature, stress component, microrotation, and
couple stress tensor for the Thomson effect parameter on a thermoelastic
micropolar medium consisting of voids. Whenever the vertical component
of distance is part of the discussion to evaluate the dependency of physical
variables on them, these figures may turn out to be extremely useful.

Figure 35: Three-dimensional curve distribution of the stress component σzz versus dis-
tance.

Figure 36: Three-dimensional curve distribution of the change in the volume fraction field
ψ versus distance.

Figure 37: Three-dimensional curve distribution of the couple stress tensor component
mxy versus distance.
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7 Conclusions
A refined multi-phase-lags micropolar thermoelasticity theory for a homo-
geneous medium with voids under the influence of Thomson effect has been
investigated. The results concluded from the above analysis can be sum-
marized as follows. The Thomson effect parameter has an observable effect
on the distribution of the physical quantities as shown in the previous an-
alytical solution and discussion. The physical quantities are satisfying all
the boundary conditions. The used method is applicable to a wide range of
thermodynamics and thermoelasticity problems. The value of all physical
quantities converges to zero with an increase in distance z and all functions
are continuous.
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