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1. Introduction

Increasing industrial activities give rise to environmental prob-
lems such as heavy or hazardous metals water pollution, which
causes the freshwater supply to become one of the most im-
portant issues of today’s world [1]. In addition, the serious side
effects that those heavy metals (including cadmium, chromium,
copper, nickel, arsenic, lead and zinc) exert on the human health
are significant [2, 3]. For instance, the corruption of the brain
and nervous system, behavioral and learning defects, rise of
blood pressure, kidney damage and bloodlessness are some of
those already recorded [4–6]. As an example, side effects in
the respiratory tract and in the brain, temporary gastrointesti-
nal distress with symptoms such as nausea, vomiting, abdom-
inal pain, destruction of red blood cells, damage to the cen-
tral and peripheral nervous system, learning disabilities, shorter
stature, impaired hearing, and impaired formation and function
of blood cells are mentioned for manganese, cadmium, lead and
copper [7]. These hazardous metals contaminate the ground-
water and surface water through a natural process and anthro-
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pogenic activities (e.g. fastest-growing industrial zones [leather
goods, metal products, dyeing, fertilizers, textiles, chemicals
etc.], agriculture, mining and traffic activities). To this end,
measuring and monitoring contamination levels of these metals
constitute an important and vital issue, which leads to propos-
ing different methods such as atomic adsorption spectrometry
and inductively coupled plasma mass spectroscopy [8–10], op-
tical sensors and biosensors [11, 12], or electrochemical meth-
ods [13–16]. In the present study, a micro electro mechanical
system (MEMS) has been investigated to measure hazardous
metals in water. The developed concept of a biosensor can be
used in different zones which contain the metals impurities dis-
charged into the natural rivers and dams and eventually per-
meate through the groundwater that is used for drinking pur-
poses [17–20].

In recent years, micromechanical systems have found wide-
spread use as mass-sensors in different fields of science and en-
gineering [21–27] due to high sensitivity, short response time,
specificity and relatively low cost of production [28]. One of
the approaches of mass identification is based on a resonant
frequency shift while carrying a target entity [29] where the
resonant frequency is measured before and after mass adhe-
sion/adsorption to the surface of the micro-beam. The differ-
ence between these two frequencies enables us to measure the
mass of pollution. Resonant mass sensors, especially of the can-
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tilever type, have been utilized to quantify the mass of bacte-
ria and viruses [30, 31]. Characterization mass of single live
cells in fluids [32] mass of a single-stranded DNA [33] and
their application as a diagnostic assay for the protein markers
of prostate cancer [34] have been reported. A new class of plant
metal-binding proteins has also been described [35]. They are
capable of binding multiple atoms of different heavy metals.
Nevertheless, there are groups of metal-binding proteins with
the capability of selective blinding to adsorb a specific heavy
metal [36, 37].

In this study, we presented a new micromechanical sensor to
characterize hazardous metals in water – both the concept and
its mathematical model. The micro sensor consists of a micro-
cantilever located inside a micro space (micro-container). The
micro-container fills up with water samples throughout a se-
ries of micro-channels and then the metal ion is to be adsorbed
onto the surface of the beam (which is coated with specific pro-
teins) – the mass of that ions is be measured. The protein is
located on a layer of gold [36, 37]. It should be pointed out
that there are different materials which are able to indicate par-
ticular heavy metals in drinking water. They include synthetic
receptors and siological receptors where among them antibod-
ies offer significant advantages over traditional detection meth-
ods, such as high sensitivity, selectivity and species-specificity.
Therefore, the protein constitutes the case study explaining our
model [38]. Repeat proteins could be used as an example, due
to their highly stable molecules – the array of protein tandem
repeats have clearly higher thermodynamic stability than the
one reported for natural biomolecules (protein), considering the
same length – therefore in the consensus (the designed, well-
expressed protein, then synthesized, purified and checked) they
present a more folded framework, which makes for higher me-
chanical or thermal stability. According to Braun et al. [39]
and Hara et al. [40], the mass of proteins and gold layers are
0.175 ng and 0.720 ng, respectively. Furthermore, cavitation is
ignored – Kapustina [41] thoroughly analyzed ultrasonic de-
gassing mechanisms in water and concluded that the oscilla-
tions of the bubbles in the acoustic field play the most impor-
tant role, while ultrasonic cavitation takes the supportive role
in intensifying bubble formation and accelerating bubble/liquid
interfacial diffusion. Finally, the mass of the heavy metal ad-
sorbed causes a shift in the resonant frequency of the micro-
beam and, consequently, someone can measure the mass of the
heavy metals using the frequency shift. It is important that mi-
cro and nano-sensors can sense the small changes in harmful
metal levels easily and more effectively, so micromechanical
sensors are suitable for this purpose [17–20].

The micro-sensor is modeled as a micro-beam resonator
submerged in a bounded incompressible fluid domain with a
lumped mass on the surface of the beam. Finally, we investi-
gate the frequency shift caused by the adsorbed mass of Mn,
Pb, Cu and Cd. The lumped mass has been considered in a sit-
uation where majority of the adsorbed metals concentrate in a
particular location. This occurs in a situation where just a part
of the beam is coated with gold; therefore, only that part acts as
a metals receptor. On the other hand, if the protein layer does
not spread uniformly, the concentration of the metals might be

larger in that part and as an assumption it has been considered
that the mass of metals on other side is neglected. In addition,
we show the effects of different parameters, such as the off-
center positions of the micro-beam inside the micro space, po-
sitions of the adsorbed mass and ratio of the adsorbed mass to
beam mass on the first, second and third resonant frequencies.

It should be noted that the proposed micromechanical sen-
sor and its characterization for monitoring hazardous metals in
drinking water have been investigated for the first time. In addi-
tion, the form of the proposed mathematical model of the micro
resonator submerged in a bounded incompressible fluid domain
with a lumped mass on the surface is yet another novelty of
this paper. The modeling is mass-location sensitive – in other
words, it could characterize different mass locations.

2. Micro-sensor proposed

A schematic view of the micro-sensor has been shown in Fig. 1.
As can be seen, the proposed sensor consists of a micro-beam
inside a micro-container. The micro-beam is made of silicon
nitride and gold-coated on one side [42] and additionally func-
tioned with proteins that can bind multiple atoms of hazardous
metals [35]. The micro-container is filled up with a water sam-
ple. A drop of the sample thrown onto a pad through the micro-
channels is transferred to the inside of the container space.

a)

b)

Fig. 1. a) Harmonic vibration-type micro-cantilever sensor using
a piezo actuator [45]; b) Schematic view of proposed micro-sensor
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When the ions of hazardous metal are adsorbed to the sur-
face of the beam, the effect on the resonant frequency of the
micro-beam causes its shift. Characterization of the shift val-
ues leads to measuring the amount of pollution (mp). The fre-
quency of the micro-sensor could be measured via different
methods, such as the laser Doppler vibrometer (LDV) [43, 44].
Physical parameters of the micro-sensor are: container length,
a = 350 µm, container height, H = 600 µm, micro-beam length
L = 25 µm, micro-beam width, b = 50 µm, micro-beam thick-
ness, h = 3 µm, liquid depth of upper and lower domains H1 =
H2 = 300 µm, micro-beam Young’s modulus, E = 192 GPs,
mass of micro-beam per unit length ρb = 3.4965×10−7 kg/m,
fluid density ρ f = 1000 kg/m3, and Poisson’s ratio, ϑ = 0.28.

3. Mathematical modeling and solution

As mentioned above, one side of the micro-beam is coated with
gold. The thickness of the gold is ignorable in comparison to
the micro-beam thickness; therefore, the equation of motion for
free small lateral vibration of the micro-beam interacting with
the surrounding fluid is [46]:

EI
∂ 4w
∂x4 +ρe f

∂ 2w
∂ t2 = b(P1 −P2) (1)

where EI is the bending stiffness of the micro-beam, ρe f is the
total length density of the protein, gold layer and beam, which
represents the hydrodynamic pressures imposed by fluid os-
cillation in the lower and upper regions. Herein, the adsorbed
ions of hazardous metals are considered as a lumped mass (mp)
which is located in distant δ (x). Considering mp, the equation
of the motion will be [47]:

EI
∂ 4w(x, t)

∂x4 +ρe f
∂ 2w(x, t)

∂ t2 +mp
∂ 2w(x, t)

∂ t2 δ (x−δ )

= b(P1 −P2)

(2)

where the hydrodynamic pressures are [48, 49]:

P1 =−ρ f
∂η1

∂ t

∣∣∣∣
y1=H1

, P2 =−ρ f
∂η2

∂ t

∣∣∣∣
y2=0

(3)

where η1(x) and η2(x) are the velocity potential functions of
the fluids in domains one and two. Functions η1(x) and η2(x)
are [50]:

η1 (x,y1, t) =
∞

∑
i=1

Ai(t)(cosλix)(coshβiy1) , (4)

η2 (x,y2, t) =
∞

∑
i=1

Ei(t)(cosλix)×

(5)
[(coshγiy2)−H2(tanhγi)(sinhγiy2)]

where λi = (iπ/a), βi = (iπH1/a), γi = (iπH2/a), Ei(t) and
Ai(t) are the undisclosed modal amplitudes for fluid oscillation.

Boundary conditions of fluid movement in both regions (upper
and lower) lead to the following equations, respectively:

∂η1

∂y1

∣∣∣∣
y1=H2

=





∂w
∂ t

0 < x < l,

∂η2

∂y2

∣∣∣∣
y2=0

l < x < a;
(6)

∂η2

∂y2

∣∣∣∣
y2=0

=




∂w
∂ t

0 < x < l,

∂η1

∂y1

∣∣∣∣
y1=H2

l < x < a.
(7)

Using the Galerkin method, the transverse displacement of
the beam is approximated as below [51, 52]:

w(x, t) =
∞

∑
i=1

qi(t)ϕi(x) (8)

where ϕ(x) is a shape function of the micro-beam in the ab-
sence of the fluid (cf. [49]) and qi(t) is a time-dependent func-
tion. Since the highest derivative of w with respect to x and t is
two, specifying four boundary conditions and two initial condi-
tions will be needed to finding solution w(x, t) [53]. Substitut-
ing Eq. (8) into Eq. (1) and also Eq. (4), Eq. (5) and Eq. (8) into
Eq. (6) and Eq. (7) leads to the three equations as below:

EI
∞

∑
i=1

qi(t)ϕ IV
i (x)+ρe f

∞

∑
i=1

q̈i(t)ϕi(x)+

+mp

∞

∑
i=1

q̈i(t)ϕi(x)δ (x−δ ) =

=−bρ f

[
∞

∑
i=1

Ȧi(t)(cosλix)(coshβiy1

−
∞

∑
i=1

Ei(t)(cosλix)

]
,

(9)

∞

∑
i=1

Ai(t)H1λi(cosλix)(sinhβi) =

=




∞

∑
i=1

qi(t)ϕi(x) 0 < x < l

∞

∑
i=1

Ei(t)γi(cosγix)
[
−H2(tanhγi)

]
l < x < a,

(10)

−
∞

∑
i=1

Ei(t)γiH2(cosγix)(tanhγi) =

=




∞

∑
i=1

qi(t)ϕi(x) 0 < x < l,

∞

∑
i=1

Ai(t)λi(cosλix)(sinhβiy1) l < x < a.

(11)

Using the orthogonal property of the mode shapes, both sides
of the above equations are multiplied by ϕ j and then integrated
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over 0 to L, and therefore the following equations are obtained:

EI
L∫

0

ϕ IV
i (x)ϕ j(x)qi(t)+ρe f

L∫

0

ϕi(x)ϕ j(x)q̈i(t)+

+mp

L∫

0

ϕi(x)ϕ j(x)q̈i(t)δ (x−δ ) =

=−bρ f

[
∞

∑
i=1

Ȧi(t)
[
ξi jH1(sinhβi)

]
−

∞

∑
i=1

Ei(t)ξi j

]
,

(12)

(a
2

)
β jA j(t)

[
H1(sinhβ j)

]
=

∞

∑
i=1

qi(t)ξ ji

−
∞

∑
i=1

Ei(t)γiχi j
[
H2(tanhγi)

]
,

(13)

−
(a

2

)
γ jE j(t)

[
H2(tanhγ j)

]
=

∞

∑
i=1

qi(t)ξ ji

−
∞

∑
i=1

Ai(t)βiχi j
[
Hi(sinhβi)

] (14)

where

ξ ji =

l∫

0

(cosλ jx)ψi(x)dx,

χi j =

a∫

l

(cosλ jx)(cosλix)dx.

(15)

Next, considering n and m modes (i = 1,2, . . . ,n), ( j =
1,2, . . . ,m) for the micro-beam and fluid oscillation, respec-
tively, the following finite set of matrix equations can be for-
mulated:

[α] A = [ϖ ] q̇− [τ] E, (16)

− [ψ] E = [κ] q̇+[℘] A, (17)

[K] q+[M] q̈ = [L] Ȧ− [J] Ė (18)

where

κi j = ξi j , ℘i j = χi jλ j , Ji j = ξ ji , ϖi j = H2H2
1 ξ ji ,

αii = λi

(a
2

)
H1 sinh(βi), τi j = χi jγ jH2 tanh(γ j),

ψii = γi

(a
2

)
H2 tanh(γ j), Kii = EI

L∫

0

ψi(x)ψ IV
i (x)dx,

Mii = n f ρe f

L∫

0

ψ2
i (x)dx+n f mpψ2

i (L),

Li j = ζ jiH1(sinhβ j)

(19)

where n f is a geometry-dependent correction factor (n f = 0.24)
for rectangular cantilevers) [54]. Substituting A and E into

Eq. (19), the equation of motion of the micro-beam in a non-
compressible fluid is:

[K] q+[M+M1 +M2] q̈ = 0, (20)

M1 = ρ f b[L]
([

α−1ϖ
]
−
[
α−1τ

][(
℘α−1τ −ψ

)−1
]
×

×
[
ϖ +℘α−1κ

])
,

M2 =−ρ f b[J]
[(

℘α−1τ −ψ
)−1

][
κ +℘α−1κ

]
.

(21)

4. Results

As a case study, the proposed micro-sensor has been used to
identify some hazardous metals like Mn, Pb, Cu and Cd. The
standard limits of these metals concentration (mg/L) extracted
from Guidelines for Drinking-Water Quality of the WHO stan-
dard [7] have been shown in Table 1.

Table 1
Standard limits of heavy/hazardous metals concentration in drinking

water based on WHO standard

Element Mn Cu Pb Cd
Standard amount
(mg/L)

0.4 2 0.01 0.003

Standard amount
for the micro-
container (ng)

8.4×10−3 4.2×10−2 2.1×10−4 6.3×10−5

As it is visible, these data show admissible mg of the
heavy/hazardous metal in one liter of the water sample, there-
fore, it is needed to convert them for the volume of the pro-
posed micro-sensor, which is the volume of the water sample in
the micro-container. Therefore, the standard mass limits of dif-
ferent heavy metals in drinking water have been shown in the
second row. The mass mp bigger than the values in the second
row of Table 1 shows contaminated water whereas its smaller
values are acceptable.

Validation of the mathematical modeling is presented in
Table 2. The fundamental frequencies obtained for different
micro-beams in water versus those in literature [55] are in ac-
ceptable agreement. Note that the validation has been evaluated
by considering mp = 0.

Table 2
Comparison of fundamental frequencies (Hz) in water

ρ = 1000 Kg/m3

Aspect ratio L/b 5 3 2 1

Thickness ratio h/b 0.124 0.061 0.061 0.024

Ref [55] 15.63 18.30 42.30 51.93

Present study 15.62 18.82 46.80 57.90

As mentioned above, the sensing principle is based on the
measurement of variations of resonant frequencies caused by
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(unknown) additional masses located on certain positions of the
initial system. To show the functionality of the proposed model,
the effects of various physical parameters have been studied
on different consecutive modes in the presence of the adsorbed
mass.

In Fig. 2(a–c) and Fig. 3(a–c), the first three resonant fre-
quencies (f1, f2, and f3) versus location of the pollution mass of
Mn, Cu, Pb and Cd have been illustrated. The values of mp are
considered based on those which were mentioned in Table 1.
In other words, in these figures, the effects of admissible ad-

a)

b)

c)

Fig. 2. Variation of the first three resonant frequencies versus different
positions of Mn and Cu: a) f1, b) f2 and c) f3

sorbed mass of different heavy metals have been shown on the
frequency shift of different modes where the adsorbed mass is
located in different positions. Comparing the first ( f1), second
( f2) and third ( f3) modes, it is visible that in the first mode natu-
ral frequency decreases when the micro-sensor adsorbs mp and
at the end of the micro-sensor it obtains the minimum value. In
the second and third modes, micro-sensor frequency shows al-
most periodic behavior in the presence of adsorbed mass. Even
though in some mp positions (e.g. δ/L = 0.9) the value of res-
onant frequency is higher than for condition (δ/L = 0).

a)

b)

c)

Fig. 3. Variation of resonant frequency versus different positions of Pb
and Cd adsorbed mass: a) f1, b) f2 and c) f3
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This is apprehensible by considering Eq. (20), (21), where
it has been shown that the surrounding fluid movement (due to
vibration of the micro-sensor) in the upper and lower domains
of the micro-sensor is the external mass added (in opposite di-
rection) to the beam.

Therefore, the additional mass of moving fluid in the lower
domain dominates over a summation of the upper fluid and ad-
sorbed mass in those positions. This conclusion is in agreement
with the results of Ref. [53].

In Fig. 4, the effects of adsorbed mass variation are illustrated
on the first, second and third resonant frequencies of the micro-
beam, where the adsorbed mass is located in a different position
(δ/L = 0.2, 0.4, 0.6, 0.8 and 1).

This variation is shown for the mp/me f ratio, where me f
is the protein, gold layer and micro-beam mass. As can be

a)

b)

c)

seen, the rising of the adsorbed mass decreases the resonant
frequency of different modes, especially for higher modes. In
other words, the higher modes have more sensibility in which
this subject is in agreement with those existing in the literature
[56]. It means that for higher modes the effects of the adsorbed
mass are more significant than for the lower ones.

To propose a complete design of the micro-mechanical sen-
sor, it is needed to show the effects of the micro-beam position
inside the micro-container. Therefore, the first, second and third
resonant frequencies of the micro-beam with no adsorbed mass
are obtained in Table 3 for different values of upper and lower

Table 3
Resonant fundamental frequencies (×107 Hz) of different modes for
the micro-beam in water ρ = 1000 Kg/m3 (with no adsorbed mass)

where the off-center position has different values

resonant
frequency

Off-center position H1/(H1 +H2)

50/600 100/600 150/600 200/600 250/600 300/600

f1 9.184 8.891 8.983 9.060 9.096 9.106

f2 249.858 250.206 252.932 254.278 254.816 254.956

f3 321.230 320.271 324.955 328.055 329.477 329.868

d)

e)

Fig. 4. Variation of resonant frequency versus different ratios of the
adsorbed mass to the mass of the protein, gold layer and micro-beam
in a different position: a) δ/L = 0.2, b) δ/L = 0.4, c) δ/L = 0.6,

d) δ/L = 0.8 and e) δ/L = 1
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Table 4
Resonant fundamental frequencies (Hz×107) for the micro-beam in water ρ = 1000 Kg/m3 where admissible Mn mass adsorbed

8.4×10−3 ng and off-center position has different values

resonant
frequency

Normalized mass
location δ (x)/L

Off-center position H1/(H1 +H2)

50/600 100/600 150/600 200/600 250/600 300/600

0.20 9.14 8.85 8.94 9.02 9.05 9.06

0.40 8.93 8.66 8.75 8.82 8.85 8.86

f1 0.60 8.87 8.61 8.69 8.76 8.79 8.80

0.80 8.79 8.53 8.62 8.68 8.72 8.72

1.00 8.14 7.93 8.00 8.05 8.08 8.08

0.20 122.85 122.86 123.60 124.02 124.21 124.26

0.40 179.80 180.41 181.71 182.42 182.72 182.80

f2 0.60 187.61 188.08 189.50 190.26 190.58 190.66

0.80 167.27 167.48 168.59 169.16 169.40 169.46

1.00 99.68 99.90 100.16 100.30 100.36 100.38

0.20 172.73 172.71 172.88 172.99 173.04 173.06

0.40 261.64 261.89 262.33 262.59 262.70 262.73

f3 0.60 261.25 261.36 261.92 262.26 262.41 262.45

0.80 197.68 197.52 198.66 199.41 199.76 199.86

1.00 143.29 143.41 143.51 143.56 143.59 143.59

Table 5
Resonant fundamental frequencies (×107 Hz)) for the micro-beam in water ρ = 1000 kg/m3 where admissible Cd mass adsorbed

mp = 6.3×10−5 ng and off-center position have different values

resonant
frequency

Normalized mass
location δ (x)/L

Off-center position H1/(H1 +H2)

50/600 100/600 150/600 200/600 250/600 300/600

0.20 9.18 8.89 8.98 9.06 9.10 9.11

0.40 9.18 8.89 8.98 9.06 9.09 9.10

f1 0.60 9.18 8.89 8.98 9.06 9.09 9.10

0.80 9.18 8.89 8.98 9.06 9.09 9.10

1.00 9.17 8.88 8.97 9.05 9.09 9.10

0.20 247.44 247.77 250.51 251.87 252.42 252.56

0.40 249.08 249.43 252.15 253.50 254.04 254.18

f2 0.60 249.18 249.53 252.25 253.59 254.13 254.27

0.80 248.75 249.10 251.80 253.13 253.66 253.80

1.00 245.48 245.82 248.52 249.87 250.41 250.55

0.20 318.03 317.10 321.61 324.61 325.99 326.37

0.40 320.53 319.60 324.19 327.22 328.61 329.00

f3 0.60 320.57 319.63 324.23 327.27 328.67 329.05

0.80 319.38 318.43 323.06 326.13 327.54 327.93

1.00 316.01 315.14 319.50 322.39 323.72 324.09

domains. Moreover, in Tables 4 and 5 the effects of the off-
center position H1/(H1+H2) have been shown for the low toxic
heavy metal (Mn as an example) ions and very toxic elements
(Cd as an example). Using Tables 3–5, the effects of admissible

adsorbed mass of the hazardous metal ions, its position on the
micro-beam and also the position of the micro-beam inside the
micro-container on resonant frequencies of the different modes
are shown.
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domains. Moreover, in Tables 4 and 5 the effects of the off-
center position H1/(H1+H2) have been shown for the low toxic
heavy metal (Mn as an example) ions and very toxic elements
(Cd as an example). Using Tables 3–5, the effects of admissible

adsorbed mass of the hazardous metal ions, its position on the
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micro-container on resonant frequencies of the different modes
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5. Conclusion

In this paper, we proposed a new concept of a micro-mechanical
sensor to measure hazardous metals in water. It consists of
a micro-beam inside a micro-container in which the micro-
container fills up with a water sample throughout some micro-
channels. The surface of the micro-beam is coated with gold
and specific proteins that adsorb specific heavy metals. Reso-
nant frequencies of the micro-beam are shifted by adsorbing the
heavy metals and this is the basic concept of the micro-sensor
proposed.

Herein, the frequency shift of admissible mass (based on the
WHO standard for drinking water) of Mn, Cu, Pb and Cd haz-
ardous metals, the location of the adsorbed mass on the micro-
beam as well as effects of different off-center positions of the
micro-beam were obtained on the first, second and third reso-
nant frequencies. It was observed that adsorption of the admis-
sible mass of Mn, Cu, Pb and Cd hazardous metals decreased
the first, second and third resonant frequencies of the micro-
beam. On the other hand, for higher modes, the effects of the
adsorbed mass are more significant than for the lower ones.
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[26] S. Walczak, and M. Sibiński, “Flexible, textronic temperature
sensors, based on carbon nanostructures”, Bull. Pol. Acad. Sci.:
Tech. Sci. 62 (4), 759–763 (2014).
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