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THE STRUCTURE OF THE OPTIMAL CONTROL IN THE
PROBLEMS OF STRENGTH OPTIMIZATION OF STEEL
GIRDERS

Leszek Mikulski'

The paper concerns a strength optimization of continuous beams with variable cross-section. The continuous
beams are subjected to a dead weight and a useful load, the six (seven) combinations of loads were analyzed.
Optimal design problems in structural mechanics can by mathematically formulated as optimal control tasks. To
solve the above formulated optimization problems, the minimum principle was applied. The paper is an
introductory and survey paper of the treatment of realistically modelled optimal control problems from
application in the structural mechanics. Especially those problems are considered, which include different types
of constraints. The optimization problem is reduced to the solution of multipoint boundary value problems
(MPBVP) composed of differential equations. Dimension of MPBVP is usually a large number, what produces
numerical difficulties. Optimal control theory does not give much information about the control structure. The
correctness of the assumed control structure can be checked after obtaining the solution of the boundary

problem.

Keywords. Optimal control problems, necessary conditions, control variable inequality constraints, multipoint
boundary-value problems, optimal switching structure.

1. INTRODUCTION

This article concerns theoretical, numerical and practical aspects of optimal control with state
variable constraints. This class of optimal control problems has considerable and still increasing

importance in engineering sciences, since it regards construction of models which better describe
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reality. In precise modelling the issue of boundaries of domain of admissible values gains
importance. This in turn results in setting of constraints on control and state variables which must
be satisfied unconditionally. In the present paper a control matrix U, will be considered and we
shall focus on the indirect method of multiple shooting, which has been proven to be efficient in
many practical cases. In the indirect method the determination of the structure of control is crucial.
It is this structure that describes the sequence of the occurrence of intervals and points with active
(non-active) constraints. In case of the matrix control for an interval there are ny — 1 degrees of
freedom, enabling optimization of control in this interval. Additionally, optimal control problems
formulated in structural mechanics have certain characteristic properties: multiple control variables,
numerous constraints on state variables, controls influencing state equations in a linear and non-
linear way, multi-phase problems requiring satisfying initial and boundary conditions as well as

internal point conditions.

2. PROBLEM STATEMENT

In this study, the problem of the optimal choice of dimensions of cross-sections of steel multi-span
I-beams is presented. The task was formulated within the control theory. Theoretical basis for the
approach to the optimal shaping within the frames of the control theory may be found in [1],[7],[8].
The performed analysis was constrained to the following chosen instances: three-, four-and five-
span structural systems (b3, b4, b5) with defined load cases [3], [5], [6], [10], [11], [12]. Fig.1,
Fig.2, Fig.3 below show static diagrams of the assumed scenarios. From the mathematical point of
view, the problem was reduced to solving a multi-point boundary value problem (MPBVP) for a

system of 29 (25) ordinary differential state equations.
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Fig.2. Static diagram and configuration of external forces for the four-span beam — b4. Source: own.
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Fig.3. Static diagram and configuration of external forces for the five-span beam - b5. Source: own.

2.1. DYNAMICAL SYSTEM

The state equations which describe deformation of the three-span beam b3, subjected to six load

cases (Fig.1), have following form:

@.1) X! = fiGe, U t), i=1,..,25 k=123, t €[0,1]

In the first characteristic interval (phase) t € (0, 15.00) the state equations are written as follows:

X3

! ! LA r
Xp =Xz Xp =g, X3 = Xy Xy =—9g— Az A,
1Js
b
X5 =Xe, Xg=7", X7=2Xg Xg=—Qq —Ap A
BiJs
r_ 1o X11 ro_ [
Xg = X10, X190 =5, X11 = X12, X12 = Az A4,
B1Js
ro_ 1 _ Xis 1o 1
X3 = X140 X14 =, Xi5 = X160 X16 = —q1 — Az * A,
(2 2) Bi1'Js
: ro_ 1o X19 - I =—gs—A4, A
X17 = X18, X183 = 7, X19 = X209, X20 = —(1 2 " 4s,
B1Js
ro_ r _ X23 ro_ o I
X21 = X322, X2 = Bty X3 = X240 Xpa = —q1— Ay A5, X35 = Ay A,

AS = U1 . tfl + Uz . th + U3 . th U1 = bfli UZ = bfZ' U3 = hW:

3 2 3 2
_ twU3 | thUs (ug+tf1) troUz (U3+tf2)
Js = TS + = + Uytpq 2 + ETH + Uty 2 )
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X1; Xs5; Xo; X13; X175 Xo1 - deflections, Xx,; Xg; X10; X145 X185 X2» - angles of rotation,
X3; X7; X115 X155 X195 Xp3 - bending moments about y-axXis, X4; Xg; X125 X16; X20; X24 -shearing

forces onto z-axis

In the next characteristic intervals, the following differential equations are changed:

t € (15.00 + 30.00)

xp=—g—A3- A5, xg=—qa— Az As, Xi3=—q— Ay A,
X6 =—Az As, X30=—qa— Az A5, X34 =—q2— Ay 4,

t € (30.00 +39.00)

xp=—g—Ay- A xg=—qs— Ay A, X1 =4y A

X6 =—q3— Az A5, X39=—Az- A5, X34 =—q3— Ay 4,

(2.3)

The state equations Eq.(2.2) and Eq.(2.3) are completed with initial and boundary conditions,

depending on the way the girder is supported:

2.4)
x1(0) =0, x3(0)=0, x%(0)=0, x3(0)=0, x7(0)=0, x,,(0)=0, x5(0)=0,
x3(0) =0, x%,(0)=0, x,(0)=0, x5(0)=0, x5(0) =0, x3(0)=0,
x(D)=0, xs()=0, x() =0, x3()=0, x;,() =0, x,(D)=0,
D=0 x0O=0 x:D=0 x5()=0 x01)=0, x3()=0 [=ZL;

Furthermore, internal point conditions and discontinuity conditions must be satisfied at the middle

support points:

x1(L) =0, x5(Li) =0, x9(L) =0, x13(L) =0, x17(L;) =0, x31(L) =0,
xa(LT) = 22 (L7) + Cip, x(LT) = xg(L7) + Ci,

x12(L)) = x12(L7) + Ciz, x16(LT) = x16(L7) + Cia,

X20(L7) = x20(L7) + Cis,  X24(LY) = x24(L7) + Ci, Cf; = 0,i = 1,2.

2.5)

2.2. PHYSICAL CONSTRAINTS, ADMISSIBLE CONTROLS, COST FUNCTIONAL

Normal stresses for each load case may be expressed as:

S = |x3]-z 52 — |x7]-z S. = |x11]-2
1= "5 =T e l-—
Is s s
%152 lx19]-2 lx23lz
Sy="22, §o=2f g = T
(26) 4 Js 5 Is 6 s

Y: = max (51,52, 53,54, S5, S6)
Y, = max(|xq ], x5, |%ol, [x13], [x17], 2211 ).
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In the task of the optimal control, the following geometric constraints, constraints on stresses and

displacements were assumed:

U, €U, U, €(0.15 = 0.40), U, € (0.15 = 0.40), Us € (0.3 = 1.5),

2.7
@D g =fi-120, g =YY%, 20

The constraint g; = 0 is active along an interval and enables determination of the Uz control in the
interval in which it is active [2], [4]. The constraint g, = 0 is active in a point and it does not
depend explicitly on controls [7], [8]. Hence, we consider the so-called ‘mixed state-control

constraints’ of the following type:

2.8) gilx(@®),U®)] =0, g;: R*** = R!

- ag; L Lo
where g; explicitly depends on the control vector % # 0. The objective function is defined as the
k

total volume of steel and may be expressed as follows:

l ’
2.9) Xo5 = [} Asdt, X35 = Ay, 235(0) = 0

the optimization task requires minimization of the variable x,5(l) with respect to the controls

Uy (t), while meeting the constraints g; = 0 and satisfying the conditions given by Eq.(2.2)-(2.5):

(2.10) miny, {x,s}.

2.3. NECESSARY CONDITIONS

Application of the minimum principle results in the following conditions for the optimal control [1],

(61, [7].[8]:

H=3Y52 i, U) + - g1+ o ga i=1,..25 k=123
o0H

Uy -

(211 (=0if g >0,
: _ 991
1 (t) = i> 0ifg, =0, 22 =0,

>0ifg, =0, 21 =0,

ox

’

If Z% # 0, the multiplier u is given by means of Eq.(2.12):
k
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2.12) = (3—5;)_1 (a3,

The next degree of complexity is given by optimal control problems with the state variable
inequality constraints: g, (x(t)) = 0. Optimal control problems may have the so-called ‘pure state
inequality constraints’. The pure state constraints are in principle more difficult to deal with than the
mixed control-state constraints, since g, does not explicitly depend on U}, and x can be controlled
only indirectly via propagation through the state equations. If the response x just touches the
boundary at 8., i.e. g, (96; x(@c)) = 0, and x is in the interior just before and after 6., then 6, is
called a contact point. These extra constraints give rise to jump conditions for adjoint variables and

the Hamiltonian function [7], [8]:

209" = 2O +m(6,) L,

(2.13)
H(67) = H(6}) — m(6,) 2.

In case of multiple control variables ny; > 1, the laws of control on constraints depend also on
adjoint variables, which makes the boundary value problem highly non-linear. The adjoint variables
A; satisfy the equations:

OH

(2.14) A=-Ei=1,.,25

’
axi

The boundary conditions for adjoint variables result from transversality conditions. It may be
noticed that for x;, which are discontinuous in the middle points, the corresponding adjoint
variables are equal to zero. If state variables are fixed in the middle points L;, the respective adjoint

variables are discontinuous [6]:

x(LD) =2, (L) + Cy = (L) =0,
x(L) =0 = 4L =1+ Dy,
xs(L) =0 = As(LY) = As(L7) + Dy,
(2.15) x9(L) =0 = A9(L}) = 29(L7) + Dy, (Fig.5,6),
x3(L)=0 = /'113(L'l-") = A3(L7) + Dy, (Fig. 7,8,11,12,15,16),
x17(L) =0 = A, (L) = 417(L7) + Ds,
X1(L) =0 = Ay (L) = 21(L7) + Dy, 1= 1,2.

If the solution meets the necessary condition for being the optimal one, the Hamilton function is

piecewise constant (Fig.5 (b)), Fig.7 (b), Fig.8 (b)).
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3. NUMERICAL SIMULATION

The a priori assumption of a certain structure of the optimal control is not an important constraint,
since it is anyway going to be verified by the optimality conditions during the solution. In case of
the analysis of b3 the iterative procedure was convergent for the following structure of the optimal
solution given by Eq.(3.1), Fig.4, Fig.5 (a). The value of the objective function was here x,5(t =
39.00) = 0.493724.

3.1)
0.30 ¢t € (0.00 =+ 1.50),

Uppe t€(L50+12.75), g, =0, # 0,(t = 7.375) — (Fig. 7(b)),
0.30 t € (12.75 = 14.00),

U, te€(14.00+15.00), g, =0,u, #0,

Us(t) ={ Uppe t € (15.00 +27.00), g, = 0,u, # 0, (t = 22.50) — (Fig. 6(b)),
0.30 t € (27.00 = 28.75),

U, te€(28.75+30.00), g, =0,u, #0,

Uppe t € (30.00 +37.95), g, =0,u, # 0, (t = 35.10) — (Fig. 7(b)),
0.30 ¢ € (37.95 = 39.00),

ua M

(a) (b)

Fig.5. (a) The optimal solution given by Eq. (3.1) for b3, (b) Hamiltonian. Source: own.



www.czasopisma.pan.pl

o
et

N www.journals.pan.pl

THE STRUCTURE OF THE OPTIMAL CONTROL IN THE PROBLEMS OF STRENGTH...

285

(b)

Fig.6. (a) State variable x4 , case b3, (b) Adjoint variable A9. Source: own.

w3

M3

(a)

(b)

Fig.7. (a) State variable x,3 , case b3, (b) Adjoint variable ;3. Source: own.

For the three-span beam

b3 with two control variables:

U1 = Uz, U3

and with the

constraints: Uy, U, € [0.15 + 0.40], U; € [0.50 + 1.00], the following structure of the optimal

control was obtained:

(32)  U;=0.15, Us(t) =

0.50
Uapt
1.00

Uopt
0.50

0.50
Uopt
0.50

Uopt
0.50

t € (0.00 = 2.00),

t € (2.00 = 6.00),

t € (6.00 = 8.50),

t € (8.50 = 12.50),
t € (12.50 + 14.00),
t € (14.00 + 16.50),
t € (16.50 = 18.50),
t € (18.50 = 25.50),
t € (25.50 = 29.50),
t € (29.50 + 30.00)
t € (30.00 = 37.50)
t € (37.50 = 39.00)

g2 = 0,1, # 0, (t = 7.375),
g1=0,u; #0,
g1 =0,u; #0,
g2 =0,u, #0,(t =22.50),

g1 = 0!#1 * 0'
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The optimal volume of the girder in this case was x,5 = 0.443020. In case when the three-span I-
beam had fixed web height Uz = 0.65 and variable flange width U; = U,, the structure of control
of the form given by Eq.(3.3) was obtained, assuming the volume of x,5(t = 39.00) = 0.498929.

0.15 ¢t € (0.00 = 2.50),

Uppe t € (2.50 +7.00),

0.40 t € (7.00 +8.50), g2 =0,u, # 0,(t = 7.50)
Uppe t € (8.50 +11.50),

0.15 t € (11.50 + 14.50), g, = 0,1, # 0, (t = 12.50)
(3.3) Uy(t) ={ Uppe t € (14.50 +16.00), g; =0,u; #0,

0.15 ¢t € (16.00 =+ 29.50),

Uppe t € (29.50+30.30), gy =0,u #0,

0.15 ¢t € (30.30 = 33.00),

Uope t€(33.00+36.00) g, =0,u, #0,(t=23510)
0.15 ¢t € (36.00 = 39.00)

For the four-span beam (b4) the optimal control structure had the following form (Fig.8 (a)):

0.30 t € (0.00 <+ 1.50),

Uppe t € (1.50+12.50), g, =0,u, #0,(t = 7.375) — (Fig.9(b))
0.30 t € (12.50 + 14.50),

U, te(14.50+15.80), g, =0,u, #0,

0.30 t € (15.80 + 20.60),

Uope t € (20.60 +~27.45), g; =0,u; # 0,(t = 26.20),

0.30 t € (27.45 + 28.35),

(34) Us(t) =4 Uope t€(28.35+31.80),

1.50 t € (31.80+38.40), g, =0,u, # 0, (t = 35.40) — (Fig.9(b)),
Uppe t € (38.40 + 41.40)

0.30 t € (41.40 +42.15)

Uppr t € (42.15 + 45.00)

1.50 t € (45.00 = 48.60)

Uppe t € (48.60 + 53.40)

0.30 t € (53.40 + 54.00)
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Fig.8. (a) The optimal control for b4 with structure given by Eq. (3.4)
L; =15.0,L, = 12.0,L3 = 18.0,L, = 9.0. (b) Hamiltonian. Source: own.

w3 A
a1 p T T T T T 2

(b)
Fig.9. (a) State variable x5 , case b4, (b) Adjoint variable 1,3. Source: own.

If in the optimization of the four-span girder two control variables are introduced — the flange width

and the web height U;, U; - the structure of the solution was as follows:
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(3.5) U (), Us(t) =

U, =0.15, U; =0.50, te (0.00=2.00),
U, =0.15, U;= Uopt, t € (2.00 = 11.50), g1=0,u; #0,
U, =0.15, U; =0.50, te€ (11.50 =+ 14.00),
Uy =015 Us=Uyp, tE€(1400+1580), g =0 #0,
Uy =015, Us=U,p, tE€ (1580 27.00),
U, = Uopt, U; =1.00, te(27.00+ 27.60),
U, =0.15, U;= Uopt, t € (27.60 + 28.80),
U, =0.15, U; =0.50, te€ (28.80=+29.40),
U, =0.15, U;=1.00, te€(29.40+ 30.00),

=3{U; = Uy, U; =100, tE€ (30.00+33.60)
U, =040, U;=1.00, te(33.60~+37.20) g,=0,u,+#0,(t=3570)
U, = Uopt, U; =1.00, te (37.20+ 40.20)
U, =0.15, Us =1.00, t € (40.20 + 40.80)
U, =0.15, U; =0.50, te (40.80+ 42.00)
U, = Uopt, U; =1.00, te€ (42.00+45.00)
U, =040, U;=1.00, te€ (45.00+ 47.40)
Uy =Uppe, Us =1.00, tE€ (47.40 + 52.50)
U, =0.15, U;= Uopt, t € (52.00 = 53.40)
U, =0.15, U; =0.50, te€ (53.40+ 54.00)

It is worth noting that in the structure given by Eq.(3.5) presented above, for which the optimization
task was convergent, the following regularity may be observed: if the control U; = Upy,, then the
control Uz =1.00 (maximum value constraint), while in case U = Uy, then U; = 0.15
(minimum value constraint). For the control structure determined as above, the optimal volume was

X59(t = 54.00) = 0.808831. The optimization of the five-span beam (b5) lead to the following

structure (Fig.9 (a)):

0.30
Uopt

t € (0.00 =+ 2.40),

t € (2.40 = 7.80),

g2 = 0,u, # 0, (t = 5.55) — (Fig.11(b))

(3.6) Us(®) =

0.30
Uopt
1.50
Uopt
1.50
Uopt
030

Uopt
0.30

t € (7.80 + 12.00),

t € (12.00 = 20.55),
t € (20.55 + 22.80),
t € (22.80 + 26.40),
t € (26.40 + 34.50),
t € (34.50 + 50.25),
t € (50.25 = 54.00),
t € (54.00 = 61.65)
t € (61.65 + 63.00)

g1 =0, # 0,(t = 12.00)
g1=0,u; #0,

g2 = 0,1, # 0,(t = 30.675) — (Fig.11(b))
91 =0,u; # 0,(t € (37.50 + 38.10))
g1 = 0, ny # 0, (t = 5400)
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Fig.10. (a) The optimal control for b5 with structure given by Eq.(3.6)
L; =12.0,L, =9.0,L; = 18.0,L, = 15.0,L5 = 9.0. (b) Hamiltonian. Source: own.

e w3
00e L]

oo

Enn

(a) (b)
Fig.11. (a) State variable x5 , case b5, (b) Adjoint variable 1,5. Source: own.

For two control variables Uj, U; the following structure of the optimal solution proved to be

appropriate:
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(3.7 Ul(t); U3(t) =
U, =0.15, U; =0.50, te (0.00=3.60),
Uy =015, Us=Uypy, tE€ (3.60+6.60), g1 =0, %0,

U, =015, Us =050, te€ (6.60=11.40),

Uy =015 U;=Uy, tE€(11.40+1470), g, =045 #0,
U, =015, Us=1.00, te (14.70 + 17.40),

Uy = Uy, Us =100, t€ (17.40 + 21.00),

U, = 0.40, Us=1.00, t€ (21.00 + 22.80),

Uy =Uyp: Us=100, te€ (22.80+ 23.70),

Uy =015 Us=Uyy, tE€ (23.70+24.82),

Uy = Upp, Us =100, t€ (24.82+27.30)

U, =040, Us=1.00, te€ (27.30+3450) g, =0,u, #0,(t = 30.225)
= {U; = Uy, U;=100, te€ (3450 36.30)

Uy =015 U;= Uy, tE€ (3630+36.525)

U, =015 Us=1.00, te€ (36.525+ 37.425)

Uy = Uy, Us =100, t€ (37.425 + 39.00)

U, = 0.40, Us =1.00, t€ (39.00 + 42.75)

Uy = Uppy, Us =1.00, € (42.75 + 50.25)

Uy =015, Us=Uyy, tE€(5025+5175)

U, =015, Us =050, te€ (51.75+ 54.00)

Uy =015 U;=Uy, tE€(54.00+5445) g4 =0,u5 #0,
Up=Uype Us=100, tE€ (5445 60.75)

Up =015, U= Uy, tE€ (60.75+ 62.10)

Uy =015, Us =050, t€ (62.10+ 63.00)

The multi-point boundary value problem (MPBVP) in the considered optimization task for the
three-span girder (b3) is of dimension 94. The dimension consists of: 50 differential equations for
state variables x;, i =1,..,25and adjoint variables A;, i =1,...,25, together with boundary
conditions given by Eq.(2.4), internal point conditions given by Eq.(2.5) and Eq.(2.15), 12 unknown
discontinuities of state variables in middle points C;; , 17 discontinuities of adjoint variables in

those points D;; , 8 points of control switch t;, 5 functions p, corresponding to constraints g; = 0, 3

j o
constants corresponding to pointwise constraints g, = 0 and, finally, 2 constants connected with
discontinuity of the Hamilton function. The MPBVPs of the control structure given by Eq.(3.1)-
Eq.(3.7) was solved with the use of software Dircol-2.1 [9]. The software explicitly reaches for the
necessary conditions of optimization, which requires: formulation of a adjoint system of differential
equations (which cannot be specified automatically), very good initial estimates of values of state
variables and adjoint variables and, last but not least, the knowledge of the structure of control in
multi-phase problems. Only such an approach provides that the necessary conditions are satisfied

with high precision. The fundamental benefit of application of the indirect method is the high
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precision, which cannot be achieved in the direct method. The obtained results are presented in
figures showing active constraints. The obtained solutions satisfy the necessary conditions of
optimality. Benefits due to the optimization, measured with the value of the objective function x5
are equal to 37% (Tab.2). This article presents also results of the optimization of four- and five-span
beams (b4, bS) with seven load combinations, for which the number of state equations was equal to
29. In the table below (Tab.1), the dimensions of the MPBVPs for all beams (b3, b4, b5) are listed.

Table 1. MPBVP for multi-span beams b3, b4, bS. Source: own.

beam x; | 4 | Gy | Diyj | notcgH | Pointst; m MPBVP | Cost fun.
b3-U, 25 | 25 | 12 | 17 2 8 5 94 0.493724
b3-U, 25 | 25 | 12 | 15 2 9 4 92 0.498929
b3-U;,Us | 25 | 25 | 12 | 15 2 10 4 93 0.443020
b4-U, 29 129 | 21 28 3 14 4 128 0.879924
b4-U;,U; | 29 | 29 | 21 | 22 3 18 4 126 0.808832
b5-Us 29 | 29 | 28 | 34 4 10 5 139 1.034974
b6-U;,U; | 29 | 29 | 28 | 29 4 22 4 145 1.019096

Table 2. Comparison of results of optimization, case b3. Source: own.

Girder volume [m’] g1.=0 9, =
Usopt 0.493724 Active in an interval Active in a point
V(U; = 1.50) 0.780000 Not active Not active
V(U; = 0.75) 0.546329 Active in an interval Not active

4. CONCLUSIONS

In this paper three-, four- and five-span steel I-beams were optimized. The optimization regarded
dimensions of the cross-section: the widths of the bottom and top flanges as well as the height of
the web. The optimization was performed accounting for constraints due to ultimate limit state as
well as serviceability limit state. The optimization task was formulated within the control theory,
which was used in order to determine the necessary conditions of optimality in case when three
control variables were assumed. The obtained MPBVP was solved with the use of the indirect
method of multiple shooting. Special attention was paid to the structure of the optimal solution for a
single or multiple controls. Chosen obtained state variables, conjugate variables, control variables
and Hamilton functions are presented in the graphs and confirm that the necessary conditions of

optimality were satisfied.
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Fig.1. Static diagram and configuration of external forces for the three-span beam — b3.

Rys.1. Schemat statyczny oraz rozktad obcigzen zewnetrznych dla belki trojprzgstowej — b3.
Fig.2. Static diagram and configuration of external forces for the four-span beam — b4.

Rys.2. Schemat statyczny oraz rozklad obciazen zewngetrznych dla belki czteroprzgstowej — b4.
Fig.3. Static diagram and configuration of external forces for the five-span beam - b5.

Rys.3. Schemat statyczny oraz rozktad obciazen zewnetrznych dla belki pigcioprzgstowej — bS.
Fig.4. The optimal solution for b3, with structure given by Eq.(3.1), proportional dimensions.
Rys.4. Optymalne rozwigzanie dla b3, ze struktura dang przez Eq.(3.1), wymiary proporcjonalne.
Fig.5. (a)The optimal solution given by Eq.(3.1) for b3, (b) Hamiltonian.

Rys.5. (a) Optymalne rozwiazanie dane przez Eq.(3.1) dla b3, (b) Hamiltonian.

Fig.6. (a) State variable xq , case b3, (b) Adjoint variable Aq.

Rys.6. (a) Zmienna stanu xg , przypadek b3, (b) Zmienna sprz¢zona Ag.

Fig.7. (a) State variable x;3 , case b3, (b) Adjoint variable ;3.

Rys.7. (a) Zmienna stanu x43 , przypadek b3, (b) Zmienna sprz¢zona A,3.

Fig.8. (a)The optimal control for b4 with structure given by Eq.(3.4). L; = 15.0,L, = 12.0,L3 = 18.0,L, =

9.0, Hamiltonian.
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Rys.8. (a) Optymalne rozwigzanie dla b4 ze struktura dang przez Eq.(3.4). L, = 15.0,L, =12.0,L; =
18.0, L, = 9.0, Hamiltonian.

Fig.9. (a) State variable x;3 , case b4, (b) Adjoint variable 1,5.

Rys.9. (a) Zmienna stanu x4 3 , przypadek b4, (b) Zmienna sprz¢zona A43.

Fig.10. (a)The optimal control for b5 with structure given by Eq.(3.6). L, = 12.0,L, =9.0,L3 = 18.0,L, =
15.0, L5 = 9.0, Hamiltonian.

Rys.10. (a) Optymalne rozwiazanie dla b5 ze strukturg dang przez Eq.(3.6). L, = 12.0,L, =9.0,L3 =
18.0,L, = 15.0,Ls = 9.0, Hamiltonian.

Fig.11. (a) State variable x5 , case b5, (b) Adjoint variable 1,5.

Rys.11. (a) Zmienna stanu x5 , przypadek b5, (b) Zmienna sprz¢zona A,3.

Table 1. MPBVP for multi-span beams b3, b4, b5.

Tabela 1. Wielopunktowy problem brzegowy dla belek wieloprzestowych b3, b4, b5.

Table 2. Comparison of results of optimization, case b3.

Tabela 2. Poréwnanie wynikow optymalizacji, przypadek b3.

STRUKTURA OPTYMALNEGO STEROWANIA W PROBLEMACH OPTYMALIZACJI WYTRZYMALOSCIOWEJ

DZWIGAROW STALOWYCH.

Stowa  kluczowe: zagadnienia optymalnego sterowania, warunki konieczne, ograniczenia nieréwnosciowe na zmienng
decyzyjna, wielopunktowe zagadnienie brzegowe, struktura sterowania.

STRESZCZENIE:

Praca dotyczy optymalizacji wytrzymatosciowej dzwigaréw ciaglych trdj-, cztero- i pigcioprzgstowych o zmiennym
dwuteowym przekroju poprzecznym. DZzwigary obcigzone sg cigzarem wlasnym i kombinacja obcigzen uzytkowych
(sze$¢ lub siedem kombinacji). Deformacja dzwigara opisana jest przez uktad réwnan rézniczkowych z warunkami
poczatkowymi i brzegowymi, ponadto do spelnienia pozostaja wewnetrzne warunki brzegowe i warunki nieciagto$ci w
posrednich punktach podparcia. Rozwazane sa ograniczenia geometryczne, ograniczenia napr¢zen i przemieszczen.
Jako funkcj¢ celu wybrano objgtos¢ stali. Problemy optymalnego ksztattowania formutowane sa jako zadania teorii
sterowania. Do rozwiazania zadan zaproponowano zasad¢ minimum. Problem optymalizacji redukuje si¢ do
rozwiazania wielopunktowego problemu brzegowego (WPPB) dla uktadu roéwnan rozniczkowych. Wymiar WPPB jest
zwykle duzy, co wymaga pokonania trudnosci numerycznych. Teoria sterowania nie dostarcza bowiem informacji o
strukturze optymalnego rozwigzania dla ktorej problem jest zbiezny. W pracy struktura sterowania opisuje kolejnosé
wystepowania przedzialow i punktéw z aktywnymi ograniczeniami. Poprawne przyjecie tej struktury w rozwigzanych
problemach jest zasadniczym osiagnigciem pracy. Uzyskane i prezentowane na wykresach wybrane zmienne stanu,
zmienne sprz¢zone, zmienne decyzyjne, funkcje Hamiltona potwierdzaja spenienie warunkéw koniecznych

optymalizacji.
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