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A MODEL OF THE MOMENT CURVATURE RELATION
FOR RC BEAMS STRENGTHENED WITH PRESTRESSED
CFRP LAMINATES

J. KORENTZ!

The paper presents an analysis of the behaviour of bent reinforced concrete beams strengthened with CFRP
laminates fixed with adhesive before and after unloading, and more importantly, an analysis of the work of
reinforced concrete beams strengthened with pre-stressed CFRP laminates fixed with adhesive. The analyses
were based on a moment-curvature model prepared by the author for reinforced concrete beams strengthened
under load with pre-stressed CFRP laminates. The model was used to determine the effect of compression with
CFRP laminates and their mechanical properties on the effectiveness of strengthening the reinforced concrete

beams analysed in this study.
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1. INTRODUCTION

Structural reinforcements are often applied during the modernization or renovation of buildings.
Their aim is to restore the original load capacity of the structure or to increase its load capacity
because new heavier loads are expected.

In most cases reinforced concrete structures are strengthened with CFRP laminates. Steel bars and
profiles as well as tendons are also used. It is also possible to use GFRP and AFRP laminates and
mats. These materials have very different mechanical properties. The techniques used to strengthen
reinforced concrete elements include: increasing the dimensions of concrete cross-sections, using

additional tensile reinforcement, bonding with steel profiles, using FRP laminates - externally
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bonded (EB) or near surface mounted (NSM), changing the static scheme, and strengthening with
active reinforcement [10, 25]. The methods used to strengthen reinforced concrete beams include:
strengthening before loading, strengthening under load, strengthening after unloading, compressing
with adhesive or non-adhesive repair materials and assembly compression.

Most available experimental studies have focused on strengthening before loading [6, 15]. There are
far fewer experimental tests on elements strengthened under load, elements strengthened after
unloading, or elements strengthened by compression with repair material [14, 16, 19, 21, 22].
However, in practice, we deal with a situation where we strengthen existing structural elements that
have been used for many years, already under load and with permanent deformations. Differences
between the behaviour of structural elements strengthened with various repair materials and the
abovementioned strengthening methods are important and should be taken into account in the
design of strengthening for reinforced concrete beams strengthened in flexure [11].

If we know static equilibrium paths for different strengthening methods, we can choose the right
methods to achieve the intended goal and to ensure that the strengthened element will behave in the
expected way and serve its purpose in the object. The paper presents a model of the moment-
curvature relation for reinforced concrete beams strengthened under load by compression with
CFRP laminates fixed with adhesive.

2. BEHAVIOUR OF A STRENGTHENED RC BEAMS

Fig. 1 shows the idealization of the relation between the bending moment M and the curvature @ in
a cross-section for three reinforced concrete beams: a beam without strengthening- line OCYU, a
beam strengthened before loading without tension — line OCr,Y1,UL, and a beam strengthened

under load with prestressed CFRP laminates — line OCO,OLYUy.
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Fig. 1:Relation between the moment M and the curvature ¢ for: RC beam (OCYU), RC beam strengthened
with CFRP laminates before loading (OCy,Y1,UL,) and RC beam strengthened under load with prestressed
CRFP laminates (OCO.O_ Y Uy).
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The points marked with the letter C indicate the appearance of cracks on the cross section, the
points marked with the letter Y indicate the yield point of the beam reinforcement, and the points
marked with the letter U indicate when the bearing capacity of the beam is exceeded. The load-
bearing capacity of beams strengthened with adhesive laminates is most often exceeded as a result
of the delamination of the laminates [15, 21].

An initially strained beam strengthened with prestressed CFRP laminates is subjected to detailed
analysis. There are known technologies for tensioning composite laminates and fixing them to
reinforced concrete beams with adhesive [13]. An initially strained beam strengthened with
prestressed CFRP laminates is subjected to detailed analysis.

The strengthening is applied when the load causing the bending moment M,, acts on the beams. The
purpose of the strengthening is to increase the bearing capacity of the cross-section from M, to Mp,.
This means that when the strengthening has been completed (points O, and Oy), the bending
moment caused by the new expected loads may increase to AM. The behaviour of the loaded
reinforced concrete cross-section before strengthening is illustrated by line OCO.. Section 0.0, of
the static equilibrium path is the stage of prestressing the CFRP laminates, which is accompanied
by a reduction in the beam's strain by the value of the bending moment Am induced by compressive
force. At the same time, unloading the beam is accompanied by a reduction in its curvature by Ao.
Line O, Y. U, is the working phase of the beam after strengthening under the expected additional

new loads.

3. MODELS OF THE MOMENT - CURVATURE RELATION

There have been attempts to analytically [1, 2, 4, 8, 10, 12, 17, 18] and numerically [5, 7, 23]
analyse the behaviour of reinforced concrete beams strengthened with CFRP laminates. However,
there is an insufficient number of methods for analysing the behaviour of reinforced concrete beams
strengthened with presteressed CFRP laminates under load. This study is an attempt to fill this gap.
Their aim was to determine the possibility of rational evaluation of the work of strengthened
reinforced concrete beams over the entire load range. One of the methods for assessing the
behaviour of structural elements are static equilibrium paths [3], which can include, among others,
the relation between the bending moment and the curvature of the cross-section.

In order to construct a moment-curvature relation model for a reinforced concrete beam
strengthened with prestressed CFRP laminates, it is necessary to determine the coordinates of

characteristic points of this model. These will be determined on the basis of a model of the
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behaviour of the reinforced concrete beam [9] and a model of the behaviour of the reinforced

concrete beam strengthened before loading [8].

3.1. REINFORCED CONCRETE BEAM WITHOUT STRENGTHENING

In Fig.1, broken line OCYU illustrates the behaviour of a reinforced concrete beam in the entire load
range. The curvature at the time when the beam started to crack &, and the dimensionless bending

moment m,, (point C in Fig.1) can be expressed with the following relations:

— fct/Ec
G.D Per = qa+p-n

32) = e 1 [FEE g e, —tas ] +
b it + npl[(l - fcr)z + p(gcr - BZ)Z]

where: &, is the relative height of the compressed zone expressed with the relation:

_ 05146, 4npy(146ap)
(33) Sor = rpoyempien)

where: f;, is the concrete tensile strength, E. is the concrete elastic modulus, E is the steel elastic modulus
and f,=a,/d, pr=a)/d, p;=A;,/bd, p,=A/bd, p=p/p,, n=E/E, are parameters of the cross-section under
analysis.

The curvature ¢y, and the dimensionless bending moment m, at the yield point of the reinforcement

(point Y in Fig.1) are described with the relations:

(3.4) Psy = d(f_ssg,sy)

M, 1 &3 1 $sy=B2
(3.5) Mmsy = fsyl?l’iz = Zl—zy (1 - ESSY) + ifsy Pei(Ssy = F2)

where the relative height of the compressed zone &, is expressed with the relation:

(3.6) &y =n?p2(A +p)? + 2np; (Bop + 1) —npy(1+p)
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If the bending moments and curvatures at characteristic points of the model are known, the stiffness
in bending of the non-cracked reinforced concrete cross section B; and of the cracked cross-section

By can be expressed as follows:

(3.7) B, = Z—
_ Msy_Mcr
(38) B” - Psy=Per

3.2. REINFORCED CONCRETE BEAM STRENGTHENED BEFORE LOADING

Similarly, it is possible to describe characteristic points of the moment-curvature model for a
reinforced concrete beam strengthened before loading (the line OCy,Y;,Uy, in Fig.1). The curvature
at the time when the beam started to crack ¢, the dimensionless bending moment ., (point Cp,

in Fig.1) and the relative height of the compressed zone &, can be expressed by the following

relations:
_ fet/Ec
(39) (pCTL - d(1+ﬂ1_§ETL)
3 2
_ My _ 1 BB 1+ B [ -5+ D] +
(3.10) My, = fetbd? T 14B1=EcrL 2, -~
+1p1[(1 = §er1)? + PGere — B2)?] + o (L4 B — &err)
2
(3.11) L = 0.5(1+81)?+np1 (1+B2p)+npr(1+81)

(1+B1)+np1(1+p)+nLpy

where: f,=a,/d, p;=A4,/bd, n,=E/E. are parameters of the cross-section under analysis.

The curvature ¢y, the dimensionless bending moment my,; and the relative height of the
compressed zone & at the yield point of the beam reinforcement (point Y;,) are expressed with the
following relations:

(3.12) :

=Sy
(psyL - d(l_fsyL)
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_ MsyL _ 1 fszyL 2 EsyL—B2 _ _
(313) msyL - fsybdz “on 1—fsyL3 fsyL + 1—fsyL ppl(fsyL ﬂz) + pl(l fsyL) +

ny 1+BL—8syL
+7Tsyipr(1 + B — &)

(3-14) SsyL = \/n2p12(1 +p)2+2[np;(Bop + 1) +nyp, (1 + B)] — [npy (1 +p) +np,]

The curvature ¢y, the dimensionless boundary moment 1,y and the relative height of the
compressed zone &, (point Uy,) in relation to the boundary deformations in the strengthening

reinforcement ¢, are described by the formulas:

_ ELu
G.15) Pru = 3aTp -2

(3.16) My, = fs’;”;;z = oy (1- 2 1 p, (Me_ ) 4 pLJ{S_Ly(l +p, — Hie)

(.17) S = 5 (@11 =P) + @)

where: w;=pfy/fr0, @1=p1fs/fi, are the mechanical ratio of the tensile reinforcement and the mechanical ratio
of the strengthening reinforcement respectively, A — the factor defining the effective height of the
compression zone, # — the factor defining effective strength.

Stiffness in bending of the non-cracked strengthened cross-section By, and of the cracked cross-

section By, can be expressed as follows:

(3.18) By, = Yert
PerL
Mgy —M,
1 B — syL crL
(3 9) e PsyL=PerL

3.3. REINFORCED CONCRETE BEAM STRENGTHENED UNDER LOAD WITH

PRESTRESSED CFRP LAMINATES

Line OCO.0.Y, U, in Fig. 1 illustrates the behaviour of a reinforced concrete beam strengthened
under load with CFRP laminates. The maximum possible load level of the concrete cross-section

before compression expressed by its bend strength is M, The purpose of strengthening is to
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increase the load capacity of the cross-section to M;,. The strengthening is applied when the cross-
section load level causes the bending moment M,,. If the strengthening were applied traditionally,
with laminates without prestressing, the load capacity would increase to AM. As a result of
prestressing the strengthening laminates the cross-section is relieved. A negative bending moment
Am 1s introduced and as a result of the combined action of the load and the prestressing force, the
load level of the cross-section is determined by the moment M;,. In this case, the load capacity of
the cross-section will increase by the same value, i.e. AM. This is because the load capacity of the
strengthened reinforced concrete beams is exceeded when the laminates start to delaminate, which
takes place when composite laminates reach a specific level of deformation [15, 24].

The curvature and the bending moment of the beam cross-section at the time when it starts to crack
before strengthening are defined with the relations (3.1) and (3.2), respectively. The strain level of
the cross-section at the moment of strengthening (point O.) depends on the load and is determined
by the bending moment M,,. The curvature ¢., corresponding to the bending moment M., can be

determined from the relation:

1
(320) Peo = Per + B_” Mgo — M)
where: By, (3.8) is the stiffness in bending of the cracked reinforced concrete cross-section.
While the composite laminates are being prestressed some of the load is removed from the cross-
section; the bending moment acting on the cross-section decreases by Am and the curvature
decreases by A (point Or). When the prestressing of the laminates ends, the bending moment 4,
depends on the value of the compressive force S; and amounts to:
(3.21) My, = Mg —Am = M, — S (d + a, — §rd)
and the curvature after the prestressing of the laminates ¢y, is:

(322) Pro = Pco — A = @ — Bi, (Mco — Myo)

where: By (3.7) is the bending strength of the non-cracked reinforced concrete cross-section.
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At the yield point of the existing reinforcement, the bending moment M, and the curvature ¢,

(point Y;) are described by the relations:

(3.23) My, = Mgy, — Am
PsyL—cr,
(3~24) Pry = PsyL + Ap, = PsyL + (ﬁ (Mco - MLO) - A(pc)

The bending moment M, and the curvature ¢y, at the moment when the load capacity is exceeded

(point U.) can be determined from the formulas:

(3.25) My = My, — Am
(p - T
(326) Prue = Pru+ 2@, = @1y + (MSYL_:,IC L (Mco - MLo) - A‘ﬂc)
syL crL

The formulas presented above make it possible to determine five characteristic points of the
moment-curvature relation for a rectangular reinforced concrete beam with any type of

reinforcement strengthened with prestressed composite laminates.

4. EXAMPLE OF AN ANALYSIS

Rectangular reinforced concrete beams with the dimensions 30cm x 50cm were analysed. The
compressive strength of concrete is f,,=30MPa and elastic modulus is E~=32GPa. The
reinforcement is made of steel with the yield point f,=400MPa and elastic modulus E,=200GPa.
The tensile reinforcement consists of five bars with a diameter of 20mm, and the reinforcement in
the compressed zone consists of two bars with a diameter of 12mm.

Two cases of strengthening with prestressed CFRP laminates are considered: strengthening with
high modulus strips (cross-section F1) and strengthening with low modulus strips (cross-sections
F2). The geometric data for the cross-sections and the mechanical properties of the laminates are
presented in Fig.2. Fig. 2 shows the graph of the relation between the bending moment M and the
curvature ¢ for beams strengthened with prestressed laminates with various mechanical properties

fixed with adhesive onto their lower edge (beam F1 and F2). Moreover, this figure also shows
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graphs plotted for beams strengthened with the same laminates before loading but without

prestressing.
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Fig. 2. Moment-curvature relation for RC beam F1 and F2 strengthened with prestressed CFRP
laminates.

The load-bearing capacity of beam B-0 a prior to strengthening is 256kNm. It is assumed that the
loads will increase, so it is necessary to increase the load capacity by about 40%, i.e. to M =
370kNm. Moreover, it is assumed that before strengthening the beam, its load will be reduced to
50% of the previous total load, so the initial bending moment can be estimated at M=128kNm.
This means that after strengthening it will be possible to apply a load that can cause an increase in
the bending moment AM = 370kNm-128kNm=252kNm. As a result of the analysis of the ultimate
boundary states, the necessary surface area of the laminates 4; was determined for two parameters
of the laminates used (cf. Fig. 2). In the calculations, the boundary deformation of the laminates at
the moment of delamination was adopted as 50% of their maximum deformation. The stresses in the
laminates at the moment of prestressing constitute 50% of their bearing capacity, which enables the
application of a compressive force of 240kN. Then, the prestressing force results in a bending
moment Am=60kNm.

The results of the calculations are shown in Fig.2. Strengthening the beam with the use of
prestressed CFRP laminates increases its load-bearing capacity as much as strengthening it with the
same laminates but without prestressing. Beams strengthened with prestressed laminates can bear
an additional external load, which can cause an increase in the bending moment AM of about
255kNm. The load-bearing capacity of the beam is exceeded as a result of the debonding of the

laminates. However, if the laminates are glued into the reinforcement cover, the load capacity of the
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beam is exceeded as a result of the rupture of the laminates [13]. If the load capacity of the cross-
section is exceeded in this way, there can be a much higher increase in the bending moment AM
caused by additional loads amounting to 367kNm.

The analyses indicate that the effectiveness of strengthening reinforced concrete beams by applying
prestressed CFRP laminates is the same as the effectiveness of using the same laminates without
prestressing. The effectiveness of strengthening with CFRP laminates can be considerably increased
by using adhesive strips. Although the model M-¢ for a reinforced concrete beam [9] and the model
M- for a beam strengthened before loading [8] have been experimentally verified, the moment-
curvature relation model for a beam reinforced under load with prestressed CFRP laminates and the

results obtained on its basis also require experimental verification.

5. CONCLUSIONS

At present, a large number of existing structures are strengthened in Poland including also
reinforced concrete structures. This is a result of modernization or the necessity to restore their
original load capacity. In practice, a variety of strengthening methods and techniques are used that
make use of repair materials with very different physical and mechanical properties.

The static equilibrium paths that are presented and the resulting moment-curvature relation model
for a reinforced concrete beam strengthened with CFRP laminates and also for a beam strengthened
with non-prestressed laminates can be a basis for designing methods of calculating deformations of
reinforced concrete beams. The models presented in this study can also be used for predicting the

behaviour of strengthened reinforced concrete beams in the entire load range
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Fig. 1. Relation between the moment M and the curvature ¢ for: RC beam (OCYU), RC beam strengthened

with CFRP laminates before loading (OCy,Y1,UL,) and RC beam strengthened under load with
prestressed CRFP laminates (OCO.OLY Uy).

Rys. 1. Zalezno$¢ moment M krzywizna ¢ dla: belki zelbetowej (OCYU), belki zelbetowej wzmocnionej

tasmami CFRP przed obcigzeniem (OCy,Y,UL,), belki zelbetowej wzmocnionej naprezonymi

tasmami CFRP pod obcigzeniem (OCO. O, Y Uy).

Fig. 2. Moment-curvature relation for RC beam F1 and F2 strengthened with prestressed CFRP laminates.

Rys. 2. Zalezno$¢ moment krzywizna dla belek zelbetowych F1 i F2 wzmocnionych napr¢zonymi ta§mami

CFRP.
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MODEL ZALEZNOSCI MOMENT - KRZYWIZNA DLA BELEK ZELBETOWYCH
WZMOCNIONYCH NAPREZONYMI TASMAMI CFRP

Keywords: wzmacnianie, tasmy CFRP, moment, krzywizna, sprezenie, belki zelbetowe.

SUMMARY:

‘Wzmocnienia konstrukcji dokonuje si¢ w celu przywrdcenia im pierwotnej nosnosci lub zwigkszenia ich nosnosci ze
wzgledu na zmiang przeznaczenia obiektu, ktorej towarzyszy wzrost obcigzen. Do wzmocnien konstrukcji zelbetowych
najczesciej stosowane sg tasmy z wiokien weglowych CFRP. Stosowane sa tez prety i ksztattowniki stalowe, a takze
sploty. Mozliwe jest tez stosowanie tasm i mat z widkien szklanych GFRP i aramidowych AFRP. Sa to materialy o
bardzo réznych wiasciwosciach mechanicznych. Posrod technik stosowanych podczas wzmacniania belek zelbetowych
w strefie zginania mozna migdzy innymi wymieni¢: zwigkszanie wymiaréw przekroju betonowego, zastosowanie
dodatkowego zbrojenia rozciaganego, spajanie z ksztattownikami stalowymi, doklejanie tasm FRP, wklejanie tasm
FRP, zmiana schematu statycznego, a takze wzmacnianie zbrojeniem aktywnym przez spr¢zenie. Jezeli chodzi o
metody wzmacniania belek zelbetowych to mozna wyrdzni¢: wzmacnianie przed obcigzeniem, wzmacnianie pod
obcigzeniem, wzmacnianie po odcigzeniu, sprezenie materialami naprawczymi przez przyczepnos¢ lub bez
przyczepnosci i sprezenie montazowe.

Najwigcej dostgpnych badan doswiadczalnych poswigconych jest wzmocnieniom wykonywanym przed obciazeniem,
badan doswiadczalnych elementdéw wzmacnianych pod obcigzeniem, elementéw wzmacnianych po odcigzeniu, czy tez
po jego sprezeniu materiatem naprawczym jest znacznie mniej. W praktyce mamy do czynienia z przypadkiem, gdy
wzmacniamy istniejace elementy konstrukcyjne eksploatowane od wielu lat, ktore sa juz obcigzone, a do tego
wystepuja juz w nich deformacje trwate. Réznica w zachowaniu si¢ elementéw konstrukcyjnych wzmacnianych przy
zastosowaniu réznych materiatdow naprawczych i wymienionych metod wzmocnienia jest istotna i powinna byé
uwzglegdniana w projektowaniu wzmocnien belek zelbetowych w strefie zginania.

Znane sg proby analitycznego i numerycznego ujgcia zachowania si¢ belek zelbetowych wzmocnionych takze
napr¢zonymi tasmami CFRP, ktérych celem jest mozliwo$¢ racjonalnej oceny pracy elementéw zelbetowych po
wzmocnieniu. Jedna z metod oceny zachowania si¢ elementow konstrukcyjnych sa $ciezki rownowago statycznej.
Znajomos¢ $ciezek rownowagi statycznej, zaleznosci moment - krzywizna, dla réznych metod wzmocnienia moze
pozwoli¢ na ich racjonalny wybor tak azeby osiagnaé¢ zamierzony cel dotyczacy pracy wzmacnianego elementu dla
projektowanego przeznaczenia obiektu. W artykule zaprezentowano model zaleznosci moment-krzywizna dla przekroju
belki zelbetowej wzmocnionej pod obcigzeniem doraznym przez spr¢zenie tasmami CFRP. W proponowanym modelu
zalezno$¢ moment - krzywizna wyrdznia si¢ trzy fazy pracy: praca belki niezarysowanej, praca belki zarysowanej i
praca belki po uplastycznieniu zbrojenia (Rys.1). W celu wyznaczenia modelu zalezno$ci moment - krzywizna
przekroju zelbetowego wzmocnionego napigtymi tasmami kompozytowymi konieczne jest okreslenie wspotrzednych
charakterystycznych punktéw tego modelu. Sg one okreslone na podstawie modelu pracy belki zelbetowej i modelu
pracy belki zelbetowej wzmocnionej przed obcigzeniem. Proponowany model zilustrowano przykladem jego

zastosowania w analizie zachowania si¢ dwoch belek wzmocnionych dwoma rodzajami tasm CFRP (Rys.2).
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