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Nonlinear mechanics of a compliant beam system
undergoing large curvature deformation

A compliant beam subjected to large deformation is governed by a multifaceted
nonlinear differential equation. In the context of theoretical mechanics, solution for
such equations plays an important role. Since it is hard to find closed-form solutions
for this nonlinear problem and attempt at direct solution results in linearising the
model. This paper investigates the aforementioned problem via the multi-step differ-
ential transformation method (MsDTM), which is well-known approximate analytical
solutions. The nonlinear governing equation is established based on a large radius
of curvature that gives rise to curvature-moment nonlinearity. Based on established
boundary conditions, solutions are sort to address the free vibration and static re-
sponse of the deforming flexible beam. The geometrically linear and nonlinear theory
approaches are related. The efficacy of the MsDTM is verified by a couple of phys-
ically related parameters for this investigation. The findings demonstrate that this
approach is highly efficient and easy to determine the solution of such problems. In
new engineering subjects, it is forecast that MsDTM will find wide use.

1. Intruduction

This paper presents a theoretical model of the nonlinear behaviour of com-
pliant beams. A compliant mechanism (CM) is a mechanism that derives any or
more of its movement from the deformation of slender segments rather than from
the relative movement of coupled joints along rigid-body connections [1]. The
nonlinear behaviour of this type of structure is postulated to come from its ability
to undergo large deformation at minimum load. The nonlinear equations must be
derived and measured numerically and analytically to verify this assertion.

B Theddeus Tochukwu Akano, e-mail: takano@unilag.edu.ng
1University of Lagos, Lagos, Nigeria; e-mail: psolayiwola@unilag.edu.ng

0

© 2020. The Author(s). This is an open-access article distributed under the terms of the Creative Commons Attribution-
NonCommercial-NoDerivatives License (CCBY-NC-ND4.0, https://creativecommons.org/licenses/by-nc-nd/4.0/), which
permits use, distribution, and reproduction in any medium, provided that the Article is properly cited, the use is non-
commercial, and no modifications or adaptations are made.

https://orcid.org/0000-0002-6998-0743
mailto:takano@unilag.edu.ng
mailto:psolayiwola@unilag.edu.ng
https://creativecommons.org/licenses/by-nc-nd/4.0/


472 Theddeus Tochukwu Akano, Patrick Shola Olayiwola

Many investigations on the topic of nonlinear beam deformation have been
published. From its chronological order of investigation, we have a look at some
concise works on this subject matter. For the geometrically nonlinear broad elas-
tic beam deflection, Bishop and Drucker [2] presented a classic mathematical
approach with a vertical edge load. Many researchers who follow thereafter lever-
aged on their theoretical solution, to proffer answers to many unresolved ques-
tions. Starting with Wang [3, 4] who suggested numerical methods for the study
of nonlinear beam bending under a tip and uniformly distributed loads; to oth-
ers like Sokolnikoff [5], Frisch-Fay [6], Gere and Timoshenko [7] and Howell
[8] worked on the deformation of elastic problem in their respective prominent
books; to Belendez et al. [9, 10] who elaborated the mathematical solution for
ease of understanding and experimental extension. Other researchers [11–14] em-
ployed elliptical integrals or Jacobi elliptical functions to solve related problems
in closed form. Equally based on the work of Bishop and Drucker [2], Zakharov
and Okhotkin [15] and Batista [16] gave analytical solutions for equilibrium con-
figurations of a cantilever rod subjected to inclined force and moment acting on
its free end. Kumar et al. [17] suggested genetic search approaches based on
algorithms for direct numerical solutions for differential equation control and
applied the stationary principle of the balanced energy features. Dado and Al-
Sadder [18] developed an approach that approximated the rotational angle of a
polynomial function and used it effectively with a very large deflection for com-
plex loads on an unprismatic beam. The large deflections of a cantilever beam
subjected to a follower force was studied by Shvartsman [19], and extended by
Mutyalarao et al. [20] to the uniqueness of the large deflection under tip rotational
load. Rahman et al. [21] carried out nonlinear geometric analysis of parabolic
leaf spring, while Roy and Saha [22] provided a nonlinear analysis of this leaf
springs using variational method to find its deflection profiles. Banerjee et al. [23]
proposed nonlinear shooting, combined with domain decomposition methods to
determine the large deflection of a cantilever beam under arbitrary loading con-
ditions. Chen [24] proposed an integral approach for large deflection study of a
cantilever beam with complex load and varying beam properties. Large deflec-
tion of beams made of functionally graded material had been studied by different
numerical approaches [25–27]. While Ghuku and Saha [28] conducted an experi-
mental and theoretical analysis on the large deflection behaviour of initially curved
beams, with different loading. More recently, studies into the nonlinear bending
theory of fully nonlinear beams response are still ongoing [29, 30] to the inves-
tigation into the large deformation of the continuum compliant beam under point
load [31].

Most theoretical problems in solid mechanics are essentially nonlinear by
definition, and most of them have no empirical solutions except for a small num-
ber of cases. Nonlinear calculations are also typically resolved by using certain
approaches for instance computational techniques or analytical methods. An an-
alytical method that have been commonly used recently is one of the easy and
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accurate approaches to solve the nonlinear differential equations. Sequentially, the
differential transformationmethod (DTM) has been applied as an applicable analyt-
ical method. The DTM is based on the Taylor expansion. It constructs an analytical
solution in the form of a polynomial. It is different from the traditional high order
Taylor series method, which requires the symbolic computation of the necessary
derivatives of the data functions. This method was first applied in the engineering
domain by Zhou [32], and its abilities have attracted many authors to use this
method for solving nonlinear equations. This scheme has successfully been applied
to a couple of works [33–38]. For both linear and nonlinear equations, DTM has
proven to be an efficient and convenient process; as it does not depend on a small
parameter.

This article is intended to show that a compliant beam’s nonlinear nature is
because of the large deformation term. Therefore, large deformations must be gen-
erated if nonlinear definitions are to be used. To achieve this, MsDTM is deployed
to analytically obtain the free vibration and static response of a flexible beam
subjected transverse distributed load. MsDTM technique introduces an alternative
framework designed to overcome the difficulty of capturing the periodic behaviour
of the solution and give a good approximation to the true solution in a very large
region. The effectiveness of MsDTM for this type of problem is tested through the
results of a couple of physically relevant parameters studied.

The remainder of this article is structured accordingly. Section 2 explains
how to use the nonlinear moment-curvature equation for large beam deflection
as a derivation of the fundamental model. Section 3 provides the semi-analytical
technique used for the solution of the nonlinear equation. Section 4 presents the
analytical solution of the model for free vibration and the quasi-static response of
the loaded beam. In section 7, the results and findings are eventually addressed.
While section 8 ultimately provides the conclusion.

2. Nonlinear mechanics of the flexible beam

The selection of an effective mathematical model is the first stage of any
analysis. This model needs to be formulated based on the analysis questions im-
posed. The selection of the geometry, material properties, the loading, boundary
conditions, and any other specific assumptions made are sacrosanct to the model
formulation. The study aims to address some questions concerning the structure’s
stiffness, stresses formed and strength. Therefore, when analysing the structure’s
behaviour, we would like to forecast the future, not just when the system operates
under normal conditions, which often involves only a linear analysis, but also under
extreme loading conditions, which typically involves a highly nonlinear analysis.
Here, we will consider a compliant beam that undergoes large deformation using
the deformed beam element in Fig. 1.
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Fig. 1. Undeformed and deformed compliant beam element

The beam element is deformed in the x–z plane that gives rise to the relation
in Eq. (1)

1
R
=

M
EI
= −

∂2w

∂x2
*
,
1 +

(
∂w

∂x

)2
+
-

−3/2

, (1)

where w is the transverse displacement of the beam, R is the radius of curvature
of the beam, EI is the flexural rigidity of the beam, M is the bending moment
perpendicular to the axis of bending, dx, dw and ds form a right-angled triangle.
ds is a very small portion on the centroid of the deformed beam element. L is the
length of the beam element.

Generally, compliant members undergo large deflections, which introduce
geometric nonlinearity. For small deformation, the quantity in parenthesis then
to unity, reducing Eq. (1) to a mere linear equation in the form, −∂2w/∂x2. The
nonlinear curvature-moment equation in Eq. (1) is used in the derivation of the
nonlinear equation governing the large deformation of a compliant beam member.
By employing Eq. (1), the kinetic energy, T , the potential energy due to internal
force, Wint and work done by external force, Wext on the compliant member could
be written as:
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Wext =
1
2
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0

q wd x (4)

giving the Lagrangian, L as;
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The corresponding Euler-Lagrange equation is given as Eq. (6).
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As such, Eq. (5) transforms into Eq. (7),

EI
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where ρ and A are the density and cross-sectional area of the beam given by πD2/4;
D is the diameter of the circular end. Eq. (7) will be the bases for analysis the static
and dynamic behaviour of the compliant beam undergoing finite deformation. The
non-dimesionalised form of Eq. (7) is given by
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where

w̄ =
w

L
; x̄ =

x
L

; t̃ =
t

L2

√
EI
ρA

; ρ̃ =
ρAL3

EI
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qL3
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3. The equation of motion through space function

To separate the transverse displacement function into temporal and spatial
components, we adopt the Galerkin’s decomposition technique, viz:

w ( x̄, t̄) = ξ ( x̄)Ω (t̄) , (10)

where Ω (t̄) the system’s generalised coordinate with trial function ξ ( x̄) that will
satisfy Neumann and Dirichlet boundary conditions. On the application of a one-
parameter solution to Eq. (8) results to Eq. (11)

1∫
0

< ( x̄, t̄) ξ ( x̄) d x. (11)
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Here,
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The equation of motion for the fluid conveying beam could now be derived
thus;

M Ω̈ (t̄) + K Ω (t̄) + N Ω
3 (t̄) + q = 0, (13)

where
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To evaluate the values of M , K , N , and q̃ we will employ a fourth-order
polynomial function of the form of Eq. (15) to approximate the trial function,
ξ
(
x̃, t̃

)
ξ
(
x̃, t̃

)
= η0 + η1 x̃ + η2 x̃2 + η3 x̃3 + η4 x̃4 (15)

which after the application of the boundary conditions, vis-a-viz; ξ (0, t̃)=ξ ′(0, t̄)=0
and ξ

(
1, t̃

)
= ξ ′ (1, t̄) = 0 for clamped-clamped beam yields

η4 = 3
√
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70µ4 − 315µ3 + 540µ2 − 420µ + 126
)
µ5

)1/2
. (16)

Upon the application of the orthogonality function as µ → 1, the value of η4
becomes 3

√
70, making the trial function to be re-defined in the form of Eq. (17)

ξ
(
x̃, t̃

)
= η4

(
x̃2 − 2x̃3 + x̃4

)
. (17)
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In the same way, the value of η4 for a beam that is pinned at both ends with the
following boundary conditions, ξ

(
0, t̃

)
= ξ ′′ (0, t̄) = 0 and ξ

(
1, t̃

)
= ξ ′′ (0, t̄) = 0

is 3
√

70/31, resulting in a new trial function of the form of Eq. (18)
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)
. (18)

Also, for a cantilever beam with boundary conditions ξ (0, t̄) = ξ ′(0, t̄) = 0
and ξ ′′ (1, t̄) = ξ ′′′ (1, t̄) = 0, η4 is

√
45/104 and

ξ
(
x̃, t̃

)
= η4
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4
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16

)
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4. Basic concept of the multi-step Differential Transformation Method

Let [0, t] be the interval over which we want to find the solution of the initial
value problem, which can be approximated, by a DTM finite series solution of the
form,

y(τ) =
n∑

k=0
fkτk, τ ∈ [0, τ1] (20)

which is the differential inverse transformation of the differential transformation
k-th derivative of y(τ) defined by

Y (k) =
1
k!

(
dk y(τ)

dτk

)
τ=τ0

, ∀ τ ∈ D, (21)

where Y (k) is the transformed function of the original function, y(τ). The interval
[0, t] can be subdivided into n intervals namely [τj−2, τj−1, τj], for j = 1, 2, 3, . . . ,m.
The equivalent step size is h = t/mwith nodes τi = i h. The extension of this process
to a multi-step phase is based on the following approximate [39],

y1(t) =
n∑

k=0
f1kτ

k, τ ∈ [0, τ1] (22)

with the initial conditions y(k)
1 = ck . The initial conditions y(k)

1 (τj−1) = y(k)
j−1(τj−1)

will be used at each subinterval [τj−1, τj] through the application of DTM; here,
the τ0 in Eq. (21) will be replaced by τj−1. The entire process is repeated up to
j = 1, 2, 3, . . . , n as sequence of approximation solutions yj (τ) are generated at
each process. The solution, yj (t) is now written as,

yj (t) =
n∑

k=0
f1k

(
τ − τj−1

)k
, τ ∈ [τj−1, τj] (23)
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which can be rewritten in piecewise form as,

y(t) =




y1(τ), τ ∈ [0, τ1],
y2(τ), τ ∈ [τ1, τ2],
y3(τ), τ ∈ [τ2, τ3],
...

...

ym(τ), τ ∈ [τm−1, τm].

(24)

5. Quasi-static solution of the nonlinear compliant beam

By applying the differential transform theorems [40] on Eq. (8) and neglecting
terms in time function, we have the following transformation;
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,
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,
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+
-
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*
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+
-

+////////////////
-

= q̄(δ)

(25)

which forms the basis of our quasi-static analysis. Equally, the respective boundary
conditions are transformed as follows;
(i) double clamped boundary;

w̄(0)���x=0
= w̄(1)���x=0

= 0;
∞∑
k=0

w̄(k)
������x=1

=

∞∑
k=0

k w̄(k)
������x=1

= 0; (26)

(ii) double pinned boundary;

w̄(0)���x=0
= w̄(2)���x=0
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w̄(k)
������x=1

=
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k w̄(k − 1)
������x=1

= 0; (27)

(iii) cantilever;

w̄(0)���x=0
= w̄(1)���x=0

= 0;
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k=0

k w̄(−1)
������x=1

=
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k w̄(k−1)(k−2)
������x=1

= 0. (28)
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6. Application of the MsDTM to the Temporal Equation of Motion

By applying the MsDTM to Eq. (8), the following recursive equation could be
achieved for r = 0, 1, 2, . . . , n.

*....
,

(
(r + 2)(r + 1) Ω̃(r + 2)

)
+ k̃ Ω̃(r)

+ñ
k∑

s=0

m∑
l=0

(
Ω̃(l) Ω̃(m − l) Ω̃(k − s)

) +////
-

= q̃ δ(r) (29)

subject to the transformed initial conditions,

Ω̃0(0) = 0, Ω̃0(1) = 0

Ω̃j (0) = Ωj−1 , Ω̃j (1) = Ω′j−1(τj ), j = 1, 2, 3, . . . , r 6 m
(30)

where, Ω̃ is the differential transform of Ω, k̃ = K/M , and ñ = N/M . Through
the resulting recursive equation from Eq. (29), we can generate the corresponding
value of Ω̃(r). Here, 0 6 r 6 n. n represents the number of terms before the
truncation of the series. Then, the approximate analytical solution is given in the
form of a piecewise power series expansion.

7. Results and discussion

The multi-step differential transformation method (MsDTM) is applied to
the temporal nonlinear governing differential equation of motion of a deformed
compliant beam, and results show that for various boundary forces and moments,
acceptable deformation levels are recorded. It is of interest also to observe that the
path of the exact solution and that of the MsDTM results are coinciding favourably
as shown by Fig. 2, and the Runge-Kutta numerical scheme in as demonstrated by
Figs. 9 through 11. These near-perfect agreement has validated our claims.

As demonstrated in Fig. 2, a family of beam deformation characteristics against
its position along the axis is presented. It is clear that sagging increases with
increasing values of excitation q̂. The parabolas are found to exhibit minimum
values of deformation at the mid-point of the beam, suggesting that the beam is
homogeneous when deformation is minimal, and the ends supports are identical.
Symmetry about the mid-point of the beam is exhibited. In Fig. 3, it is shown
that the large deformation of beam against the axial position (or length) shifts
the minimum sagging positions of the family of parabolas away from symmetric
points (i.e. x̂ = 0.5) to around x̂ = 0.7 for the beam with clamped-clamped ends.
This explains the effects of nonlinear components of the system. To demonstrate
the influence of large deformation, compliant beam with both large and small
deformation considerations are plotted on the same graph. The superimposed plot
of the deformation along the dimensionless compliant beam axis with large and
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Fig. 2. Deformation along the dimensionless linear Euler-Bernoulli beam axis with small
deformation for different load values. The plot markers (*) are for exact solution, while

the dashed lines (- - - -) are from the DTM solution. They perfectly agree
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Fig. 3. Deformation along the dimensionless nonlinear Euler-Bernoulli beam axis with large
deformation at different load values for a clamped-clamped boundary condition
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Fig. 4. Superimposed plot of deformation along the dimensionless nonlinear Euler-Bernoulli beam
axis with large and small deformations at two load values (q̂ = 0.2; q̂ = 1.0) for a clamped-clamped

boundary condition
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small deformations at two load values (q̂ = 0.2; q̂ = 1.0) is shown in Fig. 4. The
result reveals that there is a wide range in the values of deflection between the large
and small deformation consideration.

Similar effects are reflected in Fig. 5 when the beam is pinned-pinned ended,
and deformation becomes large. The family of curves are parabolic with small
values of excitation loads applied. However, with increased loadings, it tends to
be cubical. In the two cases with similar end conditions, it is expected that the
characteristics become symmetric about the mid-point of the beam; however, as
a result of the nonlinearity on the system. The cantilevered beam deformation
characteristics, as shown in Fig. 6, display a family of curves demonstrating flutters
expected of the system. It is shown that as the pipe length increases the slope also
increases towards the free end, and as the excitation loads increase the deformation
increases.
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Fig. 5. Deformation along the dimensionless nonlinear Euler-Bernoulli beam axis with large
deformation at different load values for a pinned-pinned boundary condition
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Fig. 6. Deformation along the dimensionless nonlinear Euler-Bernoulli beam axis with large
deformation at different load values for a cantilever beam
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In Figs. 7 through 9, results of beam deformation against the excitation loads
at various positions along the pipe length and different boundary conditions, are
presented. As depicted by Fig. 7 compression increases as the load increases for
a pipe clamped at both ends. Deformation profile increases in magnitude as the
beam position moves to mid-section with a negative slope. For the pinned-pinned
boundary conditions, as shown in Fig. 8, the result of deformation against the load
is a family of parabolic curves with their turning points being the same at different
locations along the pipe length. However, as the load increases deformation de-
creases in magnitude and as the position at which measurements are taken tends to
the mid-section of the beam, the slope of curves become steeper. Fig. 9 illustrates
flatter compressive deformation characteristics as the excitation load increases be-
yond q̂ = 0.2, although below that value deformation magnitude increases sharply
as the load increases between 0 < q̂ < 0.2.
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Fig. 7. Deformation of the beam at different dimensionless beam axis positions
for a clamped-clamped boundary condition
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Fig. 8. Deformation of the beam at different dimensionless beam axis positions
for a pinned-pinned boundary condition
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Fig. 9. Deformation of the beam at different dimensionless beam axis positions for a cantilever beam

The demonstration of the system’s time history characteristics are presented in
Figs. 10 through 11, where the family of harmonics produced with different masses
per unit length of pipe illustrates a phase shift of zero in the cases. This shows
that the phase shift is increasing linearly with frequency of the harmonic motion.
Therefore, in each figure as depicted for both ends clamped (Fig. 10), both ends
pinned (Fig. 11) and a cantilever beam (Fig. 12), increasing the mass densities per
unit length causes increase in the frequencies of the system.
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Fig. 10. Time history of the dimensionless displacement at different values of the dimensionless
mass per unit length when the beam is clamped at both ends. The plot markers (*) are for RK4,

while the dashed lines (- - - -) are from the MsDTM solution. They perfectly agree

The time history of velocity at different values of mass per unit length for
the is illustrated to be harmonics in Figs. 13–15. The beam when clamped at both
ends, as in Fig. 13, reveals a decrease in amplitude as the mass density per unit
length increases; however, they are all in-phase with one another because the phase
shift is proportional to the frequency. Similarly, in Fig. 14, velocity harmonics
are in phase, and as the mass density per unit length increases, the amplitude
decreases and the frequency increases. The velocity at different values of mass
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Fig. 11. Time history of the dimensionless displacement at different values of the dimensionless
mass per unit length when the beam is pinned at both ends. The plot markers (*) are for RK4,

while the dashed lines (- - - -) are from the MsDTM solution. They perfectly agree
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Fig. 12. Time history of the dimensionless displacement at different values of the dimensionless
mass per unit length when the beam is a cantilever. The plot markers (*) are for RK4, while the

dashed lines (- - - -) are from the MsDTM solution. They perfectly agree
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Fig. 13. Time history of the dimensionless velocity at different values
of the dimensionless mass per unit length when the beam is clamped at both ends
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per unit length for the cantilever beam is demonstrated in Fig. 15. The harmonics
show an appreciable increase in frequencies as the mass densities increases, just
as demonstrated by Fig. 14, but the amplitudes for the cantilever are much higher
than those of a pinned-pinned beam and in those cases higher than for the clamped-
clamped beam.
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Fig. 14. Time history of the dimensionless velocity at different values
of the dimensionless mass per unit length when the beam is pinned at both ends
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Fig. 15. Time history of the dimensionless velocity at different values
of the dimensionless mass per unit length when the beam is a cantilever

The time history of the dimensionless acceleration at different values of the
dimensionless mass per unit length is determine with Figs. 16 through 18. For
the clamped-clamped beam, the family of curves are harmonics (Fig. 16). It is
observed that acceleration decreases with increase in mass density per unit length.
As the mass density increases, the lagging phase shift occurs. The amplitude falls,
and the frequency increases. Fig. 17 demonstrates acceleration characteristics for
a pinned-pinned beam, which gives the harmonic family of curves similar to that
of a clamped-clamped system except that amplitude is a little higher in value as for
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Fig. 16. Time history of the dimensionless acceleration at different values
of the dimensionless mass per unit length when the beam is clamped at both ends

✶✶
✶
✶
✶

✶

✶

✶

✶
✶
✶
✶✶✶
✶
✶

✶

✶

✶

✶

✶

✶
✶
✶✶✶✶

✶
✶

✶

✶

✶

✶

✶

✶
✶
✶✶✶
✶
✶

✶

✶

✶

✶

✶

✶
✶
✶✶
✶✶
✶
✶
✶

✶

✶

✶

✶

✶
✶
✶✶✶✶

✶

✶

✶

✶

✶

✶

✶
✶
✶✶✶✶

✶

✶

✶

✶

✶

✶

✶

★★★★★★★★★★★
★

★★★★★★★★★★★★★★★
★★★

★★★
★
★★★

★★★
★★★★★★★★★★★★★★★★★

★★★★★★★★★★★★★★★★★
★★★

★
★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★

★★★★★★★★★★★★★★★★★
★★★★★★★★★★★★★★★★★★★★

★★★★★★★★★★★★★★★★★★ ★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★ ★★★★★★★★★★
★★★★★★★★★★

★

0.0 0.5 1.0 1.5 2.0

-1.0

-0.5

0.0

0.5

1.0

t


di
m

en
si

on
le

ss
 a

cc
el

er
at

io
n

Fig. 17. Time history of the dimensionless acceleration at different values
of the dimensionless mass per unit length when the beam is pinned at both ends
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Fig. 18. Time history of the dimensionless acceleration at different values
of the dimensionless mass per unit length when the beam is a cantilever
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the cantilever, shown in Fig. 18, the family of harmonic curves is demonstrating
a zero phase shift, which is a result of the free and clamped ends. A much higher
amplitude has resulted in this case, and as the mass density increases, the amplitude
falls and the frequency increases.

8. Conclusion

The dynamic model that considers the large deflection of compliant mecha-
nisms has been presented. The geometric nonlinearities due to curvature are taken
into account in the formation of the governing equation. The resulting nonlinear
partial differential equations do not have closed-form solutions. Consequently, a
semi-analytical approach is employed to solve the equation. To subdue the diffi-
culty of capturing the periodic behaviour over a very large region of the solution,
MsDTM is used in the solution algorithm. The MsDTM has demonstrated its
robustness in handling problems in nonlinear mechanics.

Results have shown that linear analyses for a compliant beammight be deceitful
as the behaviour of such systems is extremely nonlinear. The effect of nonlinearity
resulting from curvature is of critical importance to this end. This further buttress
why compliant systems that are subjected to large deflection may still be nonlinear
even with materially linear and homogeneous components.

Parametric studies with variations in beammass and the excitation load provide
a deeper understanding of the behaviour of flexible beam under large deformation.

Manuscript received by Editorial Board, August 26, 2020;
final version, November 23, 2020.
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