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Abstract: The invariant properties of the stability, reachability, observability and transfer
matrices of positive linear electrical circuits with integer and fractional orders are investi-
gated. It is shown that the stability, reachability, observability and transfer matrix of positive
linear systems are invariant under their integer and fractional orders.
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1. Introduction

An electrical circuit system is called fractional if it is described by a fractional order differential
equation. The fundamentals of fractional calculus and fractional systems have been given in [23,
26-32]. The stability of fractional linear systems have been analyzed in [3—-5].

In positive electrical circuits the inputs, state variables and outputs take only nonnegative
values. Examples of positive systems are electrical circuits, industrial processes involving chem-
ical reactors, heat exchangers and distillation columns, storage systems, compartmental systems,
water and atmospheric pollution models. A variety of models having positive linear behaviour can
be found in engineering, management science, economics, social sciences, biology and medicine,
etc. An overview of state of the art in theory of positive systems is given in the monographs
[2,6,13].

The determination of the matrices A, B, C, D of the state equations of linear systems for
given transfer matrices is called the realization problem. The realization problem has been
investigated in [12, 24, 25, 27]. A tutorial on the positive realization problem has been given in
the paper [1] and in the books [6, 13]. The positive realization problem for linear systems with
delays has been analyzed in [7, 8, 14, 20, 21, 27], for cone systems in [10] and positive stable
realizations in [9, 15-17]. The existence and determination of the set of Metzler matrices for
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given stable polynomials have been considered in [11]. The realization problem for positive 2D
hybrid systems has been addressed in [19]. For fractional linear systems the realization problem
has been considered in [18, 26].

In this paper the invariant properties of the stability, reachability, observability and transfer
matrices of positive linear systems and electrical circuits with integer and fractional orders will
be investigated.

The paper is organized as follows. In section 2 the invariance of stability of the positive
linear electrical circuits with integer and fractional orders is investigared. The invariance of the
reachability of the positive linear systems is analyzed in section 3 and of the observability in
section 4. The invariance of transfer matrices of positive linear systems is considered in section 5.
The realization problem for positive asymptotically stable electrical circuits is addressed in
section 6. Concluding remarks are given in section 7.

The following notation will be used: R — the set of real numbers, R™™ — the set of n X m
real matrices, R’ — the set of n X m real matrices with nonnegative entries and R = R"™!,
M,, — the set of n X n Metzler matrices (real matrices with nonnegative off-diagonal entries),
I, — the n X n identity matrix.

2. Stability invariance of positive linear electrical circuits

Consider the autonomous linear electrical circuit described by the differential equation:
x(t) = Ax(1), 2.1)

where x(¢) € R is the state vector and A € R™",

As the state variables (components of the state vector) the voltages on the capacitors and the
currents in the coils are usually chosen.

The electrical circuit described by (2.1) is called (internally) positive if x(z) € R™, r > 0 for
any initial conditions x(0) € R’}.

A matrix A = [a;;] € R™" is called the Metzler matrix if a;; > 0 fori # ;.

Theorem 2.1. [2, 6, 13] The electrical circuit (2.1) is positive if and only if A is a Metzler
matrix.

The positive electrical circuit (2.1) is called asymptotically stable (the matrix A Hurwitz) if

tlim x(t) =0 forall x(0) € R. (2.2)

The positive electrical circuit (2.1) is asymptotically stable if and only if all real parts of
eigenvalues sy of the matrix A are negative, i.e. Rsy <Ofork =1,...,n.
Theorem 2.2. [13] For the positive electrical circuit (2.1) the following conditions are equiv-
alent:
1. The positive electrical circuit (2.1) is asymptotically stable (the Metzler matrix A is Hur-
witz).
2. All coefficients of the characteristic polynomial

det[l,s — Al = s" +an_1s" ' + ... +ais +ao (2.3)

are positive, i.e.a; >0fori =0,1,...,n— 1.
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3. All principal minors M;, i = 1,...,n of the matrix —A are positive, i.e.

—ajy —an
My =l|-anl >0, M= >0,..., M, =det[-A] > 0. (2.4)
—a —ax
4. There exists strictly positive vector 4 = [A; -+ A,], 4 >0,k =1, ..., n such that
Al < 0. (2.5)

Remark 2.1. From (2.5) it follows that the positive electrical circuit (2.1) is asymptotically
stable only if all diagonal entries of A are negative.
Consider the autonomous fractional linear electrical circuit described by the equation:

d%x(1)
dre

=Ax(t), O<a<l, (2.6)

where x (1) € R" is the state vector and A € R, and

(e8]

t
dox(r) 1 (1) (e
T —F(l_a)f(t_‘r)ad‘r, F(x)—fe L, 2.7)
0

0

is the Caputo definition of @ order of x(¢).

The electrical circuit (2.6) is called positive if x(r) € R, r > 0 for any initial conditions
x(0) € R™.

Theorem 2.3. [23] The fractional electrical circuit is positive if and only if A is a Metzler
matrix.

The positive electrical circuit (2.6) is called asymptotically stable (the matrix A Hurwitz) if

tli_)rg x(t) =0 forall x(0) € R. (2.8)

The positive fractional electrical circuit (2.6) is asymptotically stable if and only if the real
parts of all eigenvalues s; of the matrix A are negative, i.e. R sy < Ofork =1,...,n [23].

Theorem 2.4. For the positive fractional electrical circuit (2.6) the following conditions are
equivalent:

1. The positive electrical circuit (2.6) is asymptotically stable (the Metzler matrix A is Hur-

witz).
2. All coefficients of the characteristic polynomial

1

det[l,s — Al = s" +an_15" +...+ais+ay (2.9)

are positive, i.e. a; > 0fori =0,1,...,n— 1.
3. All principal minors M;, i = 1,...,n of the matrix —A are positive, i.e.

—ajp —ap2

My =|-an| >0, M= >0,..., M,=det[-A] > 0. (2.10)

—az; —ax
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4. There exists strictly positive vector A = [A; -+ A,], 4x >0, k = 1,...,n such that
A < 0. 2.11)

Remark 2.2. From (2.11) it follows that the positive fractional electrical circuit (2.6) is
asymptotically stable only if all diagonal entries of A are negative.

From comparison of Theorems 2.1 and 2.2 with Theorems 2.3 and 2.4 we have the following
important collorary respectively.

Collorary 2.1. The stability of positive linear electrical circuits is invariant under their (integer
and fractional) orders.

These considerations can be extended to positive linear electrical circuits with delays in state
vectors.

3. Reachability invariance of the positive linear electrical circuits

Consider the standard linear electrical circuit described by the equation:
X(t) = Ax(t) + Bu(t), (3.1)

where x(z) € R", u(r) € R™ are the state and input vectors and A € R, B € R"™™,
Definition 3.1. [13, 23] The linear electrical circuit (3.1) is called (internally) positive if
x(t) e Rt and all u(r) € R, t > 0.
Theorem 3.1. [13, 23] The linear electrical circuit (3.1) is positive if and only if

AeM,, BeRP™ (3.2)

Definition 3.2. [13, 23] The positive electrical circuit (3.1) is called reachable in the time
[0,2f], ty > O, if there exists the input u(z) € R™ for ¢ € [0, t7] which steers the state of electrical
circuit from x(0) = O to the given final state x; € R, i.e. x(tf) = xy.

Theorem 3.2. [13, 23] The linear positive electrical circuit (3.1) is reachable in the time [0, 7£]
if and only if the reachability matrix

iy
R(ty) = f eATBBT AT (1) d7 € R (3.3)
0

is a monomial matrix.
The input u(z) € R, ¢t € [0,17] which steers the state of system from x(0) = O to the given
final state x; € R, is given by

u(t) = BTeA UOR (tp) xp € R, 7€ [0,14]. (3.4)
Consider the fractional continous-time linear system:
d¥x(t
%{E) = Ax(t) + Bu(t), O<a <1, (3.5)

where x(t) € R", u(t) € R™ are the state and input vectors and A € R™" B € R™ and the
Caputo derivative of x(¢) is defined by (2.7).
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Definition 3.3. [13, 23] The fractional positive electrical circuit (3.5) is called reachable in
the time [0, 7], £y > 0, if there exists an input u(r) € R™ fort € [0, ty] which steers the state of
electrical circuit from x(0) = O to the given final state x; € R, i.e. x(tf) = xs.

Theorem 3.3. The fractional positive electrical circuit (3.5) is reachable in the time [0, 7] if
and only if the reachability matrix

ty
R(ty) = f ®(r)BBT®" (r)dr € R (3.6)
0

is a monomial matrix, where
o pkgk+Da-1

0= 24 s Dl

k=0
The input u(¢) which steers the state of the system from x(0) = 0 to xy = x(t¢) € R" is
given by
u(t) = BT (1, - )R (tp)x; € R™, 1€ [0,1/]. 3.7)

Proof. It is well-known [23] that ﬁ_l (tr) € R if and only if the matrix (3.6) is monomial.
Substituting (3.7) into

iy
x(ty) = f(D(tf —1)Bu(r)dr (3.8)
0
we obtain
ty L
x(ty) = | ©(t;—1)BBTOT (t/~1)R ' (t)xsd7 =ch(T)BBTq>T(T)dTE"(tf)xf =x;. (39)
0 0

Therefore, the input (3.7) steers the state of the electrical circuit from x(0) = 0 to x(t7) = xy.

Theorem 3.4. The fractional positive linear electrical circuit is reachable in the time [0, 7] if
and only if the positive linear electrical circuit (3.1) is reachable in the same interval [0, z¢].

Proof. Note that the reachability matrices (3.3) and (3.6) of the positive electrical circuit
(3.1) and of fractional positive electrical circuit (3.5) differ only by the transition matrices e
for the electrical circuit and ®(¢) (defined by (3.6)) for the fractional electrical circuit. Using the
well-known Cayley—Hamilton theorem or the Lagrange—Sylvester formula [12, 23] it is possible
to write the transition matrices in the forms:

n—1
et = Z e (1) AF (3.10)
k=0
and
n-1
O(1) = ) er(nAL, 3.11)
k=0
where ci(t) and ci(¢t) for k = 0,1,...,n—1 are nonzero linearly independent functions of

time ¢ [22].
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Therefore, the reachability matrix (3.6) is monomial if and only if the reachability matrix
(3.3) is monomial. By Theorems 3.2 and 3.3 the fractional positive electrical circuit (3.5) is
reachable in the time [0, 7] if and only if the positive electrical circuit (3.1) is reachable in the
interval [0, 77].

Therefore, from Theorem 3.4 we have the following important conclusion.

Conclusion 3.1. The reachability of positive linear electrical circuits is invariant under their
(integer and fractional) orders.

4. Observability invariance of the positive electrical circuits

Consider the linear electrical circuit described by the equations:

x(t) = Ax(t) + Bu(t), (4.1a)
y() = Cx(), (4.1b)

where x(r) € R", u(r) € R™, y(t) € RP are the state, input and output vectors and A € R"™*",
B e R™m C e RPX1,
Definition 4.1. [13] The electrical circuit (4.1) is called (internally) positive if and only if
x € R, y(t) € RP, ¢ > 0 forany u(r) € R™, t > 0 and all initial conditions x(0) € R”".
Theorem 4.1. [13] The electrical circuit (4.1) is positive if and only if

AeM, BeR™" (CeR" (4.2)

Definition 4.2. The positive electrical circuit (4.1) is called (strongly) observable in the
interval of [0, 7] if by knowing the input () and output y(¢) for [0, 7] it is possible to find the
unique x(0) € R" of the electrical circuit.

Theorem 4.2. The positive electrical circuit (4.1) is observable in the interval [0, #¢] if and
only if the matrix

iy
Wy = f eATCT Ce dt 4.3)
0
is monomial.
Proof. Assuming B = 0 and premultiplying the equation

y(t) = Ce* x(0) (4.4)

by e4’CT we obtain

A CTCeM x(0) = A 1 CTy(1). 4.5)
Integrating (4.5) on the interval [0, 7¢] we obtain

Iy ty
f AT CT Ce™ drx(0) = f A CTy(1)dr (4.6)
0 0
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and
i
x(0) =w;! f A CTy(1)dt € R, 4.7)
0

if and only if the matrix (4.3) is monomial.
Consider the fractional linear electrical circuit
d?x (1)
dre

= Ax(t) + Bu(t), O<a<], (4.8a)

y(@) = Cx(1), (4.8b)

where x(t) € R", u(t) € R™, y(¢t) € RP are the state, input and output vectors and A € R™",
B € R C € RP*" and the Caputo derivative of x(¢) is defined by (2.7).
Definition 4.3. [13, 23] The fractional electrical circuit (4.8) is called (internally) positive if
x € R, y(t) € RP, ¢ > 0 forany u(r) € R™, t > 0 and all initial conditions x(0) € R”".
Theorem 4.3. The fractional electrical circuit (4.8) is positive if and only if

AeM, BeR™" (CeR. (4.9)

Definition 4.4. The fractional positive electrical circuit (4.8) is called observable in the
interval [0, 7] if by knowing the input u(¢) and output y(z) for [0, /] it is possible to find the
unique x(0) € R”" of the electrical circuit.

Theorem 4.4. The solution of Equation (4.8a) has the form:

t

x(f) = ®o(t)xg + f ®(t - 7)Bu(r)dr, (4.10a)
0

where
® - pigli+Da-1

;‘ TG+ Dal’ (4.10b)

L Aitia
Dy (1) = ; Tia+ D)’ o) =

Theorem 4.5. The positive fractional electrical circuit (4.8) is observable in the interval [0, 7]
if and only if the matrix

Iy
W, = f O (1)CT CDy (1) dt 4.11)
0
is monomial.
Proof. Using (4.10a) for B = 0 and (4.8) and premultiplying the equation
¥(t) = Cx(0), (4.12)

by @} (1)CT we obtain
Of (1) CT CD(1)x(0) = D (1HCT y(1). (4.13)
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Integrating (4.13) on the interval [0, 4] we obtain

ty iy
f O (1HCT CD(1)dtx(0) = f o (HCT y(1)dt (4.14)
0 0
and
Iy
x(0) = W, f oy (HCTy(1)d1, (4.15)
0

if and only if the matrix (4.11) is monomial.

Theorem 4.6. The positive fractional electrical circuit (4.8) is observable in the interval [0, 7]
if and only if the positive electrical circuit (4.1) is observable in the same interval [0, #7].

Proof. Using (4.10b) we obtain

(o]

Aitia
Do(t) = s m € %ﬁxn for t>0 and O<a<1 4.16)
if and only if
o Alt!
At _ oy nxn
e _Z(; T €RYTL 120, (4.17)
=

From (4.16) it follows that ®o(t) € R™", ¢ > 0 if and only if eA* € R™" ¢t > 0 and this
implies that the matrix (4.11) is monomial if and only if the matrix (4.2) is monomial. Therefore,
the positive electrical circuit (4.8) is observable if and only if the positive electrical circuit (4.1)
is observable.

Therefore, from Theorem 4.6 we have the following important conclusion.

Conclusion 4.1. The observability of positive linear electrical circuits is invariant under their
(integer and fractional) orders.

5. Transfer matrix invariance of the positive linear electrical circuits

The transfer matrix of the electrical circuit (4.1) is given by
T(s) = C[l,s — A]"'B. (5.1)

The matrices (4.2) called the positive realization of the transfer matrix 7'(s) if they satisfy
(5.1) and it is called asymptotically stable realization if the matrix A is an asymptotically stable
Metzler matrix (Hurwitz Metzler matrix).

Theorem 5.1. [6, 13, 23] The positive realization (4.2) is asymptotically stable if and only if
all coeflicients of the polynomial

1

pa(s) =det[l,s — Al =s"+a,.1s" +...+a;s+a (5.2)

are positive, i.e.a; >0fori =0,1,...,n— 1.
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The positive realization problem can be stated as follows. Given the proper transfer matrix

T (s) find its positive realization (4.2).
Theorem 5.2. [27] If (4.2) is a positive realization of (5.1) then the matrices
A=PAP', B=PB, C=cCP"! (5.3)
are also a positive realization of (5.1) if the matrix P € R’ is a monomial matrix.

Now let us consider the positive fractional electrical circuit (4.3)
The transfer matrix of the electrical circuit (4.3) is given by
T(A) =C[l,A-Al"'B, 2A=5" (5.4)
The positive realization problem for the fractional electrical circuit (4.3) can be stated in
a similar way as for the positive electrical circuit (5.1) substituting A = s¢.
Theorem 5.3. If the matrix A € M,, is Hurwitz and B € R, C € R?*" then all coefficients

of the transfer matrix (5.4) are positive.
= e(t). The

Proof is given in [27].
Example 5.1. Consider the positive linear electrical circuit shown in Fig. 1 with known
= ei(1), e

resistances R;, Rp, Rz inductances Li, L, and source voltages e
currents i1 = i1(t), i» = i»(¢) in the inductances are chosen as the state variables.

R1 R2
VWA MWV

2
L %RS Lz%

e
Fa v 2
&

Fig. 1. Positive electrical circuit

-V

Using Kirchhoft’s laws we may write the equations:

. dij .
e1 = Ryiy + Ly — + R3(i1 — iz),
dt
di (5.52)
ey = Roir + Lzﬁ + R3(iz —i1)
and we choose
R O ]
- | ™ e (5.5b)
0 Ry| |i2
Equations (5.5) can be written in the form:
a [ .
S Al e8|, (5.62)
dt %) %) en
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i
y=C| |, (5.6b)
1 ]
where
R+ R; R3 [ 1
L 0 Ri 0
A= 1 1 , B= 1 , C= . (5.6¢)
R3 Ry + R3 0 1 0 R
L, L, L L,

The matrix A defined by (5.6¢) is an asymptotically stable Metzler matrix since its character-
istic polynomial

Ri{+R3 R;
S+———— -

Ri+R3  Ry+R Ri(R2+R3)+R2R
detfhs—A]=| L L =s2+( L= 2 3)s+ WRAR)TRRs (5.9)
R Ro+R3 Ly Ly LiLy
L, L,
has positive coefficients.
The transfer matrix of the positive electrical circuit has the form:
-1
R +R R 1
Roo||se iR R Ly
T(s)=Clhs—Al"'B = Ly Ly Ly =
R R, +R 1
0 R S B 0 — (5.8)
L L L

_ Ri(Ry+ R3) + RoRy
B s2 + [(R1 + R3)L1 + (R2 + R3)L2]S + Rl(Rz + R3) + RyR3 ’

Note that all coefficients of the transfer matrix (5.6b) are positive. This confirm the thesis of
Theorem 5.3.

Example 5.2. Consider the positive fractional electrical circuit shown in Fig. 2 with known
resistances Ry, Ry, R3 capacitances C, C; and source voltage e = e(?).

C1i>m éR Czi )uz

Fig. 2. Positive fractional electrical circuit
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Using Kirchhoff’s laws we may write the equations:

daul d“ul d"uz
= R C R3|Ci— +C ,
e g aeprs +u + 3(1dt“ ZdZQ)
e e e (5.9a)
uy ui uy
=R, C +uy +R3|Ci——+C ,
e 20240 T 3(1dt“ zdt")
and we choose
y=uy + us. (5.9b)
Equations (5.9) can be rewritten in the form:
da’
S 0" A" +Be, (5.102)
dr? | uy up
y=c|"], (5.10b)
uy
where
Ry + R; R;
A=| CilRi(Ry+ R3) + RyR3] Ci[Ri(R2 + R3) + RoRs]
R3 Rl + R3
L G[Ri(R2 + R3) + RoR3] Go[Ri(Ry + R3) + Ry R3]
(5.10¢)
R,
B=|ClRI(R2+R)+RRs] | oo ).
R

L G[R1(Ry + R3) + RyR3]

The matrix A defined by (5.10c) is an asymptotically stable Metzler matrix since its charac-
teristic polynomial

1+ Ry + R3 R3
det[lbA — A] = Ci[Ri(Ry + R3) + R2R3]  Ci[Ri(Ry + R3) + RyR3]
R; 1+ R + R;
G[R1(Ry + R3) + RaR3] G[R(Ry + R3) + RaR3]

(5.11)

_/lz+( R2+R3 + R1+R3 )
Ci[Ri(R; + R3) + RoR3]  G[Ri(Ry + R3) + RoR3]
(Ri + R3)(Ry + R3) + R;
+
CiG[Ri(Ry + R3) + RyR31?

has positive coefficients.
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The transfer function of the fractional positive electrical circuit has the form:

T(s) = C[hA-A]"'B =

+ Ry+R; B R3 1 Ry

=1 1] CiIRI(Ry+R3)+RR3]  Ci[Ri(Ry+R3)+Ry R3] Ci[RI(Ry+R3)+RoRs] | _
i Rs . Ri+Rs R (5.12)
GRi(Ry+R3)+Ry R3] Go[Ri(Ry+R3)+Ry R3] GRi(Ry+R3)+Ry R3]

_ _ [RGAR (Ro+R3)+RoRs 1+ R C1 [Ry (Ro+Rs)+ Ry R3] A+ (Rot Ry Ri+(Ri+Rs) Ro + Rs Ry + Ry Ry
CLCo[R (Ry+ R3)+RyRs 2 A%+ [((Ro+R3) Co+ (Ry+Rs)) Ci[Ry (Ro+R3) +RyRs] A+(Ry+Rs ) (R1 +R3) - Ry

All coefficients of the transfer matrix (5.12) are positive and this confirm the thesis of
Theorem 5.3.

Example 5.3. Consider the positive electrical circuit shown in Fig. 3 with known resistances
Ri1, Ry, R3, Ry inductances L, L3 capacitances Cy, C4 and source voltages ey, e, €3.

R R,
AN

3
WA -
2 Y
L. C. )U- 24 )u1 L,
63 R. e1 R1 eZ
) ()
L L

Fig. 3. Positive electrical circuit

Using Kirchhoff’s laws we may write the equations:

duj .
el :uj+Rjde—, J = 1-4,
td. (5.132)
el +ex = Riy + Lki, k=23
dr
and we choose
y=u+ir+is. (5.13b)
Equations (5.13) can be written in the form:
uy 23] up
d “
u u u
— | =a+Ble|.  y=c|t]. (5.14a)
dr | i i

. . €3 .
13 13 13
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where
1
— 0 0
R,Cy
! 0 0

1 R R
A = diag |- - -2 3| p=| G
RIC RiCy Ly Ls 1 1 0

L, Ly
1
- 0 —
L3 3

The diagonal matrix A is asymptotically stable since its characteristic polynomial

1 . Ry
§+ ==
R4Cy

s+

1
det[lys — A] = det [diag [s + RC,

RiC1R4C4Lr L5

+ LrLs + (LayR3 + L3Ry)(CiRy + C4R4) + CiR1C4R4 Ry R; S2+

4, (C1Ry + C4R4) Lo L3 + (LoR3 + L3Ry)C1R1 C4Ry N

R,C R4C4L2L3

(C1R + C4R4)Ry Ry
RiC\R4C4Lr L5

RyR3
RiCiR4C4Lr L3

has positive coefficients.
The transfer matrix of the electrical circuit has the form:

T(s) = ClLs— A"'B =

-1
. 1 R R3
=[1011]4d +— s+ +—= s+ —
[ ]{ TR TTRe L YL }
B 1 . 1 .\ 1 1 1
T |sRCi+1  sLy+Ry sLi+Ry sLo+Ry slo+Ry|’

0 0
0 0
0

1
OL_3.

, C=[101 1]. (5.14b)

(5.15)

) (5.16)

All coefficients of the transfer matrix (5.16) are positive. This confirm the thesis of Theo-

rem 5.3.
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6. Realization problem for positive asymptotically stable electrical circuits

The realization problem for positive asymptotically stable linear electrical circuits can be stated
as follows. Given the transfer matrix 7' (s) with positive coefficients, find positive asymptotically
stable linear electrical circuit with matrices (4.2) satisfying (5.1).

Methods for computation of positive realizations of linear systems for a given transfer matrix
have been proposed in [8, 9, 15, 16, 28].

Example 6.1. Find the values of resistances R;, R,, R3 and inductances L, L, of the positive
electrical circuit shown in Fig. 1 with the transfer matrix

11 11

T = |2 3+l Pxi3s+11) 6.1
The comparison of the coefficients (5.8) and (6.1) yields the equalities:
Ri(Ry + R3) + RhR3 =11,
(R + R3;(Lz2+ (Rz)+ R;Lj =13. €2
It is easy to check if the equalities (5.15) are satisfied by
Ri=1 Ry=2 R3=3 and Ly =1 L,=2. (6.3)

The desired positive and asymptotically stable electrical circuit shown in Fig. 1 has the
resistances and inductances given by (6.3).

The problem can be also solved by the method given in [26].

Theorem 6.1. There exists a positive asymptotically stable realization (5.2) of (6.1) only if
its coeflicients are positive.

Proof is given in [26].

Similar results can be obtained for the positive fractional linear systems.

Theorem 6.2. If the matrix A € M, is Hurwitz and B € R+, C € RY*" of the positive
fractional system then all coefficients of its transfer matrix are positive.

Theorem 6.3. [26] There exists a positive asymptotically stable realization of (6.1) only if its
coefficients are positive.

Therefore, from the above considerations we have the following important conclusion.

Conclusion 6.1. The positivity of the coefficients of the transfer matrices of the positive linear
continuous-time systems is invariant under their (integer and fractional) orders.

Note that the above considerations can be easily extended to the standard and positive when
the output equation has the form:

y(#) = Cx(1) + Du(r), (6.4)

where D € R?*",

7. Concluding remarks

The invariant properties of the stability, reachability, observability and transfer matrices of
positive linear electrical circuits with integer and fractional orders have been investigated. It has
been shown that:
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1. The stability of positive linear circuits is invariant under their integer and fractional orders

(Theorems 2.2 and 2.4).

2. The reachability of positive linear electrical circuits is invariant under their integer and

fractional orders (Theorem 3.4 and Collorary 3.1).

3. The observability of positive linear electrical circuits is invariant under their integer and

fractional orders (Theorem 4.6).

4. The transfer matrix of positive linear systems is invariant under their integer and fractional

orders (Theorems 6.3 and Conclusion 6.1).
The considerations can be extended to positive linear discrete-time systems.
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