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On the solution of the implicit Roesser model
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Abstract. The main objective of this work is to provide a closed formula for the backward and symmetric solution of the 2-D implicit
Roesser model. The relative forward and backward fundamental matrix is of fundamental importance in our approach. An algorithm for the
determination of the backward fundamental matrix sequense is also given.
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1. Introduction

In recent years, the field of multidimensional linear systems
theory has attracted many researchers [1-3] due to the wide
applications in areas such as image processing, linear multi-
pass processes, iterative learning control systems, lumped and
distributed networks e.t.c.. The Roesser [4] and the Fornasini-
Marchesini [S] 2-D state-space models have been proven use-
ful in such areas (see also [3]). A main disadvantage of these
models is that they require causality or a milder notion like
recursibility. However, in the 2-D plane there is no natu-
ral notion of causality, if we think, for example of the dis-
cretized version of the hyperbolic equation [6] or the heat
equation which is a two-variable partial differential equation
with boundary conditions specified on all sides of a planar
region or the long transmission line where the voltage at a
point depends on the voltage on either side of a point. Other
examples are also in image processing where the 2-D system
may have right to left dependencies as well as left to right
dependencies. To overcome the problem of causality and re-
cursibility, implicit models have been proposed. More specif-
ically, [7] has proposed a general singular model (GSM) or
otherwise called implicit Fornasini-Marchesini model, while
[8] and [9] have proposed a special case of the general sin-
gular model, the implicit Roesser model. However, there is a
number of important cases where singularity in the resulting
model structure can be avoided by using appropriate analysis
tools i.e. linear repetitive processes [10]. However, this is not
the case in this paper.

In [11] and [12] a forward solution to the 2-D GSM and
the implicit Roesser model respectively, was investigated in
terms of the forward fundamental matrix of the system. In
both cases, it is found the semistate sequence is given the in-
puts and the initial semistate value. However, certain questions
still remain as concerns: a) the symmetric solution, where the
inputs and the boundary values are prescribed, and b) the
backward solution, where the inputs and the final values are
prescribed. In this note, we provide analytic solutions for the
backward and symmetric solution and thus extend in this way
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the results presented in [13] for the case of one-variable de-
scriptor systems.

2. Background

Consider the singular dynamical system of equations

Ex (k+1) = Az (k) + Bu (k) 0
y (k) = Cx (k) + Du (k)
with = (k) € R",u (k) e R™,y (k) e RP,k = 0,1,..., N — 1.

The interval of interest of index k is [0, N], with u (k) nonze-
ro for k = 0,1,..,N. By assuming that the pencil zE — A
is regular i.e. det (20 — A) # 0 for some zy € C, then for
some R > 0 and |z| > R, the Laurent series expansion about
infinity for the resolvent matrix is given by

—12@21'

i=—p

(2F — A) b)

where p is the index of nilpotence and the sequence ®; is
known as the (forward) fundamental matrix. Similarly for
some R > 0 and for 0 < |z| < R, the Laurent series ex-
pansion about zero for the resolvent matrix is given by

Z F,Zz

i=—p

(2E— A) 3)

where the sequence ['_; is known as the (backward) funda-
mental matrix. Explicit formulas for the coefficients ®; has
been given in [14—18]. There have been several interpretations
of Eq. (1). From a dynamical standpoint we may consider that
the initial condition x (0) is given and that is desired to de-
termine the state x (k) in a forward fashion from the input
sequence and the previous values of the semistate. We call
this the forward solution of (1) and is given by [13]:

z (k) = OBz (0) + Zf::_l Qpi—1Bu(i) (4
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A variant of this is to consider : (V) as given and then deter-
mine z (k) in a backward fashion from the input and future
values of the semistate. We call this the backward solution of
(1) and is given by [13]:

N-—1
z (k) = —Fp_n-1Ez (N) + Zi:kip Fe_iBu(i). (5

Another interpretation, arising in economics (where k might
not be the time variable) and elsewhere, is to determine the
semistate x (k) for intermediate values of k, given the se-
quence {u (k)} and admissible x (0) and x (N). We call this
the symmetric solution of (1) and it is given by [13]:

N-1
z (k) = OBz (0)—®_y 1 Ex (N)+Zi:0 Dy i1 Bu (i)
(6)

where z (0),x (N) satisfy a symmetric boundary condition of
the form

Woz (0) + Wyz (N) =w € R” (7)

and [ Wy Wi } is a prescribed real matrix with full rank

n, and w a real vector.

Consider the 2-D linear discrete time system proposed in
[7] as a generalization of the 2-D state-space model given in
[19]

Ex(i+1,7+1)=Aox(i,5) + A1z (i +1,5)
+A2$ (Z,j + 1) + Bo’u (’L,])

(®)

where ¢,j are integer-value vertical and horizontal coordi-
nates, respectively, x (i,j) € R™ is the partial state vector
at (i,7), u(i,j) € R™ is the input vector, A, € R"*™,
B, € R™™ k = 0,1,2 and matrices E, Ag € R"*" ex-
ists and are not necessarily nonsingular. This model includes
similar generalization of other 2-D state space models such as
the Fornasini and Marchesini [5] and the Roesser 2-D model
[23]. If E # I we call these models implicit 2-D systems. We
shall call (8) the general singular model (GSM) or otherwise
the implicit Fornasini-Marchesini model. If E is non-square
or det (E) = 0 we call these models singular 2-D systems.
One particular case of (8) is the implicit Roesser model pro-
posed in [8] and [9] as a generalization of the Roesser 2-D
model given in [4]

Ey Ey || 2"(i+1,))
Es Ey x(i,j 4+ 1)
E #(i,5)
A A hii, g ] B ©
= zv(z.,]') w2 )
Az Az z¥ (i, j) By
——
A z(4,7) B
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where z" (i,7) € R and % (i,7) € R (with t; + t3 = n)
denote the so-called horizontal and vertical partial state vec-
tors. It is shown in [20] that the implicit Roesser and the
implicit FM model are equivalent. Define for example

]a EII:

Then (9) may be rewritten as

E, 0
Es 0

0 Es
0 Eu

E; =

Erx(i+1,5)+Ez(i,j+1) = Az (i,5)+ Bu (i,5) (10)

a special case of (8). Due to the equivalence of the above
models we consider in the rest of the paper only the Roesser
model, due to its simplest form. An extensive study of implicit
2-D systems is given in [3].

According to [21] there are various ways to specify the
boundary conditions (BCs) and the region of interest for the
implicit FM and Roesser models:

a) First suppose that the 2-D implicit system has BCs
specified along the i— and j— axes. For the Roesser model
this means we know:

x(i,0) = 240,71 =0,1,...,. N
z(0,5) =x0;,j=0,1,...., M

where x;0 and zo; are known vectors. Then, if the region of
interest is the rectangle [0, N] x [0, M] in the (i, j) — plane, we
are concerned with finding what could be called a “forward
solution”.

b) If the BCs are specified along the upper and right-hand
sides of the rectangle:

(1)

z(t,M)=2;m,i=0,1,..,N
z(N,j)=2znj,7=0,1,..,. M
then the solution on [0, N] x [0, M] could be called “backward
solution”.

c) A general case which includes both of these situations
is where the BCs are of the split or two-point form:

12)

CZfO:C (7’5 0) + CZfM:C (Zv M) = 1.“7

with [ Cty Ciy } and [ Clt; Ch ;| prescribed matri-
ces of full row rank and c¥, ¢/ given vectors. If the BCs are of
the split form given above or otherwise involve the semistate
along all boundaries of the rectangular region [0, N] x [0, M]
then the solution on [0, N] x [0, M] could be called “symmet-
ric solution”.

An example of the implicit Roesser model is given by the
2-D realization of a nonrecursible mask in digital image pro-
cessing [12]. Implicit Roesser models are also arising from the
discretization of continuous-time systems that are described
by partial differential equations i.e. the standard discretiza-
tion of the elliptic equation that results in a five-point discrete
mask or the discretization of the diffusion equation that results
in a four-point discrete mask [22]. Even in the case where the

Bull. Pol. Ac.: Tech. 55(4) 2007
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continuous time model is described by a standard 2-D state
space model, the discretization method employed produces a
singular discrete approximation [10]. However, in some spe-
cial cases, it is possible to avoid the disadvantage by applying
transformation techniques or alternative discretization meth-
ods [10].

Assuming that the polynomial matrix

G(Zl,ZQ):ZlE]#*ZQE]]*A (14)
and the Laurent expansion at infinity of G (21, ,22)_1 exists,
is unique [12,23], and is given by:

G (z1,22)" Z Z G2ty (15)

i=—n1 j=—no

(n1 <n,ny <n) and |z1| > 01 >0,|22| >02>0

where the matrix sequence {7} ;} is known as the forward
fundamental matrix. Note that a necessary and sufficient con-
dition for the uniqueness of the fundamental matrix sequence
{T;,} is that condition deg |G (z, z)| = deg,, |G (21, 22)| +
deg,, |G (21, z2)| is satisfied [12,23], where deg,. |G (21, 22)|
is the degree of det G (z1,22) in z;, with ¢ = 1,2 and
deg, |G (#,2)| is the degree of det G (z, z) in z. The finite
lower limits on the summation permit us the introduction of
a unique transition matrix in the same way as in the standard
case [7]. If the determinant of G (21, 22) has the above char-
acteristic property, then it is called principal, and the corre-
sponding system is also called principal [21]. Thus, principal
systems consist a particular class of singular systems.
Assuming now that the Laurent expansion at zero of

-1 . . . . .
G (z1,22)" " exists, is unique and is given by
21 62
G (21,22)" E E Vijer'zy? |zl < ov, |z < o2
1=—00 J=—00

(16)

where the matrix sequence {V; ;} is known as the backward
fundamental matrix. We shall propose in this paper a neces-
sary and sufficient condition for the uniqueness of the back-
ward fundamental matrix sequence, in terms of the least de-
gree of |G (z1,22)| in z; and the least degree of |G (z, z)|
in z. A generalized Leverrier technique for computing the
forward fundamental matrix sequence is available [23,24], so
that we may assume that this matrix sequence is given. An
algorithm for the computation of the backward fundamental
matrix is proposed in Section 3, either by using the forward
fundamental matrix of the inverse of the dual polynomial ma-

trix G (2’1,22) = ZlZQG( L ) = 2FE; + 21 E1 — Az129

z1? 29
of G (z1,22) or directly in terms of the coefficient matrices
of the adjoint matrix of G~! (z1,22) and the coefficients of
the determinant of G (21, 22) [12].
A forward solution to the 2-D GSM and the implicit
Roesser model respectively, in terms of the forward funda-
mental matrix sequence {1 ;} have been proposed in [11,12].

Bull. Pol. Ac.: Tech. 55(4) 2007

Following similar methods to those of [13], we produce in
Section 4 a closed formula for the backward and symmetric
solution of the implicit Roesser model (9) in terms of the
forward fundamental matrix sequence {T; ;} and backward
fundamental sequence {V; ;} of G (21, 22).

3. Computation of the backward fundamental
matrix sequence of a two-variable
polynomial matrix

In [12] the inverse of the polynomial matrix G (z1,22) =
21E1 + 25 E5; — A has been obtained by

(z1E1 + 29FE11 — A)_l = M (17)
d(z1, 2z2)
where

ffs

R(z1,22) = Z Z R”zle, 18)
i=flj=rg

fit =deg, R(z1,22),i=1,2
o

d(z1,22) = Z Z d; 7Jz1z2,
i—dd j—dd (19)

dif =deg,, d(z1,22),i=1,2

where f@ and d¢ are the lower degrees of R(z1,22) and
d(z1, z2) respectively in z;. Then we have that

£y
Z Z Vijz" Zz

i=—00 j=—00

dy dy
i
E E di,j21%3

s gd s _—_gd
i=d{ j=d§

(z1E1+22E11—A)~1

g
=3 > Rijzizd

i=fi i=f4

d(zl,zz) (20)

R(z1,22)

or equivalently, by replacing the indices ¢, j on the backward
fundamental matrix sequences V; ; by —i, —7, we get

dy dy 0o 00
> D digziz > > Veiizia

i=d{ j=dg i=—L1 j=—4L2
d(z1,2z2) (z1E14+22F11—A)~1
s
=> > Rz
i=fi =14
R(z1,22)

and thus f¢ = —¢; +d¢,i = 1,2 (by equating the lowest
degrees of both sides). By equating the coefficient matrices
of the corresponding powers of z}zJ, on both sides of the re-
sulting equation (first for the pairs (i, j) where f{ <i < f
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and f§ < j < f%, since then R;; is not necessarily zero and
then for all other pairs of (i, j) since then R; ; = 0), yields
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dig agn 0
dagy1,a¢ln  dag g¢ln 0
v dy . .
R;; = Z Z dim Vieim—j, @)
=il m=di ) ay,agln  day—1,a91n
(ff <i<fi'and f§f <5< f))
0 Ay agIn
0
dy dy
dgu gal d 1
0= Z Z dimVieim—j - e di 3
l=d¢ m=dg (22) Pyg
for every other pair (i, j) Vi, s Rya s
Vii-1,0 Rpayy pa
which allows the computation of V; ; in the stated region in e = i J.rl’fz
terms of its values for smaller ¢, j. Thus (22) constitutes an-
other form of the Cayley Hamilton theorem for the 2-D matrix Vi (= f).00 R Fufa
1 1/ )
pencils. In the case where dd? a¢ = 0, then the Laurent ex- —
-1 Ve R
pansion at zero of G (21, 2z2) ! may not be unique as we can 2 8
see in the following Theorem. and
d __ d d d : PddIn 0 ]
Theorem 1. Suppose that d* = df + d, where d* is the 2
less degree in z of detG (z,z) = det (2E;+ zEr — A) Pyga1ln  Pyaln 0
and df are the least degrees of d(z1,22) in z;, or equiva- : :
lently that dga 44 # 0. Then the Laurent expansion at zero of
G (21,2) " is unique. Payln  Pay1ln
0 Pay I,
Proof. Let 0
i Pay I, Pyl |
~ 1 1 P
G (21,22) =2120G | —,— | = 21E11 + 20E1 — Az1 2. v R
21 29 £2 ré
(23) Vi,—1 Ryt
Since Vir—(s3-19) Ryy
14 R
1 ~ 1 1 where
d (Zl, ZQ) = det |:G (2’1, 22):| = det leQG —, — =
zZ1 29
v dy dv dy dga iIn 0
=2z | DY diatn | =)0 Y diga ggyriIn dyg iIn 0
i=d{ i=dg i=d% i=dg .
the above condition is equivalent to the condition d=dy+ds b= dayiln  day—1,iln
v~vhere di = deg, |z21E + 2Er — Az12p|,i = 1,2 and 0 dag il
d=deg, |zEr1 + 2zE; — Az122|. The proof of this Theorem
follows from the unique construction of an explicit formu- 0 '
la for the computation of the Laurent expansion at zero of L day iln dgq iIn ]

G (21,2)”". Equation (21) may be rewritten as

368

i=d3,di+1,..,d¥
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Vi, i
Vii—1,i , w ed
‘/i: . al:£2362_17"'7€2_(f2_f2)
Ver—(ro—siy.i
and
Ry
Rea q.
fi41,4 . “
Ri: . 7Z:f2daf2d+17"'7f2
Ry

Due to the special Toeplitz form of Pdg, we find that the
unique (i.e. det Pya # 0) inverse of Pya is

Toln 0
D P_l Tlln TOIn
=P, =
T'flu_fldln T'flu_fld_lln TOIn
where
1
To =
dag.ag
and
J+1
j 1
=0
dd,dg
daiy1ag  dagyo.ag dad 4 j.ag
dga g2 dgaiy qd dgd yj_1,a4
det g ag dad 2,44 +j—2
L 0 dag.ag  dag1,ag
or equivalently
j—1
13 p
T T E ddtj—idd X Ti| s
dy,dg — 0

d
.7 = 1527"'7.](?‘7.}61
so that we may write for the elements of V; ,, the expressions

l1—1

Z Tdeffifj,dgv

J=0

_(ff_fii)v"agl

Vie, =
(24)

i=10 —1,4.

Due to the special Toeplitz form of P, we find also that the
unique P~ i

Bull. Pol. Ac.: Tech. 55(4) 2007

DOIn 0
. DI, Dol,,
P =
Dgy—giyIn Dpp_ya_1In Dol,
where
Dy = Pgil
and
SODi Py | Prtii= 1.2 (8 = £,
Thus
éZ_i
Vi= > DjRys i jii=1ly— (ff — f),lo —1,0o.
7=0

For the calculation of V; ; for less values of ¢ and/or j we
rewrite (22) as

dy  dy
0= Z Z dl,mvfiJrl,fjer =

1=d¢ m=dJ
il (25)
V ]*dd Z Z dlm —i+l,—j+m
dfd3 | — g m=dg

(la m) 7é (dla dg)
From (24) and (25) we obtain a unique form of the Laurent
expansion of G (z1,2)” " and thus the Theorem has been
proved.

Since (25) allows the computation of V;; in the stated
region, it constitutes the Cayley-Hamilton theorem for the 2-
D singular system (9) in terms of the backward fundamental
matrix sequence. Condition d? = d¢ + d¢ is nothing but the
requirement that the least degrees of z; and 22 in |G (21, 22)]
both appear in the same term. Systems (9) satisfying the above
condition constitute a particular class of implicit Roesser mod-
els that is both nonempty and potentially interesting i.e. non-
recursible masks (see example at the end of the paper). We
shall call such systems co-principal.

The Laurent expansion about zero of G (z1,25)” " given
in (16) is related with the Laurent expansion at infinity given
in (15) of the inverse of the dual matrix G (21, 22) as we can
see in the following Lemma.

Lemma 2. Let the Laurent expansion at infinity of
G(Zl,22)71 be

é 21,22 Z Z

p=—f19=—f2

(26)

pa?1 2yl

and (16) be the Laurent expansion at zero of G (z1, z2)71
Then
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fi +1= fi and V_i,_j
i=101,0 —1

= Ti+1aj+1 (27)
.. andj = 62,62 —1

Proof. We have that

-~ (1 1
G (21,2’2) = 212G <—, —> <~
Z1 %2

(nn)
= 27125t Z Z

() (:2)

Z Zqul z

p=—f19=—f2

21 22
—P1_,—q1
E , E , Vorai 21" %o

P1=—00g1=—00

o] o0
p—1_g-1
E E Vopii,—qt121 25

p=—L1+1 g=—0l2+1

G (zl,zg)_l =z 1z2

(28)

q1==q+1
p1=—p+1

Equating the coefficients of the powers of z;,7 = 1,2 we
obtain the proof of Lemma.

We conclude from the above Lemma that the Lau-
rent expansion at zero of G (zl,zg)_l exists and is unique
iff the Laurent expansion at infinity of G (zl,zg) L exists
and is unique or otherwise when d? = d1 + do ,where
d; = deg, |21E1r 4+ 22E1 — Az120| i = 1,2 and d? =
deg, |2Err + 2Er — Az125|. A direct result of Lemma 2 is
that the Leverrier algorithm presented in [12,23] may also be
used for the computation of both the forward and backward
fundamental matrix sequence. Therefore, Lemma 2 give us an
alternative method from the algorithm presented in Theorem
1 for the computation of the backward fundamental matrix
sequence.

4. Solutions of the implicit Roesser model

An interesting result that connects the solutions of (10) and
the ones of the dual 2-D implicit Roesser model

Eri(i,5 4+ 1)+ Errz (i + 1, 5) (29)
=Az(i+1,j+1)+Ba(i+1,5+1)

in the closed interval [0, N| x
Lemma.

[0, M] is given by the following

Lemma 3. (a) If Z (4, §) is a solution of (29) for the non-zero
input @ (¢, j), then the sequence z (¢,j) = & (N — i, M — j)
is a solution of the dual Eq. (10) for the nonzero input
u(i,j) =a(N —1i, M — j).

(b) If z(i,7) is a solution of (10) for the non-zero in-
put w (i,7), then the sequence Z (i,5) = « (N —i, M — j)
is a solution of the dual equation (29) for the nonzero input
(i, j) =u(N —1i, M — j).

370

Proof. (a) Let Z (4, j) be a solution of (29) for the non-zero
input @ (7, 7). This implies that (29) is satisfied. Now con-
sider equation (10). If we set = (¢,5) = & (N — i, M — j),

u(i,j) = (N —i, M — j) we have
Erx(i+1,j) + Erre (i, 5+ 1)
=Eii(N—(i+1),M—j)+Er&(N—i,M—(j+1))

2 A% (N —i,M — j)+ Ba (N — i, M — j)
((i.4)=3(N—i,M )
w(i.d)=a(N—i,M~j)

Az (i,7) + Bu (i,7)

(b) In the same way we can prove the second part of the
Theorem.

A direct result of Lemma 3 is that the backward solu-
tion of the singular Roesser model (10) comes directly from
the forward solution of the dual singular Roesser model (29).
In the next three subsections we give the forward, backward
and symmetric solution of the singular Roesser model (10)
in terms of the matrix coefficients Ey, E;r, A, B and the for-
ward/backward fundamental matrix sequence {7; ;} /{V;,;}

of G (2’1, 22)_1.

4.1. The forward solution of the implicit Roesser model.
Consider the singular Roesser model (10) and the Laurent ma-
trix expansion at infinity of G (21, 22)” " given in (15). Then
the unique forward solution to (10) with admissible (11) is
given according to [12] by:

i+ny j+ne
z (i, ) = Z Z Ti—pj—qBu(p,q)
p=0 ¢=0
+ Z Tit1,j—qErz (0,q) + Z Ti—pj+1Errz (p,0)
q=0 p=0

for (—nq1, —n2) < (i, 7). It is important to note that (10) does
not always have a solution. A necessary and sufficient condi-
tion for (10) to have a solution is that the initial conditions
(11) satisfy the relation (30) for (i = 0&j = 0,1,2,..., M)
and (j =0&i=0,1,...,N).

4.2. The backward solution of the implicit Roesser model.
Let F (21, 22) be the 2 — D Z-transform of a function f (i, j)
satisfying the condition f (¢,j) = 0 for i < 0 or/fand j < 0
defined by [25]

=D > fGg) et

F(z1,22) = Z[f (i, )] (€2
i=0 j=0
Lemma 4. [25] If F (21, 20) = Z [f (i, 7)), then
Z[f(l+1a.7)] =2Zz1 [F(Zlv'ZQ)_F(OaZQ)] (32)
Bull. Pol. Ac.: Tech. 55(4) 2007
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Zfi+1,5+1)]=
leQ{F (2’1,22) 7F(Zl,0> - F(O,ZQ

where F'(21,0) = 3372, f(i,0
S50 f (0,) 257,

_ Consider the dual Roesser model of (10). Let also
X (z1,22) = Z[Z (4,7)] and U (21, 22) = Z [ (4,7)]. Using
(32), (33) and (34) for (29) we obtain

i+ fo0y Y

F(O,ZQ) =

)z,

ErZ(i,j+ 1)+ Erz (1 +1,75)
—AT(i+1,j+1)+Ba(i+1,5+1) 22
E122[ (21,0)}

X (0, Zz)] =

(21,22) —
+Enz | X (21,20) -
-y {2122 [X (21,2) — X (21,0) —

+B {zlzg [U (21, 22) — U (21,0) — U (0, z2) + 7 (0, o)} }

or equivalently

oo oo
T —p_—q
E E Tpqz1 "2y " | X

p=—f19=—f2

X (21, ZQ) =

(Brze+Errz1—Az122) 7t
X{lezgﬁ (21,22) — Bz 25U (21,0) — Bz 25U (0, z2)
+Bz1291 (0,0) + Az1 202 (0,0) +
+E;2X (21,0) — Az120X (21,0) + ErpaX (0, z2)

7142’122)2 (0, ZQ)}
(35)
Using the inverse 2-D transformation [25] for (35) and taking
into account that prq =0 forp < —f; or ¢ < — f5, we obtain

itfi+1lj+fo+1 _
> Y Tiprijet1Bi(p,q)
p=0 q=0
itfi it
+ Z Ti—p,j+1E1Z (p,0) + Z Tiv1,j—q 117 (0,q)
p=0 q=0
i+ f1+1 ~
z (p,0
Z Timpi1,j+1 [ A B } (£.0) ] (36)
i(p,0
J+f2+1 ~
2 z(oaq)
> Tivrg—ge { A B} - (0 ]
po @ (0,q)
~ 7(0,0)
+Tisrge | A B | .
T @(0,0) ]

Now by using the part (a) of Lemma 3 and the solution of
the dual Roesser model (36) we can easily prove the following
Theorem.
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X(o,zQ)+:z(o,0)H+

Theorem 5. If det [G (21, 22)] # 0, and the condition of The-
orem 1 is satisfied, then the unique backward solution to (10)
with admissible boundary conditions (12) is given by

N—i+0y M—j+l2

Z Z Vo—i-N,g—j-mBu(N —p, M —q)
= -0

N—i+£6,—1

+ Z Vitpt+i-N,j—mErz (N —p, M)
p=0
M—jtbs—1
+ Z Vienjitgrj—mErrz (N, M — q)
q=0
N‘f“v (4 5] z (N —p, M)
+i—N,j—M
p=1 ? ! U(N—p,M)
klf&v |:A B:| .’L'(N,M—q)]
i—N,q+j—M
q=1 u (NaM - Q)
x (N, M)
o 2] 1
+ N,j—M w (N, M) 1

(37)

where V; ; is the backward fundamental matrix sequence of
G(z1,22)~ ! given in (16).

Proof. Let Z (i,j) be the solution of (29) for the non-zero
input @ (i, j) presented in (36). Then the sequence x (i,5) =
Z (N —4,M — j) is a solution of the dual Eq. (10) for the
nonzero input u (4, j) = @ (N — i, M — j) or otherwise

z(i,7) =
N—it+f1+1 M—j+fa+1

-y

Q(Af7i7ﬂl‘7j)

foifpﬂ,ij—qHBU (N—p, M —q)

p=0 q=0
N—i+f1 ~
+ Z TN—i—pM—j+1Erx (N —p, M)
p=0
M—jtfs
+ Z TN—it1,M—j—gErrz (N, M — q)
q=0
N7§1+1T {A B ] x(N—p7M)
— N—i—p+1,M—j+1
p=1 U(AZ_]LAJ)
L (4 8] x(N,Mq)]
— N—it1,M—j—q+1
poc uw(N,M —q)
. x (N, M)
+ TN—it1,M—j+1 [ A B ] w (N, M)

or by using (27) we have (37).

A necessary and sufficient condition for (10) to have
a solution is that the final conditions (12) satisfy (37) for
(i=N&j=0,1,...M)and (i=0,1,....., N&j = M).
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4.3. The symmetric solution of the implicit Roesser mod-
el. Consider the Laurent expansion at infinity of G~ (21, 22)

A A 0 0 0
given in (15). Then the following relations ! 0 yn
0 A1 0 0 0 YM -1
Ty 1,g-1A+Tp g1 Er +Tp—14Er1 = dp—1,9-11n 0 0 A1 -/‘.lo 0 "
follow from comparison of coefficient matrices at like powers 0 0 0 A A Yo
of z1 and 25 of the equality ~
AN Yo, M
(38)
oo oo 0 B 0 0 0 Upn
< > > Tp,qup%_q> x (Erz1+ Erpzg — A) = I, 0 0 0 00 Upm—-1
pm e G(z1,22) =1 : :
G(z1,22) 7t 0 0 B 0 U
Define now the matrices 0 0 0 B Uo
By vo, M
E, A 0 0 Let also
0 Ej 0 0
A= .| e prvienvey) Ty Toi Tn-1i TN
) : ) T, T, Tn_2i Tn-14
0 0 -A 0 H, = . : :
0 0 E; —-A
T _Ny1i T-Ny24 To,; T
0 B 0 0 T Nni T-Nt14 T 1, T
0 0 o 0 0 Then we can check that
-Al _ : : . : e RnNXn(N+1)
6 0 E' 0 11, Ts, TN_1,i TN
1 To,i 11, Tn_2; TnN-1;
0 0 0 Err . .
0 B 0 0 T_Ny2i T-N43 T, Ty,
0 0 0 0 T N+1 T-Ny2 To.i Ty
_ . . . nINxm(N+1
B= : A Wy i
0 O B 0 0 Err - 0 0
0 0 0 B 0 0 cee 0 0
z A
and the vectors
0 0 Err 0
0 0 0 Err
TN,
Aq
TN—1,
N=t (N+1)n T1,i-1 To,i-1 TN_1,i-1 TNi—1
Yi = €ER ? To,i—1 T1,i-1 Tn_2i-1 TN-1,i-1
L1, : :
20,1 T_Ny2i—1 T-N43,i-1 T1,i-1 Ti-1
UN.i T-Nt1,i-1 T-Nt2,i-1 To,i—1 Tii—1
UN-1,i E; —A ... 0 0
u; = e RW+m 0 E;f - 0 0
uLg z | =S
UQ,i 0 0 —-A 0
i1=0,1,..., M. 0 0 E; -A
Then (10) may be rewritten in the form H’jfl

372
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where
F 0 E 0 QnN,i
Foi 0l - 0 QN-1,
Si = : : :
F_Ni2. 0 di—1l Qa2
F,NJFLZ' 0 te 0 Ql,i
Frpi=T,:1Er
Qi =Tk Err — Tri—1A.
Premultiplying (38) by the matrix
Hq Ho Hs Has
HO Hl HQ HM—I
Ak = H_1 Ho Hy Har—2
Honr+1 Hom42 Homyz - Ho
we obtain that
AJLVANZJO,M = A{“VBNUO,M g
HiAr Sa o Su Har Ao
HoAv S1 Sm-1 Hwm-1Ao
H_1A: So Sm—2 Hu-2A0
Hom+1 A1 S—mpy2 - So HoAo
YM
YM—1
Y1 (39)
Yo
———
Yo, M
0 H1B HuB UM
0 HoB Har-1B UM -1
_ 0 H-1B Har—2B
. . . U1
0 H-m+1B HoBB uo
———
vo, M

From the first and last block equation we get boundary condi-
tions that must be satisfied in order for (10) to have a solution:

HiAvym + Seyni—1 + - + Smyr + HarAoyo
= (HiB)unr—1+ -+ (Hy—1B) ur + (HuB) uo

and

(40)

Homr+1Aryn + S—ymvoeym—1 + - + Soyi + HoAoYo

= (H_M_HB) Up—1+---+ (HoB) w1 + (HOB) Ug-
41)

Bull. Pol. Ac.: Tech. 55(4) 2007

Note that the matrices S;,7 = 0,2, 3,..., M in (40) and (41)
have all their block columns, except of the first and the last
one, filled with zero entries and therefore the above equations
gives rise only to boundary conditions of the form (13). Now
consider the remaining equations that arise from (39)

(H_Q'Al) Ym + S—q-l-ly]\/f—l + -4 S—q+M—1y1
+(H_gym—1A0) yo = (H_gB)unr—1 + - -
+ (quJrI\/[f2B> uy + (quJerlB) Ug

where ¢ = 0,1, ..., M — 2, or equivalently

Ti,—q Tz,—q Tn,—q
TO,—q Tl,—q TN—I,—q
T -Nt2,-q T-N+3,-4 T2,
T-Nt+1,-q T-N+t2,-4 T1,—
0 Eip -+ 0 0 TN,M
0 0 0 0 TN_1,M
0 0 Err 0 T1,M
0 0 0 Err To,M
Fy 0 0 Qn,j
M1 Fy,j 0;i—11 0 QN-1;
+ ) : :
j=—q+1
Fony2; 0 dicil Q2
Fny; 000 - 0 Q1,5
TN, M-1—j
TN-1,M—1—j
T1,M-1—j
TOo,M—1—j
T1,qrm-1 To qrm-1 TN, —q+mM—1
To,—q+Mm—1 T, qrm-1 TN-1,—q+M-1
+
T Ni2,—gim—1 T-Ni3,—gim—1 To qrm-1
T Nt1,—g+m—1 T-Ni2,—gim—1 T1, qrm-1
Er -A - 0 0 TN,0
0 E] e 0 0 TN—-1,0
0 0 *A 0 21,0
0 0 e E] 7A 20,0
T, T, TN,
Cqr M2 To, T, Tn-1,j
Jj=—q
T ny2j T-Ni3y Ty, ;
T-n+15 T-N+25 T
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B Tpq = —ToN-1)—p,1+q-ME1170, M
N—2
0 0 0 0
— Z TN A—ptkitq-MEITTN_1—k,M
N . : : k=0
00 --- B 0 a+1
00 -~ 0 + Z {=TN-1-pj—1E1TN,g+2—j
j=q+2—-M
T1, qrm-1 To qrm-1 TN, —q+mM—1
’ ) ! HIav-1)—p i Err = Tan-1)—p,j-1 A} 0,g42-5}
To,—g+M—1 T1,—g+m—1 TN-1,—g+M—1 Neo
* : : : ~TN-1-pgBreno+ Y ATN-1-pihgA— TN pihqFr}
T Ny2—qim—1 T-Niy3,—q+M—1 To, _q+m—1 k=0
T _Nyt,—q+M—1 T—Ny2,—g+m—1 T1,—g+m—1 TN-1-k,0 T T2(N—1)—p,qA500,0
-1 N-2
0 B -~ 0 0 un0 S
0O 0 --- 0 0 UN—1,0 + Z Z IN-1—ptkjBuN—k—1,M-1-;
j=q+1—M k=0
: q—1
0 B 0 u1,0 + > Tav—1)—pyBuoy-1-j + Ton—1)—p,qBuoo
o o0 --- 0 B 0,0 j=q+1-M
42) N-2
+ Z{TNflerJrk,qB}uNflfk,O-
k=0

or equivalently by taking the i—th row of the above equations

e forq 0.1, .. M—2andi=01, . N—2 Using now the first and last block row equations of (42)

we get the following extra boundary conditions for (z =
-I,N-1&¢=0,1,....M —2),0or (g =-1,M—-1&
t=-—1,0,..., N —2, N — 1) (the boundary equations that we

N—2 . ) )
have described before in terms of block matrices)
T_itN-1,—qErrwom + E (T—isb,—qErr) tN—1-k, M
k=0
N—2
—q
T_itN-1,—qErrwonm + E T ivk—qErroN—1-km
+ E {(T-ij1Er) aN M—qi1—j N ’ — e ’
j=1—q B
T Ei—T A szq
I T A B
+( i+N-—-1,741T1 i+N—-1,7—1 ) 0,M—q+1 _]} + {Tfi,jflEIzN,M7q+lfj
+rN_1+iM—1—q + T i m—1—qErTN j=1—q

N

]

- (T_iyem—1-qA =T iskr1,Mm-1-qE1) TN_1-k0
k=0

T N—1,M—1-gAT0,0 =

M—2—qN—2
= E g {T_ir i BYun—k—1,m—1—j
Jj==q k=0

+ (T_jxn—1,jB)uom—1-5} + (T—ixN—1,M—-1-qB) u0,0
N-2
+ Z (T—ivk,m—1-¢B)un—1-k0-
k=0

Now by substituting N — 1 + ¢ with p, and M — 1 — ¢ with
q, we can easily get the following Theorem.

Theorem 6. If det [G (21,22)] # 0, and deg, |G (z,2)| =
deg,, |G (21, 22)|+deg,, |G (21, 22)| is satisfied [12], then the
unique symmetric solution to (10) with admissible boundary
conditions (13) is given by

374

+(T-iyN—1Err —T—itN-1,j—14) Zo,M—g+1—5 }

T m—1—gErono — T it N-1,M-1-¢AZ0,0

N2
- E {Tivker—1-gA =T iy, m—1-¢Ert aN_1-1p0
k=0
M—2—g N—2
= E E T ivpjBun_k—1,m—1-;
Jj=—q k=0
M—-2—q

+ E T_iynN-1,;Buovi—1—j + (T—ixN—1,M—-1-qB) u0,0
Jj=—q
N-2
+ E T itk,M—-1—gBun—1-k0-

k=0
(43)

Therefore, a necessary and sufficient condition so that (10)
has a solution is that the initial conditions, final conditions
and input sequences satisfy the relations (13), (40), (41) and
(43).
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5. Example

Consider a nonrecursible mask described by the difference
equation [12]

Yij = Yi—1,-1 T Yi-1j+1 T Yi+1,j—1 + Yit1,5+1 T Ui j

where u; ; the input and y; ; the output

1 0 0/0 0 O
0 0 1/0 0 0
E, = 0 0 0]0 0 0,
00 00 0 0
0 0 0/0 0 O
0 0 0[O0 0 0|
[0 0 0[O0 0 0]
00 0/0 0 0
0 0 0/0 0 0
Err =
00 01 0 0
00 0/0 0 1
L0 0 0|0 0 0

Fig. 1. Nonrecursible mask

A singular realization according to [12] of the above nonre-
cusrible mask is the following:

(1 0 0|0 0 077 iy,
0 0 1/0 0 0 x?
00 0/0 0 O ey
00 0 1 0 0 zh
0 0 0[O0 0 1 o
L0 0 0|0 0 0 | I
Eraipa j+tErreij+1
o o of1 1 o7[a=r] [ 1]
0 1 0] 0 0 0 z 0
|l 0o 0 1]-1 -1 0 ) L=t
1 1 0 0 0 0 )} 0
0 0 0] 0 0 zy? 0
L -1 -1 00 o ][z ] L[ o0 ]
~
A z; B
yi,=| 0 0 o]1 1 0 ]x”+u”
C
where
iy ]
w3
h h3
Tij = l e ] = | =i
Lij Lij
eI
Bull. Pol. Ac.: Tech. 55(4) 2007

Ui, j

Note that nonrecursible masks cannot be represented using
state-space Roesser models. Define the 2-D matrix pencil

G(z1,22) =z1Er+ 2E — A

2 0 0 | -1 =1 0
0 -1 =z [0 0 0

o o 1|1 1 0

-1 -1 0 2z 0 0
0 0 0 [0 -1 =z
1 1 0 |0 0 -1

Using the algorithm presented in [12], we have that
2 2 o
det G (21, z2) ZZduz{zé = 2222 2z —2r -1

2 2
R (z1,22) E E RJZIZQ:

=0 j=0
—zlzg + 22— 21 —z2 —1 —zlzg — 21
zlzg + 21 z% —z122+ 1 —zzzf + z%zl + 21
_ z%—f—l —z1z§—z1 zg —z122+ 1
B 1 —z1 fzf
22 — 2172 —2242
zZ9 —Z122 —Z%Zz
1 —29 fzg
22 —232 —2342
z1 —Z1%2 —leg
—zzzf + 21— 22 —zf —1 —ZQZ% — 22

zzzf + 22 z% —z122+ 1 zfzg — zlzg + 22
z% +1 72’%22 — 22 z% —z1z9+1

and since 4 = deg, |G (z,2)] deg,, |G (21, 22)] +
deg,, |G (21, 22)| = 2+ 2 is satisfied therefore the Laurent
expansion at infinity of G(Zl,ZQ)_l exists, and is unique.
Similarly since 0 = d? = d{ + d¢ = 0+ 0, where d? is the
least degree in z of det G (z,z) = det (zE; + zErr — A)
and df-l are the least degrees of d(z1, 22) in z;, or equivalently
that —1 = do,0 = dga gg # 0, the Laurent expansion at zero

of G (Zl, 22)7

Lis unique. We have also that
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-1 d th
do ol 0 0 and thus
Dy = Pyl'=| diols dools 0 01 o Lo o
dools diols dools B
0O -1 0 0 0 0
role 00 10 -1 0 0 0
= rile rols 0 Voo = 10 0o o 1 o |
rels T1ls T0ls 0 0 0 —1 0
where 0 0 o -1 0 -1
1 1 0 1 0 0 O
o = d—:_l -1 0 -1 0 0 0
o 0 1 0 1 00
1 _
- - _ V_1i0= ;
rn = d070 [d170><7“0]—0 1,0 0 1 0 10 0
1 d L =1 0 0 O 0 0 O
—— X =1.
" doo (20 0T Ao X 00 0 0 00
Then by setting 0 -1 0 1 00
0o 1 0 -1 0 0
Ro,0 Ro 1 Ro,2 Voo 1 01 0 00|
Ro=1| Rip |; RBi=| Rip |: Ro=| Rip 207l 001 0 0 o0 |
Ra o Ro 1 Rs 0 0 0 0 1 0
and 0O 0 O 0 0 0
il 00 000 0 0o
Py=| digls doails 0 ; 0 00 0 0 0
do1ls dils do 1l Vo,-1 =
0O 0 0 1 0 1
do2ls 0 0 0 00 -1 0 —1
Py = diols do2ls 0 -1 00 0 1 0
da2ls diols do2ls
we get
The rest terms of the Laurent expansion at zero of
G (z1,2)" " are given by
Vo,0
VWw @ =1 Voio | =DoRo ERE:
Vo2 Veies = == 2 2 dinVoitimjum () #(0,0)
VO 1 =0 m=0
: = Ay oVoira i+ doaVos iva+di iV i1
Voo o= | v — DoRy + D1 Ry 2,0V—it2,—j +do2V—_i —jy2 +di1V_it1,—j+1
v + dopV_jpo _jio =
2,1
= “Voipo = Voi—jee + Voip i
Vo, -2 % i——i
Voo ¢ = Voy o | =DoRa+ D1R1 + D2Ry B 7”2’7%231:%
V_oo._o Vii = —Vigaj — Vijso +Vig1j41 — Vigojto.

376 Bull. Pol. Ac.: Tech. 55(4) 2007



www.czasopisma.pan.pl P N www.journals.pan.pl
N

On the solution of the implicit Roesser model

For example

Vogo=-V_1,0—-V30+ Vo _1-V_109=
=V o= (—Voi0—Vi3o+ Voo _o—V_12)
+V o1 —=V_ip=
=V, o= (Voo + Vo 2)+ Vo 1-Voio=
=V 2+Voa 2o+V o 1=

3 o 1 0 -2 0

-1 0 0 0 1 0
o 10 2 0 -1
1l 0o 2 0 -4 0 -2
0 -1 0 0 0
2 0 1 0 -1 0

Note that the backward fundemental matrix sequence may
be used to compute z (i,7) using (37). For instance, sup-
pose that we are interested for the backward solution of the
system in the interval [0,5] x [0,5] and we know the fi-
nal conditions z (5,4),z (¢,5),7 = 0,1,..,5 and the input
u(i,j),4,7€40,1,..,5}. Then

x(4,4) =V_9 _9Bu(5,5) + V_g _sBu (5,4)
+V_g,—oBu(4,5) + V_s _sBu(4,4)
+Vo._1Erz (5,5) + V_10E12 (5,5) — Vo_1 Az (4,5)
—Vo,—1Bu (4,5) — V_1 0Az (5,4)

—Vo,—1Bu (5,4) + V-1, 1Az (5,5) + V_1,_1Bu (5,5) =
354us 4 — 3Thuas — 20k + afls — 20
—153us 4 + 143uy 5 + 2%,
—37Tus 5 — 153us4 — 208%5 + alYy
—578us5 — 233us4 — 2085 — a% + 2y
201us 5 + 80ug 4 + 4%
201us,4 — 232us5 — 220% + 2y

A computer program for the computation of the fundamental
matrix sequence and its use in the computation of the local
semistate is extremely useful.

6. Conclusions

In the case of discrete time implicit Roesser models, exact
solutions where proposed in two different forms: a) backward
solutions, and b) symmetric solutions. All the closed formula
solutions were represented in terms of the forward and back-
ward fundamental matrix of the implicit Roesser model. It
is easily seen that the proposed solutions: a) are extensions
of the ones proposed in [13] for 1-D discrete time singular
systems, and b) accomplish the work that have been done by
[11] and [12] for the forward solution of the general singu-
lar model and the implicit Roesser model respectively. An
algorithm has also been provided for the computation of the
backward fundamental matrix sequence, that is useful in the
implementation of the proposed closed solution formulae. The

Bull. Pol. Ac.: Tech. 55(4) 2007

computation of the forward and backward fundamental ma-
trix sequence of a non-causal system might be useful in the
solution of the descriptor system realization problem as has
been studied by [26]. Certain controllability and observability
criteria based on the proposed solutions are being studied and
will be discussed in a future work.
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