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Abstract. Simple new necessary and sufficient conditions for asymptotic stability of the positive linear discrete-time systems with delays in

states are established. It is shown that asymptotic stability of the system is equivalent to asymptotic stability of the corresponding positive

discrete-time system without delays of the same size. The considerations are illustrated by numerical examples.
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1. Introduction

A dynamical system is called positive if any trajectory of

the system starting form non-negative initial states remains

forever non-negative for non-negative controls. An overview

of state of the art in positive systems theory is given in the

monographs [1, 2].

The problems of control and stability of systems with de-

lays have been investigated in the monographs [3–7]. Recently,

conditions for stability and robust stability of linear positive

discrete-time systems with delays have been given in [8–18].

The problem of componentwise asymptotic stability and ex-

ponential stability of such systems is studied in [19].

In this paper simple new necessary and sufficient condi-

tions for asymptotic stability of linear positive discrete-time

systems with delays in states are given.

In the paper the following notations will be used: <n×m
+

– the set of n×m real matrices with non-negative entries and

<n
+ = <n×1

+ ; Z+ – the set of non-negative integers; In – the

n× n identity matrix; a vector x ∈ <n will be called strictly

positive (strictly negative) and denoted by x > 0 (x < 0) if

all entries are positive (negative).

2. Preliminaries

Consider the positive discrete-time linear system with delays

described by the homogeneous equation

xi+1 =

h
∑

k=0

Akxi−k, i ∈ Z+, (1)

with the initial condition

x−k ∈ <n
+ for k = 0, 1, ..., h, (2)

where xi ∈ <n is the state vector, Ak ∈ <n×n
+ (k =

0, 1, ..., h) and h is a positive integer.

If

Ak ∈ <n×n
+ (k = 0, 1, ..., h), (3)

then xi ∈ <n
+ for all i ∈ Z+ and for every x−i ∈ <n

+

(i = 0, 1, ..., h) [17, 18].

The system (1) is asymptotically stable if and only if all

roots of the characteristic equation

det

(

zIn −

h
∑

k=0

Akz−k

)

= 0, (4)

have moduli less than 1, or equivalently, all roots of the equa-

tion

det

(

zh+1In −

h
∑

k=0

Akzh−k

)

= zñ + añ−1z
ñ−1 + ... + a1z + a0 = 0,

(5)

satisfy the condition |zk| < 1 for k = 1, 2, ..., ñ = (h + 1)n.

The positive system without delays equivalent to the pos-

itive system (1) has the form

x̃i+1 = Ãx̃i, i ∈ Z+, (6)

where x̃i = [xT
i , xT

i−1, · · · , xT
i−h]T ∈ <ñ

+, Ã ∈ <ñ×ñ
+ ,

ñ = (h + 1)n and

Ã =

















A0 A1 · · · Ah−1 Ah

In 0 · · · 0 0
...

...
. . .

...
...

0 0 · · · 0 0

0 0 · · · In 0

















. (7)

The positive system (6) is asymptotically stable if and only

if all eigenvalues of the matrix Ã have moduli less than 1.

In [17] it was shown that

det(zIñ − Ã) = det

(

zh+1In −

h
∑

k=0

Akzh−k

)

. (8)

This means that asymptotic stability of the system (1)

(with delays) is equivalent to asymptotic stability of the sys-

tem (6) (without delays).
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Theorem 1 [17]. The positive system with delays (1) is as-

ymptotically stable if and only if one of the following equiv-

alent conditions holds

1) all coefficients of the characteristic polynomial of the ma-

trix Ã − Iñ are positive,

2) all leading principal minors of the matrix Iñ − Ã are po-

sitive.

Based on Theorem 1, the necessary and sufficient condi-

tions for asymptotic stability and robust stability of special

class of the positive system (1) with delays have been given

in [8–14].

The aim of this paper is to give simple new necessary and

sufficient conditions for asymptotic stability of linear posi-

tive discrete-time systems with delays and for robust stability

of interval positive systems with delays. First, we show that

asymptotic stability of the positive system (1) is equivalent

to asymptotic stability of the corresponding positive system

without delays of the size n, i.e. of the size extremely less than

the degree of the system (6) (equal to ñ = (h + 1)n). Next,

we generalise this result to the interval positive discrete-time

systems with delays.

3. The main results

Consider the positive discrete-time linear system (1) with ini-

tial condition (2) satisfying the assumption: x−k > 0 for at

least one k = 0, 1, ..., h.

Theorem 2. The positive system (1) with delays is asymptoti-

cally stable if and only if there exists a strictly positive vector

λ ∈ <n
+ (i.e. λ > 0) such that

[

h
∑

k=0

Ak − In

]

λ < 0. (9)

Proof. Necessity. From (1) for i = 0, 1, ...., p − 1 (p is

a positive integer) we have respectively

x1 = A0x0 +

h
∑

k=1

Akx−k,

x2 = A0x1 +
h
∑

k=1

Akx1−k,

............................

xp−1 = A0xp−2 +

h
∑

k=1

Akxp−2−k,

xp = A0xp−1 +

h
∑

k=1

Akxp−1−k.

Summing the above equalities one obtains

xp +

p−1
∑

i=1

xi = A0

p−1
∑

i=0

xi + A1

p−1
∑

i=0

xi−1 + · · ·+ Ah

p−1
∑

i=0

xi−h.

The above equality can be rewritten in the form

xp − A0x0 = (A0 − In)

p−1
∑

i=1

xi +

h
∑

k=1

Ak

p−1
∑

i=0

xi−k.

Adding −x0 to both sides of the above equality we obtain

xp − x0 = (A0 − In)

p−1
∑

i=0

xi +

h
∑

k=1

Ak

p−1
∑

i=0

xi−k.

If the system (1) is asymptotically stable then xp → 0 for

p → ∞. Hence

−x0 = (A0 − In)

∞
∑

i=0

xi +

h
∑

k=1

Ak

∞
∑

i=0

xi−k

and

−x0 −
h
∑

k=1

Akx−k =

(

h
∑

k=0

Ak − In

)

∞
∑

i=0

xi. (10)

From (2) and assumption that x−k > 0 for at least one

k = 0, 1, ..., h, it follows that the left hand side of (10) is

strictly negative and hence
(

h
∑

k=0

Ak − In

)

∞
∑

i=0

xi < 0. (11)

The condition (11) is equivalent to (9) for λ =
∞
∑

i=0

xi > 0.

Sufficiency. Let us consider the dual system

xi+1 = AT
0xi +

h
∑

k=1

AT
kxi−k, i ∈ Z+, (12)

which is positive and asymptotically stable if and only if the

original system (1) is positive and asymptotically stable.

As a Lyapunov function for the dual system (12) we may

choose the following function

V (xi) = xT
i λ +

h
∑

j=1

xT
i−j

h
∑

k=j

Akλ, (13)

which is positive for non-zero xi ∈ <n
+ and for strictly posi-

tive λ ∈ <n
+.

From (13) and (12) we have

∆V (xi) = V (xi+1) − V (xi) =

= xT
i+1λ +

h
∑

j=1

xT
i+1−j

h
∑

k=j

Akλ − xT
i λ

−

h
∑

j=1

xT
i−j

h
∑

k=j

Akλ = xT
i A0λ +

h
∑

j=1

xT
i+1−j

h
∑

k=j

Akλ

− xT
i λ −

h−1
∑

j=1

xT
i−j

h
∑

k=j+1

Akλ = xT
i A0λ

+ xT
i

h
∑

k=1

Akλ − xT
i λ = xT

i

[

h
∑

k=0

Ak − In

]

λ < 0.
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Hence, the condition (9) implies ∆V (xi) < 0 and the

positive system (1) is asymptotically stable.

As in [20] in the case of positive systems without de-

lays we can show that strictly positive vector λ ∈ <n
+ may

be chosen in the form λ =

[

In −
h
∑

k=0

An

]−1

1n > 0, where

1n = [ 1 . . . 1 ]T.

Theorem 3. The positive discrete-time system with delays (1)

is asymptotically stable if and only if the positive system with-

out delays

xi+1 = Axi, i ∈ Z+, (14)

where

A =

h
∑

k=0

Ak ∈ <n×n
+ , (15)

is asymptotically stable.

Proof. In [20] it was shown that the positive system (14) is

asymptotically stable if and only if there exists a strictly posi-

tive vector λ ∈ <n
+ such that [A−In]λ < 0. Hence, the proof

follows directly form the above, (15) and Theorem 2.

From Theorem 3 it follows that asymptotic stability of the

positive system (1) with delays does not depend on the values

and number of delays. Such a kind of stability is called as

asymptotic stability independent of delay.

This means that if the positive system (1) with delays is

asymptotically stable then, for example, is asymptotically sta-

ble the positive system

xi+1 = Axi−p, i ∈ Z+, (16)

where A is defined by (15) and p is any positive integer or

the positive system

xi+1 =

h
∑

k=0

Akxi−dk
, i ∈ Z+, (17)

for any positive integers dk (k = 0, 1, ..., h).

From Theorem 3 and stability conditions of the positive

system (14), given in [1, 2, 21], we have the following theorem

and lemma.

Theorem 4. The positive system (1) with delays is asymptot-

ically stable (independent of delays) if and only if one of the

following equivalent conditions holds

1) eigenvalues z1, z2, · · · , zn of the matrix A defined by (15)

have moduli less than 1,

2) all leading principal minors of the matrix In −A are pos-

itive,

3) all coefficients of the characteristic polynomial of the ma-

trix A − In are positive,

4) ρ(A) < 1, where ρ(A) = max
1≤k≤n

|zk| is the spectral radius

of the matrix A.

Lemma 1. The positive system (1) with delays is unstable if

at least one diagonal entry of the matrix A defined by (15) is

greater than 1.

Now consider the positive scalar discrete-time system with

delays described by the equation

xi+1 = a0xi +
h
∑

k=1

akxi−k, i ∈ Z+, (18)

where h is a positive integer and ak ≥ 0, k = 0, 1, ..., h.

From condition 2) of Theorem 4 we have directly the fol-

lowing result, previously obtained in [8, 11] on the basis of

Theorem 1.

Lemma 2. The positive system with delays (18) is asymptot-

ically stable if and only if a0 + a1 + · · · + ah < 1.

Let us consider an interval positive discrete-time system

with delays, described by the equation

xi+1 =

h
∑

k=0

Akxi−k, Ak ∈ [A−
k , A+

k ] ⊂ <n×n
+

for k = 0, 1, ..., h.

(19)

The interval system is called robustly stable if the sys-

tem (19) is asymptotically stable for all Ak ∈ [A−
k , A+

k ]
(k = 0, 1, ..., h).

Theorem 5. The interval positive discrete-time system (19)

with delays is robustly stable if and only if at least one of the

conditions of Theorem 4 holds for the matrix

A+ =

h
∑

k=0

A+

k ∈ <n×n
+ . (20)

Proof. It follows directly from the fact that the interval pos-

itive system (19) is robustly stable if and only if the positive

system

xi+1 = A+

0 x0 +

h
∑

k=1

A+

k xi−k, i ∈ Z+, (21)

is asymptotically stable [11].

From Theorem 5 and Lemma 2 we have the following

simple criterion for robust stability of scalar interval positive

system (see also [8, 11])

xi+1 =

h
∑

k=0

akxi−k, ak∈ [a−
k , a+

k ], k=0, 1, ..., h. (22)

where 0 ≤ a−
k and a−

k ≤ a+

k for k = 0, 1, ..., h.

Lemma 3. The positive interval system (22) is robustly stable

if and only if a+

0 + a+

1 + · · · + a+

h < 1.

4. Illustrative examples

Example 1. Consider the positive system (1) for n = 2, h = 1
with the matrices

A0 =

[

0.1 0.2

0.2 0.1

]

, A1 =

[

0.4 0

0 a

]

. (23)

Find values of the parameter a ≥ 0 for which the system

is asymptotically stable.

For the system the matrix In − A = In − (A0 + A1) has

the form

In − A =

[

0.5 −0.2

−0.2 0.9 − a

]

. (24)

Computing the leading principal minors of (24) we ob-

tain: ∆1 = 0.5 > 0, ∆2 = detA = 0.41− 0.5a. Minor ∆2 is
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positive if and only if a < 0.82. Hence, from condition 2) of

Theorem 4 we have that the system is asymptotically stable

if and only if 0 ≤ a < 0.82. The same result was obtained

in [17] on the basis of Theorem 1.

Example 2. Find values of the parameters a ≥ 0 and b ≥ 0
for which is asymptotically stable the positive interval sys-

tem (19) for n = 3, h = 1 with the matrices

A−
0 =







0 0.1 0

0.1 0 0

0 0 0






, A+

0 =







0 0.2 0

0.2 0 a

0 0.1 0






,

A−
1 =







0 0.1 0

0.1 0 0

0.4 0 0






, A+

1 =







0 0.2 0

0.4 0 0

1 0 b






.

(25)

The matrix In − A+ = In − (A+
0 + A+

1 ) has the form

In − (A+

0 + A+

1 ) =







1 −0.4 0

−0.6 1 −a

−1 −0.1 1 − b






. (26)

Computing the leading principal minors of (26) we ob-

tain: ∆1 = 1 > 0, ∆2 = 0.76 > 0, ∆3 = detD =
−0.5a + 0.76 − 0.76b. It is easy to check that ∆3 > 0 if

and only if b < 1 − 0.5a/0.76.

Because a ≥ 0 and b ≥ 0 by the assumption, from the

above and condition 2) of Theorem 4 we have that the system

is asymptotically stable if and only if

0 ≤ a < 1.52 and 0 ≤ b < 1 − 0.6579a. (27)

The same result was obtained in [11] by applying Theo-

rem 1 to the positive system (19) with the matrices A+

0 and

A+

1
of the form given in (25).

5. Concluding remarks

Simple new necessary and sufficient conditions for asymptot-

ic stability of the positive linear discrete-time systems with

delays in states have been established. First, the necessary and

sufficient conditions for asymptotic stability have been given

in Theorems 2, 3 and 4. It has been shown that the positive

system (1) with delays is asymptotically stable if and only

if the positive system (14) without delays is asymptotically

stable. Next, the conditions for robust stability of the positive

interval systems are derived in Theorem 5. An extension of

the considerations for two-dimensional linear systems with

delays is an open problem.
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