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Abstract. The concept of strong stability is extended for positive and compartmental linear systems. It is shown that: 1) the asymptotically
stable positive and compartmental systems are strongly stable if the eigenvalues of the system matrix are distinct, 2) electrical circuits
consisting of resistances, capacitances (inductances) and source voltages are strongly stable.
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1. Introduction

In positive systems inputs, state variables and outputs take on-
ly non-negative values. Examples of positive systems are in-
dustrial processes involving chemical reactors, heat exchang-
ers and distillation columns, storage systems, compartmental
systems, water and atmospheric pollution models. A variety
of models having positive linear behavior can be found in en-
gineering, management science, economics, social sciences,
biology and medicine, etc.

Positive linear systems are defined on cones and not on
linear spaces. Therefore, the theory of positive systems in
more complicated and less advanced. An overview of state of
the art in positive systems theory is given in the monographs
[1, 2]. The compartmental systems are a special subsets of
the positive systems [3—4].

The concept of strong stability of linear time-invariant
systems are introduced in the paper [S]. The strong stability
has been related to the asymptotic stability, system structure
and skewness of eigenframe and the state-space transforma-
tions under which the strong stability is a system invariant has
been also characterized.

In this note the concept of strong stability will be extend-
ed for positive and compartmental linear systems. It will be
shown that the asymptotically stable positive and compart-
mental systems are strongly stable if the eigenvalues of the
system matrix are distinct and electrical circuits consisting
of resistances, capacitances (inductances) and source voltages
are strongly stable.

To the best knowledge of the author the strong stability
of positive and compartmental linear systems has not been
considered yet.

2. Positive linear systems

In this section we recall the basic definitions and theorems
concerning the positive linear systems.

Let R™*™ be the set of real n x m matrices with and
R™ = R™*!, The set of real n x m matrices with nonnega-
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tive entries will be denoted by R’}*™. The set of nonnegative
integers will be denoted by Z and the n x n identity matrix
will be denoted by I,,.

Consider the linear continuous-time system:

= Ax + Bu x(0) = xo (1a)

y=Cx+ Du (1b)

where, x = z(t) € R", u = u(t) € R™, y = y(t) € RP
are the state, input and output vectors and, A € R"*",
Be R™™, C e RP*", D € RP*™.

The system (1) is called (internally) positive if z(¢) € R’} and
y(t) € RY, t > 0 for any zop € R} and every u(t) € R7,
t>0.

A = [ay] € RY*™ is called the Metzler matrix if its
off-diagonal entries are nonnegative, a;; > 0 for i # j,
i, j=1,..,n.

Theorem 1 [1, 4]. The system (1) is positive if and only if A

is a Metzler matrix and B € R}*™, C' € RT", De Rﬁxm.
The positive continuous-time system (1) is asymptotically

stable if and only if all eigenvalues of the Metzler matrix A

have negative real parts [1, 2].

Consider the linear discrete-time system:

Tig1 = Ax; + Bb; 1€ Zy, (2a)

yi = Cxy + Du; (2b)

where,x; € R", u; € R™, y; € RP are the state, input and
output vectors and, A € R"*", B € R"*™, C € RP*",
D e Rp*™,

The system (2) is called (internally) positive if x; € R,
yi € RY, i € Z, for any 2y € R} and every u; € RT,
1€ 2.

Theorem 2 [1, 4]. The system (2) is positive if and only if

AeRy", BeRY™, CeRE", DeRV™ (3)
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3. Strong stability

Consider the positive autonomous continuous-time system

= Az 4

where A € R™" is a Metzler matrix.
Let ||z || be the Euclidean norm of the state vector © = x(t)

and Sy, r) be the sphere with the radius r = Hx||% and origin
at x = 0.

The system (4) exhibits state-space overshoots it for at
least one initial condition z in the sphere S(0,r) the trajec-
tory of the system z(t) satisfies the condition ||z(t)|| > r for
some interval [to, ¢1] [5].

In [5] it was shown that the system (4) has no overshoot
for initial conditions in the sphere S(0,r) if the quadrat-
ic form xT Az is negative definite. It is well-known that
2T Az = 2T Az where A = (A + AT). In [5] the condi-
tions were given such that A is negative definite.

Definition 1. The system (4) is called strongly stable if for any
initial condition zo € R} in the sphere S(0,7) the following
conditions are satisfied:

i. p(xo,t) < p(xo,0) for t > 0 and zg € S(0,7)
ii. tlim p(zo,t) =0

If the positive system (4) is strongly stable then the system
has no overshoot for any initial conditions.

Theorem 3. Let the positive system (4) be asymptotically
stable. Then the system is strongly stable if the matrix has
distinct eigenvalues.

Proof. If the matrix A has distinct eigenvalues, A\, # A; for
k#j, A\p = —ap +1i0k, k =1,...,n, i = v/—1 then from
the Sylvester formula [6, 7] we have

At _ Z Zke)\kt (5)

k=1

where

A—-1, )\

T = H ST k=1,..,n (6)
ﬁfk
> Zi=1, (7
k=1

From (5) and (7) we have

x(t)=e xo—ZZke)"‘two (sz>l’0€ ot —groe
k=1
t>0
3
where
"= iz, o ©
4

By assumption the positive system (4) is asymptotically stable
(a < 0) and from (8) we obtain

P(fo,t) < p(l'OaO)eiat (10)

and this implies ii.

The following example shows that if the matrix has at least
one multiple eigenvalue then the system may not be strongly
stable.

4. Example

Consider the positive system (4) with the Metzler matrix

a5
0 -6

The following two cases will be considered

Case 1. The matrix (11) has distinct eigenvalues \; = —a,
A2 = =0 (a # B)

Case 2. The matrix (11) has one double eigenvalue \; =

Ao = —a (a=pf)

A= (11)

1 a, B,y > 0.

In case 1 we have

z(t) = eAtag = (Z1eMt + Zyer2t) g

e 0o —
= f—a | et a—fB | e Pt] xg
0 0 0 1
_ <I10+ﬁja$20> 67Qt+ a’_yﬁxzoe Bt
L $206_ﬂt
where To = [1‘10 l‘go]T
and

plot) = |0+ 52
2

— $20€_5t> + (xgoe_ﬁt)Q]

2

[((l’lo + ﬁ j alEQQ) + a i Bmzoe(aﬁ)t>

+ (mzoe(a‘ﬂ)t)ﬂ

[(Gm+ﬁia

e~ for B >
2
T g
o pr
3
e Bt fora > f
(12)

From (12) it follows that the positive system (4) with (11) is
strongly stable since p(z,t) satisfies the conditions of defini-
tion 1.

220 e—at
«

1
2

+

)
)

3320) €(ﬂ_a)t +

+ x5,
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In case 2 we have

+ yoot)e "
z(t) = eMay = (720 ’mioat)e
To20€

and (13)

N

p(x,t) = [(wlo +ywa0t)” + x%o} e .

From (13) it follows that in this case the system (4) with (11)
(a = () exhibits overshoots for enough small value of « and
big value of ~.

The simulation results are shown in Figs. 1-5.

E] 50 70 0 % T00

Fig. 1. Simulation for zg = [zlo,mgo}T = [1, 1]T, a = 0.01; 0.1; 1 ; 5;
v = 0.01, t € [0,100]

Fig. 2. Simulation for zo = [z10,%20]T = [1,1]7, @ = 0.01; 0.1; 1 ; 5;
v =0.01, t € [0,100]
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Fig. 3. Simulation for zo = [210, 220]” = [1,1]7, @ = 0.01; 0.1; 1 ; 5;
v=1,t¢€[0,100]
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Fig. 4. Simulation for zg = [z10,%20]T = [1,1]7, @ = 0.01; 0.1; 1 ; 5;
v =10,t € [0,41]
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Fig. 5. Simulation for o = [wlo,xQO]T =1, 1}T, o = 0.01;0.1; 1 ; 5;
v =0.01, t € [0,41]

The considerations can be extended for positive discrete-time
systems. Consider the positive autonomous discrete-time sys-
tems

keZ,

Tk+1 = AL.%‘]€7 (14)

where A € R,

Definition 2. The system (14) is called strongly stable if for
any initial condition 2y € R’} in the sphere S(0,7) the fol-
lowing conditions are satisfied:

i. p(zo, k) < p(xg,0) for k € Z; and zg € S(0,r)
ii. klim p(zo, k) =0

Theorem 4. Let the positive system (14) be asymptotically
stable. Then the system is strongly stable if the matrix has
distinct eigenvalues.

The proof is similar to the proof of the Theorem 3.

5. Compartmental systems

Consider a compartmental continuous-time system consist-
ing of n compartments. Let z; = x;(t), i = 1,...,n, be the
amount of a material of the ith compartment. It is assumed
that the output flow Fj; > 0 from the jth to the ith com-
partment (i # j) depends linearly on z;, Fj; = f;;x;, where
the coefficients f;; are independent of x; and time-invariant.

5
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Let Fy; be the output flow of the material from the ¢th com-  where
partment to the epvironment (Fy; = fo?-xi, 1= 17 ...,n) and B Ry + Rs
u; = u;(t) be the input flow of the material to the ith compart- C1[R1(Ra + R3) + RaRs)
ment from the environment. From the balance of the material A=
of the ith compartment [4] we obtain the state equation R;
i=Fx+u (15) Co[R1(R2 + R3) + Ry R3]
T T
wherex:{xl To xn} ,u:{ul U ... U Rs3
F=fil; j—1....n, and the sum of entries of every column of C1[Ri(Ry + R3) + Ry Ry (19)
the matrix F' is not positive, i.e. Ry + Ry )
—fu Z iy >0and fi; >0 C5[R1(R2 + R3) + Ro R3]
i1 (16) R
forij(i,j=1,..,n), 5 C1[R1(R2 + R3) + Ry Rs|

The compartmental matrix F' is a particular case of the Met-
zler matrix, since f;; > 0 for ¢ # j. Note that if
n
~fij > fii 20 (17)

i=1

i#]
then the compartmental system is asymptotically stable.
Therefore, we have the following theorem:

Theorem 5. The compartmental system (15) is strongly sta-
ble if its matrix [ satisfies the condition (17) and has distinct
eigenvalues.

Similar results can be obtained for discrete-time linear com-
partmental systems [4]. The considerations can be extended
for 2D compartmental systems [2].

6. Electrical circuits

Consider the electrical circuit shown in Fig. 6. with known
resistances R;, Rs, R3, capacitances C7, C5 and a source
voltage e = e(t). The voltages u; = uq (t), us = ua(t) on the
capacitances are chosen as the state variables.

OF

Fig. 6. Electrical circuit

Applying the Kirchhoff laws we may write the equations

RCitq +uq + R3(01u1 + Czﬂg) =e
Rg(clﬂl + CQ’[LQ) “+ ug + RQCQ’[LQ =e

which can be written in the form
[ “ “ 4 Be (18)
U

U2

Ry
Cy [Rl (RQ + R3) + R2R3]
From (19) it follows that A is the Metzler matrix and B has
positive entries. Therefore, the electrical circuit is an example
of continuous-time positive system.
Note that the matrix A can be written as a product

A=DA (20)
of the nonsingular diagonal matrix
1 1
D=di — = 21
w2l
and the symmetric matrix
_ Ry + Rs
- Ri1(Ry + R3) + RaR3
A =
R
Ri(R2 + R3) + RaR3
(22)
Ry
Rl(Rg + R3) + RoR3
B R+ Rs
R, (RQ + Rd) + RoR3
In the sequel the following lemma will be used.
Lemma.Let A=AT €¢ R™*" D =diag | d; ds ... dy |,
d; #0,i=1,...,n and
A =D7A, Ay = ADL. (23)

Then both matrices A; and A, have the same real eigen-
\_/ahles )\l,/\g,...,)\n which are related with the eigenvalues
A1,A2,...,A, oOf the matrix A by

N = di\, i=1,...n (24)

Proof. The eigenvalues \;, i = 1,...,n are real since by as-
sumption A is symmetric. From (23) we have

det[I,\ — A1) = det[I,A — D' A] = det[D~ (DX — A]
=det D! det[I,\ — A]
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where -

I, A= DA (25)
The equality (25) implied the relation (24).
Note that

AT =(D7'A)T = ATD™ ' = AD™! = Ay

Hence A; and As have the same eigenvalues since the matri-
ces A and AT have the same spectrum.
Applying this lemma to the matrix A defined by (19) we ob-
tain:

Let 51 and 5o be the real eigenvalues of the symmetric
matrix (22). Then the eigenvalues s1, so of the matrix A are
also real and are given by the equalities

s1 = C15,, s = Ca39

In the general case of electrical circuit with n known capaci-
tors C4,C5,...,C), resistors and source voltages we obtain the
matrix A which can be written as the product A = DA of
the nonsingular diagonal matrix

D:diag[ R R } (26)
and the symmetric matrix
*Rll R12 Rln
_ Ryy  —Ray -+ Ray
A= . . _ . :
: : . : @7
Rnl Rn2 _Rnn
Ry > Z Rij, 1=1,...,n.
j=1
i

It is well-known that the matrix (27) is negative definite
and has only negative real eigenvalues Si, So, ..., 5,. From
(24) it follows that matrix has also only negative eigenvalues
81,52, ..., Sp_given by

s; = C;8;, t=1,...,n. (28)

Bull. Pol. Ac.: Tech. 56(1) 2008

Therefore, the matrix A is negative definite and the following
theorem has been proved.

Theorem 6. Electrical circuits consisting of resistances, ca-
pacitances and source voltages are strongly stable.

A dual theorem is valid for electrical circuits consisting of
resistances, inductances and source voltages.

7. Concluding remarks

The concept of strong stability has been extended for positive
and compartmental linear systems. It has been shown that: 1)
the asymptotically stable positive and compartmental systems
are strongly stable if the eigenvalues of the system matrix are
distinct, 2) electrical circuits consisting of resistances, capac-
itances (inductances) and source voltages are strongly stable.
The considerations can be extended for positive and compart-
mental 2D linear systems.
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