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Abstract

Determination of the phase difference between two sinusoidal signals with noise components using samples of
these signals is of interest in many measurement systems. The samples of signals are processed by one of many
algorithms, such as 7PSF, UQDE and MSAL, to determine the phase difference. The phase difference result must
be accompanied with estimation of the measurement uncertainty. The following issues are covered in this paper:
the MSAL algorithm background, the ways of treating the bias influence on the phase difference result, comparison
of results obtained by applying MSAL and the other mentioned algorithms to the same real signal samples, and
evaluation of the uncertainty of the phase difference.
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1. Introduction

The phase difference between two sinusoidal signals is of interest in many measurement
systems employed in such applications as: calibration of standards for electric power,
determination of complex ratios between the output and input signals of transducers, voltage
dividers and current shunts, flow measurement, source localization, ezc. [1-9].

The phase difference between two continuous sinusoidal signals is usually determined by
means of discrete samples of signals processed by one of many algorithms used for phase
difference estimation. Some of the algorithms are: the three-parameter sinus fitting algorithm
(3PSF), the four-parameter sinus fitting algorithm (4PSF), the seven-parameter sinus fitting
algorithm (7PSF) [10-13], the unbiased quadrature delay estimator (UQDE) [9], and the
modified simple algorithm (MSAL) [14]. According to the MSAL algorithm, two new signals’
phases shifted to the existing signals are introduced, and a complex formula is applied to a large
number of signal samples to determine the phase difference between two sinusoidal signals.

The result of phase difference measurement must be accompanied with estimation of the
uncertainty according to the international recommendation GUM [15]. The measurement
uncertainty is defined as a non-negative parameter characterizing the dispersion of quantity
values being attributed to a measured value based on the information used [16]. The type A,
type B, combined standard uncertainty and expanded uncertainty are defined in [15] and applied
here. The measurement uncertainty can include components arising from systematic effects
which are sometimes not corrected [15].

The rest of the paper is arranged as follows: Section 2 introduces the basic principles of
MSAL algorithm. In Section 3 the bias of phase difference results determined from real signal
samples is presented. Section 4 presents comparison of real signals’ phase difference results
obtained with the MSAL algorithm with those obtained with other algorithms. Section 5
introduces evaluation of the uncertainty of phase difference result. The uncertainty estimation
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results for samples of two voltages are presented and the uncertainty of phase difference result
obtained by applying the MSAL algorithm to those samples is estimated. Section 6 presents the
conclusions.

2. MSAL algorithm

Two real-valued sinusoidal signals without a dc offset can be expressed as:
ul(t) =U, sin(a)ut + (P1)+ n, (t),
u,(t)=U, sin(w,t +@,)+n,(t), (1
where: U, and U, are the amplitudes, @, is the angular frequency, ¢, and ¢, are the initial
phases, n,(¢) and n,(¢) are the uncorrelated additive white Gaussian noise values [14]. The
phase difference to be determined is ¢ = ¢, — @, .
To evaluate the phase difference ¢, the phase-delayed signals in respect to (1) are
introduced:
ull (t) = Ul Sin(wot o, -y, )+ nll (t)’
M; (t) =U, Sin(wot + o, - l//z)+ I’l; (t)’ ()
where y, and y, are the known phase delays, and ! (¢) and n, (¢) are the phase-shifted noise

values n,(¢) and n,(¢), respectively.
Using the signals defined by (1) and (2) the following combinations of signals are formed:

m,(t)= (), )+ (0)-z; (0).
m, (6)=uf () u,(0)=u, (¢)-u (2). (3)

Substituting (1) and (2) in (3) gives the following results:

ma(t)zUlecos[gz)1 -, + Va ;l//ljcos[l//z ;le

- U1U2 005[26001 + », + ?, + chos[wj’

2 2
+n,(1)

(4)

mr(t)zUlesin[qo1 -@, + Vs ;l//ljsin[l//l ;l//zj

-UU, sin[2a)ot+¢,1 + o, + Y ;V/zjsin[l//z ;y/lj ’
+n,(t)

where 7, (¢) and n,(¢) contain all components with multiplicative noise. For uncorrelated white

Gaussian noise the mean values of these components are zero.

For the sampled signals (1) and (2), with the sampling period T, the same results as given
by (4) can be obtained for m (kT.) and m (kT ), computed at the instant kT, where k is an
integer. In a digital system, it is easy to achieve the same introduced phase delay for both
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introduced signals, i.e. y, =, = . For a discrete signal u(kT.), the phase delay can be
obtained as a delay of its samples, so that u'(kT, )= u(kT, — rT, ), where r is an integer.
When introduced, the phase delay is chosen to satisfy the condition:

=y, =y =@+Dx/2, (5)
where [ is an integer. Next, the equations can be obtained:
m,(kT,)=U U, cos(p, =, )+ n, (kT,)
m (kT,)=UU,sin(p, — ¢, )+n,(kT,). (6)
For a high signal to noise ratio (SNR), the phase difference ¢ is obtained from (6):

m, (kT,)
m,(kT,)’ @

@ =@, — @, = arctan

and this formula is called the SAL algorithm. It should be noticed that this formula for
calculations needs only four samples of signals, one sample of each of four signals.
In the case of coherent sampling, the relation between signal and sampling angular frequency
is:
wo/w.\' :q/pﬂ (8)
where ¢ and p are positive relative prime integers and @, = 27 /T, . According to (5) and (8),
for the SAL algorithm, » must be equal to:

r=41+1)p/(4q). )
When the equation (9) is not possible to satisty, and/or SNR is low, M, and M, are defined
instead of m, (k7,) and m, (kT ):

lnfl
M = *Zma(kTs)zUle COS((Dl —(02)5

N -0
14 . .
M= L8 4)~ sty 0. sn o, ) (10)
k=0
where 7 is the number of samples and should be an integer multiple of p, and y # ax, where a

is an integer. The introduced phase delay y =r(g/p)27z may or may not satisty (5). The
estimated phase difference ¢,,,, can be calculated from (10) as [14]:

n—1
Zmr(kTS)
k=0 .
n—1
sin(quEJZ m,(kT,)
p

k=0

(11)

@ ysq, = arctan

This formula is called the modified simple algorithm (MSAL).

The detailed derivation of estimating the phase difference between two sinusoidal signals,
as well as margins of errors for the SAL and MSAL algorithms in different situations is
presented in [14]. The main advantage of these algorithms is reducing the computational
complexity while maintaining good accuracy.

The values of phase difference determined using the MSAL algorithm applied to samples of
two signals may contain a bias that comes from the measurement equipment and the fact that it
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is not possible to get a sampling frequency satisfying the requirement (8) of absolutely coherent
sampling [17-18]. The consequences are: the requirement (5), i.e. the introduced phase delay
of exactly 772, is not satisfied; the exact introduced phase delay is not known in (10).

The bias of an estimator is the difference between this estimator’s expected value and the
true value being estimated [19]. The measurement results can be corrected regarding the bias,
but — since it is not required — an uncorrected bias can be included in the uncertainty statement
[15].

3. Bias of phase difference measurement results

In the experimental measurement, two signals are generated by a phase standard, type 5500-
2 Clarke Hess, with 50 Hz frequency and 10° phase difference. For each of the two signals 200
samples are taken in one signal period, simultaneously using two type 3458A Agilent digital
multimeters as sampling voltmeters (SV). These sampling voltmeters have a high-resolution
integrating ADC (IADC) that operates according to the dual slope principle. The sampling
process is such that the sampling instant is not a discrete point in time, but the measured signal
is integrated by IADC over the aperture time of AD converter [20-27].

The results of phase difference between two real sinusoidal signals determined using the
MSAL algorithm, are shown in Table 1. For »= 0 and = 100 samples, or the introduced phase
delay equal to az, the algorithm is not defined. Theoretically, the introduced phase delay may
be contained in an interval (az,az + z), but in practice the introduced phase delay near
(21 + 1)z /2 is recommended because the error of phase difference result that comes from the
function sin(x) in (11) is minimal [ 14]. In this example, the number of samples in a signal period
is divisible by 4, so that the introduced phase delay of approximately /2 can be obtained with
50 sample delays. The result for this case was adopted as the reference value.

In Table 1 the bias values for phase difference results determined using the MSAL algorithm
are presented in dependence of the introduced phase delay, for » samples. It can be seen that the
bias has a value of —64 m® for » = 99 samples, or near 7. The bias is much smaller when the
introduced phase delay is obtained for near 50 samples, i.e. 72.

Table 1. The bias value for phase difference between two sinusoidal signals determined using the MSAL
algorithm for the phase delay (r samples) of introduced signals; an example with 200 samples
in a period of each signal.

r (samples) 1 10 15 30 40 50
o[ 10.002 | 10.002 | 10.002 | 10.001 | 10.001 | 10.001
bias §[m°] 1 1 1 0 0 REF
r (samples) 65 75 85 97 98 99
o[°] 10.000 | 9.999 9.998 9.980 9.969 9.937
bias 5[m°] —1 -2 -3 21 -32 —64

4. Comparison of results

Next, there is presented the case of experimental measurement when the generated phase
difference between two real sinusoidal signals with 53 Hz frequency is 59.9°. The samples are
taken in 19 periods of each signal with 18 samples in a signal period. In contrast to the
measurement in Section 3, the number of samples in a signal period is not divisible by 4 and
because of that it is not possible to get 772 for the introduced phase delay when applying the
UQDE and MSAL algorithms.
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The results of phase difference obtained by applying 7PSF, UQDE and MSAL to the same
samples of two signals are shown in Table 2. MSAL4 denotes the MSAL algorithm when the
introduced signals have the phase delay related to the original signals equal to 4 samples;
MSALS denotes the MSAL algorithm when the introduced signals have the phase delay related
to the original signals equal to 5 samples; UQDE4 and UQDES are denoted in an analogous
way.

Table 2. The results of phase difference between two real sinusoidal signals determined by the 7PSF,
UQDE4, UQDES, MSAL4 and MSALS algorithms for chosen numbers of signal samples;
an example with 18 samples in a period of each signal.

7PSF (UQDE4 | (UQDE5 | (MSAL4 | (MSAL5 | MSALav
algorithm | —7PSF) | —7PSF) | —7PSF) | —7PSF) | —7PSF
Samples | Periods o[ [m?] [m°] [m?] [m°] [m°]
18 1 59.90009 | -381.11 | —380.99 0.90 1.01 0.95
36 2 59.90055 | -—382.01 | -381.86 | —0.004 0.15 0.07
54 3 59.90069 | -382.09 | -381.97 | -0.09 0.04 -0.02
72 4 59.90076 | -382.04 | -381.98 | -0.03 0.03 —0.002
90 5 59.90077 | -382.01 | —-382.00 | 0.0001 0.01 0.003
108 6 59.90069 | -381.99 | -381.99 0.02 0.02 0.02
126 7 59.90038 | -381.98 | —381.95 0.03 0.06 0.05
144 8 59.90010 | -382.00 | -381.97 0.01 0.04 0.03
162 9 59.89989 | -382.03 | —382.00 | —0.01 0.02 0.001
180 10 59.89968 | —382.01 | —381.98 0.01 0.04 0.02
198 11 59.89960 | —381.98 | —381.97 0.03 0.04 0.04
342 19 59.90114 | -381.96 | —381.92 0.05 0.08 0.07

The phase difference results obtained using the UQDE and MSAL algorithms are compared
with those obtained using the 7PSF algorithm because it is shown in [13] that the 7PSF
algorithm gives the most accurate results.

In Table 2: (UQDE4 — 7PSF) in millidegrees [m°] denotes the difference between the phase
difference results obtained using the UQDE4 and 7PSF algorithms; analogous meanings have:
(UQDES - 7PSF), (MSAL4 — 7PSF), (MSALS — 7PSF), and (MSALav — 7PSF), where
MSALav = (MSAL4+MSALS5)/2. The bias results obtained using all algorithms are compared
with those obtained using 7PSF for estimation of phase difference. It can be seen in Table 2
that the minimum values are obtained in (MSAL4 — 7PSF) and (MSALav — 7PSF) columns.
That means that the MSAL4 algorithm gives the phase difference results with almost the same
accuracy as the 7PSF algorithm in the measurement points given in Table 2.

5. Uncertainty of phase difference measurement

Estimation of the uncertainty presented in this section concerns the phase difference
measurement results obtained by applying the MSAL algorithm. The experimental
measurement results from Section 4 are shown in dependence of the introduced phase delay in
intervals: (0, 7) and (7, 27).

5.1. Estimation of uncertainty for samples of voltages

The sinusoidal voltage, without a dc offset and noise, applied at the SV input is given by
[28]:
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u(t)=Usin(ayt) = Usin(zﬂt], (12)
0 + g./Tn

where 7, is a signal period and &, is a time jitter of the period 7,. The model of internal IADC
of SV is given by the equation [25, 28]:
KT +& 7 +T; +&

1 EntTE
e L AT = 5 LA I KO "

i JTi
KT+ g

where: U, is a sampled value at the instant k7 ; ¢, is the deviation of ideal internal DC

K REF

reference of SV; ¢, is the gain error of SV dependent on the integration time 7; ,,, is an error

due to SV resolution; ¢,,,is an error due to linearity of SV; U, is the voltage range of SV;

LIN

&, 18 the time jitter of the sampling period T, ; ¢, is the time jitter of the integration time 7.

JTi

The standard uncertainty, type B [15], of each sample U, of the first voltage u,(¢), taken by
the first SV, denoted u (U, ) is:

”cB(Ulk): [Clzuz(gREFl)+022u2(gGl)+C32u2(8RESl)+Cfu2(8L1N1)+CSZu2(8.JTol)

2.2 2.2 2 91/2 ’ (14)
+cou (g.ITv1)+C7u (g.lTi1)+uwl]

where: ¢to ¢, are sensitivity coefficients for each sample U,,, u(s,,,), u(s,,), u(€ms )
u(ngNl )’ u(gJTnl )’ u(gJTYl ) ’ Z't((c"JTil ) are Standard uncertalntles due tO gREFl > gGl > gRESl > ngNl > gJTvl

. 2 . . . .
&5 &, respectively, and u;, is the variance due to noise from the signal source and

sampling the first signal. Some values of the uncertainties in (14) are derived from the
manufacturer specifications of SV, whereas others — from the calibration certificate of SV.
The sensitivity coefficients [15] for each sample U, are calculated using (12) and (13)

according to:

ou,, ou,, ou,, ou,
C=/"—"",6= , 63 = , Cf = 5
a(C;REFI a(C;GI a(C;RESI a(C;LINI
ou oU, ou
05:65%’06:65%’07:65”(' (13)

JTol JTs1 JTil

The standard uncertainty, type B, of each sample U, of the second voltage u, (¢), taken by
the second SV, denoted g, (U,, ), is given in an analogous way to (14):

Ugp (Uzk) = [C:UZ(EREF2)+ 092”2(862 )+ Clzouz(gRESZ )+ Clzluz(guzvz )+ CIZZuz(gJTOZ)

+ 0123”2(8.m2)+ 0124”2(8.”[2 )+ ”3»2]1/25

(16)

where: ¢, to ¢, are sensitivity coefficients for each sample U,, and standard uncertainties have
analogous explanations to those in (14). The sensitivity coefficients are calculated in an
analogous way to (15).

The standard uncertainty type A of each sample is calculated from 19 periods of signal
according to GUM [15]. The combined standard uncertainties u,(U,, ) and u,(U,, ) for each of

18 samples in a period of two signals, are calculated from the type A and type B uncertainties,
and are shown in Table 3.
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Table 3. The voltage samples U, and U,, of two sinusoidal signals and the combined standard

uncertainties u (U Ty )and u, (U 2k ) for an example with 18 samples in a period of each signal.

k U, uc(Ulk) U, uc(UZk)
vl [mV] vl [mV]
0 0.129951 0.1785 1.031419 0.0935
1 0.504598 0.1554 1.122462 0.0717
2 0.818463 0.1286 1.078107 0.0776
3 1.033572 0.0922 0.903626 0.1070
4 1.124001 0.0703 0.620167 0.1362
5 1.078850 0.0796 0.262030 0.1555
6 0.903546 0.1098 -0.127721 0.1601
7 0.619273 0.1399 —-0.502052 0.1493
8 0.260405 0.1584 —0.815880 0.1245

©

—0.129899 0.1622 —1.031253 0.0938
10 | —0.504526 0.1498 —1.122210 0.0716
11 | -0.818356 0.1248 —1.077772 0.0793
12 | —1.033465 0.0927 —0.903321 0.1076
13 | -1.123912 0.0704 —0.619898 0.1364
14 | -1.078824 0.0793 —0.261827 0.1549
15 | —0.903589 0.1097 0.127784 0.1586
16 | —0.619357 0.1398 0.502035 0.1479
17 | -0.260512 0.1605 0.815872 0.1186

5.2. Uncertainty of phase difference result obtained by MSAL algorithm

The equation (11) can be written as:

n-1

A Z(Mlk_MSk) M -M
@5 = arctan Lo = arctan ! : , 17)
. q n—1 . q
sin| r =27 Z(Mu +M4k) sin| r =27 (M2 +M4)
p k=0 p
where:
M, =U\Uy, My =U, Uy, My =U U, My, =ULUS,, (18)
U,, are phase delayed samplesU,, , U, are phase delayed samples U,, and
n—1 n—1 n—1 n—1
Mlzlek:M2:ZM2/{:M3:ZM3/{:M4:ZM4/{' (19)
k=0 k=0 k=0 k=0

The combined standard uncertainty for the phase difference u,(p,,, ) obtained using the
MSAL algorithm, according to GUM [15], is:
”c((;’MSAL): [clzsuz(Ml )"' clzeuz(Mz)"‘ 0127”2(M3 )+0128”2(M4)
+ul, ((0)4— 201501614(M1 )u(M2 )rc (MI,M2 )+ 201501714(M1 )u(M3 )rc (MI,M3 )
+ 201501814(M1 )u(M4 )rc (M1 ,M4)+ 201601714(M2 )u(M3 )rc (M2 ,M3)
+ 201601814(M2 )u(M4 )rc (M2 ,M4)+ 201701814(M3 )u(M4 )rc (M3,M4 )]”2

., (20)

where u,, () is the standard uncertainty type A, the correlation coefficient is . and sensitivity
coefficients are calculated from the formulas:



www.czasopisma.pan.pl P N www.journals.pan.pl
1

L. V. Saranovac, N. M. Vucijak: UNCERTAINTY EVALUATION OF PHASE DIFFERENCE ...

_ aéMSAL _ aéMSAL _ aéMSAL _ aéMSAL
Cis = > Cig = > €y = > Cg = .
oM oM oM oM

1 2 3

21)

4

The standard uncertainty type A for the phase difference u,, (¢) is determined from the

phase difference values calculated for each of 19 periods of signals using the MSAL algorithm.
From those 19 values, the standard deviation and standard uncertainty type A are calculated
according to GUM.

The square of standard uncertainty u’ (M l) in (20) can be written as:

uz(M1):u2(nzllM1kj:nzlluz(Mlk)' (22)

In an analogous way the squares of standard uncertainty components u*(M, ), u*(M,) and
u*(M,) in (20) can be written.
The square of standard uncertainty of M, is given by [15]:

on)= (2w tw)o 2 )

ouy, oU y,
oM oM , ,
+ 2( aU}: J (GU;J u(Ulk )u(UZk ) e (Ulk Uy, ) , (23)

= Uzzk u’ (Ul'k )+ U1'k2 u’ (UZk )+ 2U,, Uy, u(Ul'k ) u(UZk ) e (Ul'k Uy )

where 7. (U], ,U,, ) is the correlation coefficient between samples of two voltages: U, and Us;.

The squares of standard uncertainties: u”(M,,), u*(M,, ), u*(M,,) can be obtained in an
analogous way.

In the measurement system two SVs are used, whose bandwidths are not exactly known and
— according to the manufacturer’s specification, for a chosen measurement range - the
instrument-to-instrument difference of the upper limit of bandwidth is estimated to be in the
range between 140 kHz and 160 kHz. Simultaneous measurement of two voltages whose
frequency is 53 Hz produces the phase difference error of 0.00271°, due to the influence of
bandwidth [1]. Assuming a uniform distribution of possible values [15], the type B component
of uncertainty in this case increases to 0.00157°.

The differences in delay time between EXT TRIG input channels of two SVs according to
the manufacturer’s specification may be up to 75 ns, and that can produce the phase angle error
whose value is 0.00143° for signals with frequency 53 Hz [1]. Assuming a uniform distribution
of possible values [15], the type B component of uncertainty in this case increases to 0.00083°.

The bias of results is a systematic error that can be applied as a correction of the measured
values, but that is not essential and the bias can be expressed as a part of expanded uncertainty
(GUM, F.2.4.5). Three methods are proposed for treating the uncorrected bias J as a part of
expanded uncertainty [29]:

1. ,RSSu_, method treats the uncorrected bias o as another uncertainty source and sums it in

an RSS (root-sum-of-squares) way with the combined standard uncertainty u_:

Uxgss., =kJul +6° (24)

2. ,,RSSU method* sums the bias din an RSS way with the expanded uncertainty ku_:

Upgssy =AJk*ul +67 (25)
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3. ,,SUMU method* algebraically sums the bias ¢ with the expanded uncertainty ku, :

{kuc—é', if ku,—6>0 {kuc+5, if ku,+06>0
U, = and U =

. . (26)
0, if ku,—5<0 0, if ku,+5<0.

In (24) to (26) u, is the combined standard uncertainty, o denotes the bias, k is a coverage
factor, and ku_ is the expanded uncertainty.

The results for a phase difference of 59.9° between two sinusoidal signals determined using
the MSAL algorithm applied to 19 periods of signals, together with the expanded uncertainties,
are shown in Figs. 1-3.

It can be seen:

a) for ,RSSu, method” the expanded uncertainty is:

from + 4.2 m°® (for /=4) to + 14.9 m® (for r=17);
b) for ,,RSSU method“ the expanded uncertainty is:
from + 3.9 m°® (for =1) to £ 8.2 m® (for r=17);
¢) for ,,SUMU method“ the expanded uncertainties are:
forr=4, U, =44m°and U_=4.0m°%
forr=8,U, =08m°and U =68 m°
forr=14, U, =3.8m°and U_ =4.6 m°;
forr=17, Uy, =0.0m°and U_ =11.0 m°.
The most realistic case, shown in Fig. 3, is obtained with application of ,,SUMU method*.
The same conclusion is presented in [29].

59.925
59.920
59.915
59.9101
59.905 - - /
59.900 {_ ,{‘}f{%’ i /E%,

59.895

Phase difference (MSAL) [°]

59.890

59.885

-7 r > 1 1 1 1 T 7 1 7 1
01234567 89101112131415161718
Phase delay r (samples)

Fig. 1. The RSSu_ method for treating the uncorrected bias in evaluation of the uncertainty of the phase

difference 59.9° between two real sinusoidal signals determined using the MSAL algorithm.
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59.925
RSSU
59.920+
59.915

59.910+

59.905
59.900 E—}f ’E’ - e

59.895

Phase difference (MSAL) [°]

59.890

59885 T T T T T T T T 1
01234567 89101112131415161718
Phase delay r (samples)

Fig. 2. The RSSU method for treating the uncorrected bias in evaluation of the uncertainty of the phase
difference 59.9° between two real sinusoidal signals determined using the MSAL algorithm.

59.925
SUMU
59.920+

T Lt

01 é 3 AI'. 567 8 9101112131415161718
Phase delay r (samples)

Phase difference (MSAL) [’]
[¢)] [¢)] [¢)] [¢)]
[le) o [Te) [Te]
® © ©o ©
®© © o =
(6] o (6] o

59.890

59.885

Fig. 3. The SUMU method for treating the uncorrected bias in evaluation of the uncertainty of the phase
difference 59.9° between two real sinusoidal signals determined using the MSAL algorithm.

6. Conclusions

The phase difference between two sinusoidal signals is usually determined by using samples
of signals processed by an algorithm estimating the phase difference. This paper presents
application of the MSAL algorithm for determination of the phase difference and comparison
of results with the ones obtained by using the 7PSF and UQDE algorithms. The differences
between the phase difference results obtained by the MSAL algorithm, for which frequency is
not known and those obtained by the 7PSF algorithm, for which frequency is known, are equal
to parts of millidegrees.

The uncertainty of phase difference between two sinusoidal signals determined using the
MSAL algorithm is estimated according to GUM. The bias of results is not applied as
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a correction of the measured values, but it is expressed — using three methods — as a part of the
expanded uncertainty. The conclusion is that the most realistic in this case is the ,,SUMU
method® which algebraically sums the bias with the expanded uncertainty.
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