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Abstract: Nowadays, non-integer systems are a widely researched problem. One of the
questions that is of great importance, is the use of mathematical theory of a non-integer
order system to the description of supercapacitors (capacitors with very high capacitance).
In the description of electronic systems built on a microscale, there are models with dis-
tributed parameters of fractional derivatives, which can be successfully approximated by
finite-dimensional structures, e.g, in the form of various types of ladder systems (chain). In
this paper, we will analyze a ladder system of an RC type consisting of supercapacitors.
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1. Introduction

The production of supercapacitors (capacitors with very high capacitance) began in 1972.
Nowadays, it is possible to develop capacitors with capacitance about 1000 F. It can be observed
that for such capacitors the current i(z) through capacitor C is equal to Cd *x(z)/ d¢%*, where x(r)
denotes the voltage and a € (0, 2] is the non-integer order derivative [1, 2, 9].

In the description of electronic systems built on a microscale, there are models with dis-
tributed parameters of fractional derivatives, which can be successfully approximated by finite-
dimensional structures, e.g. in the form of various types of ladder systems (chain) [3, 4].

In this paper, we will analyze a ladder system of RC type consisting of supercapacitors.

For better comprehension of further considerations, let us recall the definition of the Caputo
derivative of non-integer order [1, 5, 9, 10]. The Caputo definition of non-integer derivative in this
case is convenient because has zero initial condition. The Caputo fractional differentia operator
of order ¢ > 1 is defined by:

d%(r)/di* = ﬁ / (t—s)"~ % 1M (5)ds,
0
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where: n =[] = min{§ € N: § > o}, I is the gamma function
I'(x)= /efttxfl dr.
0
The Laplace transform of the Caputo derivative is of the following form:
n—1
L{d%z/dt*} =5Z(S) - ¥ 20 (0T)s* 1 *
k=0

and may be used for calculating the transfer function of analysed systems.

2. Cyclic and tridiagonal Jacobi matrices

A special case of a cyclic Jacobi matrix is a tridiagonal Jacobi matrix. Tridiagonal matrices
are naturally associated with the ladder systems whereas cyclic Jacobi matrices are used in the
description of ring ladder network systems. For this reason, we present below the basic properties
of the Jacobi matrices [6, pp. 26, 27].

We consider two n X n real Jacobi matrices denoted by A, and B,,. For example, for n =5 we
have:

bl C1 0 0 0 bl C1 0 0 aq
ar b2 2 0 0 ar b2 2 0 0
A5 = 0 as b3 Cc3 0 s BS = 0 as b3 Cc3 0 . (1)
0 0 ay b4 Cq4 0 0 ay b4 C4
0 0 0 as b5 Cs 0 0 as b5
Ifaic, >0, ai41¢;>0,i=1,2,3,...,n—landa;-ay---a, =c1-c2---cy, then B,, is called

a cyclic Jacobi matrix. Eigenvalues A;(B,) of B, are real, but not necessarily single [6, p. 139].

Ifa;=0,¢,=0and gjy1c; >0fori=1,2,3,...,n—1, then A, = B, is following n x n
tridiagonal Jacobi matrix. Tridiagonal real Jacobi matrix A, has only single (distinct) real eigen-
values Ay,..., A, [6, pp. 83, 104].

Remark 1. The matrix A, is similar to the diagonal canonical Jordan form:
J =diag(A1, A2, ..., Ay).

That is to say that there exists P such that P lAP=]= diag(A1, A2, ..., A,). In other words,
the matrix A, is diagonalizable. Additionally, [7] if

ai>0, ¢>0 and b= *(Cli‘i’Ci),

then
M € [-m,0), k=1,...,n, mzszx(ak—&—ck).

Thus the matrix A, is asymptotically stable.
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Now we consider cyclic Jacobi matrix B, with b; = b, a; = ¢; = 1 and Jacobi matrix A, with
b; = b, a; = ¢; = 1 given in following equalities and denoted by:

b 1 0 0 b 1 0 ... 1
151 ... 0 1 »1 ... 0

J(n;b) = o1 » ... 0 7 Je(n;b) = o1 b ... 0 , )
0 0 O b 1 0 0 ... b

where b is real. The eigenvalues A; of cyclic matrix J.(n;b) [6, p. 159] are given by:
M(Je(n;b)) = b+2cos ¢y, k=1,2,3,..n, o =k2m/n 3)
and the eigenvalues of Jacobi matrix J(n;b) are given in the formula:
M(J(n;b)) =b+2cos ¢y, O = km/(n+1), k=1,2,3,..n. 4)

Example 1. Consider the matrix J(n;b) given in (2). Let [6, p. 159]

sing; sin¢; ... sinn@
2 singp sin¢p ... sinng,
_ 5
nl L : ; (&)
sin¢g, sin¢, ... sinng,

where ¢ = km/(n+1),k=1,2,3,...,n.
In this case P =P~ and P~ J(n;b)P = J = diag(A1, A2, ..., Au), A(J (n3b)) = b+ 2cos ¢y

Remark 2. Consider the matrix J(n;b) given in (2). Let e and g be real numbers. Note that
J(ne+g) =J(ne)+gl,
where I is the identity matrix n X n.
Consequently, Ay (J(n;e+g)) = e+ g+ 2cos ¢. Matrix J(n;e + g) = J(n;e) + gl is diago-
nalizable by P given in (5).
3. RC-ladder network with supercapacitors
Let us now consider a ladder RC system depicted in Fig. 1. For simplicity we chose n = 3.

R, R, Ry R,

. | [ ). [ | [

Fig. 1. RC-ladder network for n =3
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The capacitance of supercapacitors is denoted with Cy, respectively. The current i(¢) through
capacitor Cy, is equal to Cy, d ®xi(¢)/ dt®*, where x;(¢) denotes the voltage for Cy, a € (0, 2] is the
non-integer order derivative [1, 2] and u(¢) is the voltage source.

The system shown in Fig. 1 is described (for any n) by equations:

d%«(t)/dr* = A,x(t) + Bu(r),
BT =11,0,0,...,0,0] /(RCy), (6)
x(t) = [x1 (1), ...,x,,(t)]T,

where A, is the tridiagonal Jacobi matrix given (example for n = 5) by (1), with
a;=1/(RC;),  ci=1/(Rix1Ci),  bi=—(ai+tci). (7

Remark 3. The matrix A, is diagonalizable (see Remark 1). In this case, system (6) is diag-
onalizable and can be decomposed to the n independent differential equation:

daZk(t)/dta :lkzk(t)+wku(t), (8)

where A; is the eigenvalue of matrix A,,, P~'A,P = J = diag(A, A2, ..., A,), wy is the value of
the vector in the k-th place (w = P~ !B, see (6)), z(r) = P~ 'x(r).

Example 2. In further analysis, we will limit the consideration to a uniform ladder system
R; =R and C; = C (see Fig. 1). Let xo(t) = u(t), x,+1(t) = 0. The system (6), (7) is called RC-
uniform ladder network. The RC-uniform ladder system (6), (7) can be described by the matrix

equation:
d%x (1) T
RC——o= =J(m:=2)x(t) +Bu(r),  B"=[1,0,0,...,0,0], ©

x(t) = [x1(t), ..., x,(0)]".

The eigenvalues A, of the n x n matrix J(n; b) are given by (4) with b = —2. Let x(¢t) = Pz(¢),
P is given by (5). Thus z(¢) = P~ 'x(¢) and from (9) we have Equation (8) with

B 2 . 4 LM,
M = RC(l cos ) = RCsm x
(10)
1 2. km
Wk_ﬁ n+1$1n¢k’ ¢k—ma

where k=1,2,3, ..., n.
The solution of (8) for o € (0, 1] has the form [1]:

2(t) = Ea(At®)z(0) + / &t — T)weu(7)d,
0 (1)

(1) = Y Ak Tk 1 1),
k=0
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where: .
Eq(p)=Y p!/T(ka+1) (12)
k=0

and E o is the Mittage-Leffler function, I" is the gamma function. In [1] we can find Equation (11)
forn-1<a<nn=1,2,3,....

Example 3. For ¢ = 1 we have E1(ar) = exp(at). We have then the “classic” transfer func-
tion of (8) (for system (9), where A; is described by (10)) defined above:

Wk Zk (S)
= = . 1
G(s) s— A Ui(s) (13)
The unit-step response of the system (13) can be expressed as:

i(r) = L™{G(s)} = weexp(Ant). (14)

For ot = 2 we have E;(ar?) = cos(a'/?t). The solution of (8) for o = 2 is of the form:

-1
7 (t) = cos ( lkt) 7z(0) + (x/l ) sin( lkt) 2k (0)+

(15)

N (\/fk)—lgl,sin(\/fk(t—r)) wu(t)dT.

For or = 2 the RC system becomes a ladder LC system.

We present certain results obtained with the MATLAB SIMULINK environment (Figs. 2
and 3). Due to the symmetry of a sine function we depicted responses only for k =1, 2, 3
(n=75).

30

0 10 20 30 40 50 60 70 80 90 100
time

Fig. 2. Responses of subsystems (8) for o« = 0.7
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~
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Fig. 3. Responses of subsystems (8) for o« = 1.5

4. Other RC-ladder network with supercapacitors

In next sections we will described other RC-ladder network with supercapacitors. For simpli-
fication (but without losing the general solution, see Remark 1) we will limit the consideration to
a uniform ladder system. Interested is that the other type of RC-ladder networks in many cases
can be reduced to n systems of type (8).

RCR-uniform ladder network. Consider an RCR-uniform ladder network [3] with superca-
pacitors. For n = 3 the RCR-ladder network is shown in Fig. 4.

R R R R
— ] : [ ] : [ I | ]
A
u(t) C Xl(l) C )C (l) C X3(l‘)
R
— ]
r

Fig. 4. RCR-uniform ladder network for n =3

The RCR-uniform ladder network can be described by the following equation:

d%(1)

2RC
dro

=J(n;—2)x(¢) +Bu(t), B =[100...0]. (16)
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Let x(r)=Pz(t), where P is given in (5), det(P)5£0. Thus from (16) we have Equation (8) with

1 2 km
Ak:——(l—compk):——smzﬂ Wk =35pc n+1Sin¢k7 ‘Pk:m,

where k = 1, 2, 3, ..., n. The system (16) is diagonalizable, i.e. system (16) can be broken
down into n scalar systems given by (8) with parameters (17). Simulations results for this type of
system have been presented in Figs. 5 and 6.

a7)

1

08

0.8

20

0
time

Fig. 6. Responses of subsystems (8) for RCR and o = 1.5
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RC-ring network. Now consider fundamental RC-ladder system (6) and let
xo(t) =x,(1), Xpi1(t) =x1(t) and R,y =R;. (18)

In this case the system (6), (18) is called an electric RC-ring network.

If R, = R, C; = C, then the RCR-ring system (see Fig. 7 for n = 6) can be described by the
equation:
d%x(r)

ARC— o = Jelm ~2)x(0), (19)

where x(t) = [x1(t), x2(t) =x,(¢)]" and matrix J.. (n;b) is given in (2). The system given in (19)
is diagonalizable (see eigenvalues of matrix J. (n;b) given by (3)).

Fig. 7. RCR-ring uniform ladder network for n = 6

RRCr-ladder network. Let us consider an RRCr-ladder network (see Fig. 4 for n = 3). If
r = 0, then the ladder network is called an electric RRC-uniform ladder network [3, 4].
The RRC-ladder network (see Fig. 8 with » = 0) can be described in general by the equation:

d%(7)

—RCJ(n;-3) 3o

=J(n; —2)x(¢) + Bu(t), (20)

where x(t) = [x1(¢), x2(t), ..., x,(t)]7, BT =[100...0].

Fig. 8. RRCr-uniform ladder network for n = 3
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System (20) is diagonalizable [4], i.e. system (20) can be broken down into n scalar systems
given by the following equation:

RCs(—J(m=3)) A% (1)/ 1% = siU (= 2)a0) + [ singua), 21

where k= 1,2, 3, ..., nand x(t) = Pz(t), z(t) = P"'x(¢), P is given in (5). The eigenvalues s;
of the n x n matrix J(n;b) are given by (4). Thus we have (see Remark 2)

Se(J(n;—3)) = 1 + 4sin’ Si(=J(n;—2)) = —4sin’ ?" <0. (22)

Tk
2 b)
From (21) and (20) we have system (8), where

M = {Sk(J (n: =2)) /Sk(J (n: =3))} /RC,

[ 2
4sin? ﬂ nrl sin @
M= ———2 = n . (23)
RC (4sin2 ;) RC (1 +4sin? )

K
2
Simulations results for this type of system have been presented in Figs. 9 and 10.

1

08

08

07

0BE
05}

0.4

Fig. 9. Responses of subsystems (8) for RCRr and @ = 0.7

RRCR- uniform ladder network. If » = R (see Fig. 8), then the ladder network is called
RRCR-uniform ladder network. The RRCR-ladder network can be described by the equation:

=J(n;—2)x(¢) + Bu(t). (24)
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7

o i
0

Fig. 10. Responses of subsystems (8) for RCRr and @@ = 1.5

System (24) is diagonalizable, i.e. system (24) can be broken down into n scalar systems
given by following equation:

RCse (g —) T g2y Ssinoa), @)
Sk n, qa = s (J(m; k a1 sin Qru(?),
where k =1, 2, 3, ..., n and the eigenvalues of J(n;b) are given by (4):
sk(—J(n;—4)) = 2 +4sin? =0,
2
(26)
sp(—J(1;-2)) = —4sin2% > 0.
From (25) and (26) we have (see (8)):
d%z (¢
dzt];‘( ) = Xzi (1) +wru(t), k=1,2,3,...,n, 27)
where
osi(J(m-2)
* T RCsi(J(n;—3)"
, (28)
o sin ¢

T RCs U 3)

Exponential RC-ladder network. Consider the long line [8, pp. 22, 46], [10] of heteroge-
neous parameters R and C. Let the length of the line be equal to 1,z € (0,1). Leth=1/(n+1) be a
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step discretization variable z € (0, 1). Heterogeneous, exponentially convergent transmission line
has the following parameters given by the formulas: 7'(z) = Rexp(az) and C(z) = Cexp(—az).
In this case the suitable RC-ladder system similar to that is shown in Fig. 1 with parameters:

Ri=k'R, Ci=k7ic, k> 0. (29)

Systems (6), (29) are called exponential RC-ladder networks. The matrix of systems (6), (29)
is given by:

[ —(1+1/k) 1/k 0 0 1
1 —(1+1/k) 1/k 0
1 . . . . .
Anzﬁ : .. ", . : . (30)
0 1 —(1+1/k) 1/k
i 0 0 1 —(1+1/k) |

The eigenvalues of matrix (30) are given by [3]:

1 1 1 km

where k =1, 2, 3, ..., n. It is evident that the exponential RC-ladder network may be repre-
sented in the form of (8). The simulation results for this type of system have been presented in
Figs. 11 and 12.

7,0)

Fig. 11. Responses of subsystems (8) for RCRR and o = 0.7
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Fig. 12. Responses of subsystems (8) for RCRR and o = 1.5

5. Conclusions

In this paper the dynamic properties characterized by the eigenvalues of the following struc-
tures are considered: ladder systems with supercapacitors of RC, RCR, RRC, RRCRR types. The
study considered also exponentially convergent ladder networks and RCR ring systems. Simi-
larly to integer order systems, it may be decomposed into n scalar subsystems which simplifies
the analysis. However, contrarily to “classic” systems, it displays changing behaviour with vary-
ing ¢. Depending on the order of the equation, it becomes either ab RC or LC ladder system.

We proved that the analytical approach to complex RC-ladder systems with supercapacitors
is possible. The RC structures can be transformed to (8).
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