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THE STATISTICAL ANALYSIS OF RELATION
BETWEEN COMPRESSIVE AND TENSILE/FLEXURAL
STRENGTH OF HIGH PERFORMANCE CONCRETE

M. KEPNIAK', P. WOYCIECHOWSKI?

This paper addresses the tensile and flexural strength of HPC (high performance concrete). The aim of the paper
is to analyse the efficiency of models proposed in different codes. In particular, three design procedures from:
the ACI 318 [1], Eurocode 2 [2] and the Model Code 2010 [3] are considered. The associations between design
tensile strength of concrete obtained from these three codes and compressive strength are compared with
experimental results of tensile strength and flexural strength by statistical tools. Experimental results of tensile
strength were obtained in the splitting test. Based on this comparison, conclusions are drawn according to the fit
between the design methods and the test data. The comparison shows that tensile strength and flexural strength

of HPC depend on more influential factors and not only compressive strength.
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1. INTRODUCTION

When the tensile stress in a concrete member in building structure exceeds the tensile strength of
the concrete, the construction stability declines, this is due to the exposure of the reinforcement to
corrosion factors. High performance concrete (HPC) is increasingly used to construct responsible
building structures, where stability is one of the key factors. Wider testing and analysis seems to be
reasonable, as HPC characteristics differ from those of ordinary concrete. The objective of this

paper is to analyse the efficiency of design methods proposed in different codes. The associations
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between design tensile strength of concrete obtained from three codes (EC2, ACI 318, Model Code
2010) and compressive strength are compared with the experimental results of tensile strength and
flexural strength by statistical tools. Dependence regarding tensile/flexural and compressive
strength, shown in standards, has a unified character, which can be related to structural concrete of
all types. However, in Eurocodes as well as in Model Code 2010, this dependences varies for
concrete classes: < C50/60 and HPC. The general character of those does not take into consideration
material constituent characteristics and their content in a range of the same strength class. Practical
experience and literature overview [4][5] confirm that it is necessary to consider the influence of
material constituents, for instance the type and maximal size of aggregates and cement type on the
form of dependence tensile/flexural and compressive strength.

The experimental part of the paper presents investigation of HPC samples. The objective of the
investigation was to verify the feasibility of use of general dependences in relation to restricted

ones, used in a practice range of characteristics of concrete mixture described in section 3.

2. TENSILE STRENGTH AND FLEXURAL STRENGTH DESIGN METHODS

2.1. EUROCODE 2 REGULATIONS

In European Standard EN 1992-1-1:2004 [2], called Eurocode 2 code the design method for
defining tensile strength is provided by the formula (2.1):

2.1 f. :{ 030 f2*for < €50/60
. M 72,12 In(1 + 0,1f,,,) for > €50/60

where:
fem - mean value of axial tensile strength of concrete [MPa], fe - characteristic compressive cylinder strength

of concrete at 28 days [MPa], fcm - mean value of concrete cylinder compressive strength [MPa].

Eurocode 2 also gives the association between splitting test results and tensile strength (2.2),

however, it does not specify specimen shape.
(2.2) fee =09- fct,sp
where:
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fo - approximate value of the axial tensile strength [MPa], f..sp- splitting tensile strength [MPa]

The association between mean flexural tensile strength and mean value of axial tensile strength is

formed by means of equation (2.3):

(23) fctm,fl = max [(1,6 - ﬁ) 'fctm; fctm]

where:
fem,n- mean flexural tensile strength of concrete [MPa], h - total member depth [mm], feum - mean value of

axial tensile strength of concrete [MPal].

2.2. ACI 318 REGULATIONS

According to ACI 318 [1] tensile strength is equated with splitting tensile strength. The standard

makes tensile strength dependent on compressive strength, in compliance with equation (2.4):

(2.4) fa=67f

where:

fe( - splitting tensile strength [psi], f'c - specified compressive strength of concrete [psi].

It is worth noticing that after converting the unit from psi into MPa, the equation changes into

Eq. (2.5):

2.5) fee = 0,56 /£

where:

fe( - splitting tensile strength [MPa], f. - specified compressive strength of concrete [MPa].
The value of flexural strength is given by equation Eq. (2.6)
(2~6) fctm,fl = (10% - 15%) 'fcl
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where:

fump - flexural tensile strength of concrete [MPa], f'c - specified compressive strength of concrete [MPa].

2.3. MODEL CODE 2010 REGULATIONS

The method implemented in Model Code 2010 [3] is remarkably similar to the method from
Eurocode 2. However, some significant differences exist. According to Model Code 2010, tensile

strength could be calculated by equation Eq. (2.7):

3 0,30 f2for <€50/60
2.7) fetm =
2,12-In(1 + 0,1(fo + Af) for > €50/60

where:
fem - mean value of axial tensile strength of concrete [MPa], fe - characteristic compressive cylinder strength

of concrete at 28 days [MPa], Af = 8 MPa.

Association between tensile strength and the result of the splitting test is determined by equation

Eq. (2.8):

(2~8) fetm = Asp * fctm.sp

where:
fem - mean value of axial tensile strength of concrete [MPa], fum,sp- splitting tensile strength [MPa], ag= 1,0 -

conversional factor, chosen as a compromise by authors of the code
The flexure strength is linked to the axial tensile strength by equation Eq. (2.9)

0,06-n)”
1+0,06-h)”

(2~9) fetm = 'fctm,fl

where:
fam - mean value of axial tensile strength of concrete [MPa], fumn- flexure strength of concrete [MPa],h -

beam depth [mm].
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2.4. COMPARISON OF MODEL CODE 2010, ACI 318 AND EUROCODE 2 REGULATIONS

Eurocode 2 [2] and Model Code 2010 [3] do not state the specified value of compressive strength at
which the association between tensile strength and compressive strength changes. They subordinate
it to concrete strength classes, which is a categorical variable, not a continuous one. Accordingly,
the system of equations was solved in order to estimate the limit value, which provided the result
fa= 49,7 MPa. Once the limit value is exceeded, the growth of compression strength indicates a
smaller growth of tensile strength than before the limit value (Fig.1). In the case of flexure strength
it is analogous (Fig.1). Equations form the ACI 318 [1], referring to tensile and flexure strength, are

independent of compressive strength growth.
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Fig. 1. Tensile splitting (left side) and flexural (right side) vs. compressive strength acc. to different codes

3. EXPERIMENTAL DATA

For the statistical analysis of the efficiency of the design methods in determining tensile and
flexural strength, the calculated values were confronted with experimental data. The analysis was
carried out for specimens of different w/c=0,38;0,43;0,48. Cement content was constant at 400
kg/m®. The consistency class also remained constant at S3. The specimens were constructed from
granite aggregates 2/16, bank sand and cement type CEM I 42.5N. To determinate the compressive
strength, procedure form EN 12390-3 [6] was adopted. The tests were performed on cubic,
150x150x150 mm, specimens. In order to determine splitting tensile strength, the procedure from
EN 12390-6 [7] was adopted. The tests were performed on cylinders measuring, 150x300 mm, and
cubic-150 mm- specimens. In order to determine the flexural strength, the procedure from EN

12390-5[9] was used. The tests were performed on beam-shaped specimens measuring
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100x100x500 mm. Tests were performed in two variants: two-point loading and one-point loading.
All specimens were demoulded after 24 h from casting and cured in water at T=20+2°C [8]. For the
results, a t-Student test was performed. It proved that there are no significant differences between
results obtained for different specimen shapes or different types of loading. The total number of
analysed specimens was 45. The testing of each specimen was performed at the age of 28 days. The

obtained test results according to concrete compressive strength are presented in Fig.2.
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Fig. 2. Splitting tensile and flexure strength versus compressive strength of concrete for experimental data

4. STATISTICAL ANALYSIS

The statistical analysis was carried out in two steps: the prediction of dependent variables: fum,sp and
fi and the comparison of the acquired regression equation with the design formulas. For prognostic
calculations StatSoft’s Statistica programme was used. Multiple Regression MR [10] and
Generalized Additive Models GAM [11] were applied. In statistical analysis, the partial
autocorrelation function and autocorrelation function of the residual number were used [12]. A

similar course of action has already been successfully presented by Stowik and Rogalska [13].

4.1. PREDICTIONS FOR DEPENDENT VARIABLES: F crv,sp AND Fgy,

4.1.1. DATA ANALYSIS

SI units and abbreviation SI units and data analysis was performed to study the distribution
character of the following variables: compressive strength fc, splitting tensile strength calculated on
the basis of: ACI 318 foum,sp™C', Eurocode 2 fomsptC2, Model Code 2010 fomsp™C, flexural strength
calculated on the basis of: ACI 318 g%, Eurocode 2 f;3¢2, Model Code 2010 fzMC.
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The Shapiro- Wilk’s normality test [11] was performed on the analyzed data. According to
summary statistics for every variable coefficient W was determined and compared with the critical
value Weritica=0,897, for the number of observations N=18 and the level of confidence a=0,05. Most
variables did not have a normal distribution: fc (W=0,771 <W.itical), fctm,spEcz (W=0,766 <W citical),
£15C2 W=0,766 <Wesitical), fetm.sp S (W=0,764<Weitical), £ (W=0,771 <Weritcal), fem.spMC(W=0,766
<Weritical), M€ (W=0,766 <Writical). TW0 exceptions to the normal distribution were fom (W=0,942
>Weiitical) and fn (W=0,962 >Witica). Therefore, it may be concluded that the multiple regression

could not be successfully used, and so it was necessary to apply a more advanced method.

4.1.2. REGRESSION ANALYSIS

During regression analysis, splitting tensile strength fum and flexure strength fn were dependent

variables. Compressive strength as an independent variable was provided in the form of different

functions: f,, \/ﬁ, i/ﬁ, i/ﬁ InNf.), 1/fe, £2, f2. 6565, 68, £7 £, £2,£10.In search of the best fit
between the regression function and the test data fom and fn the Multiple Regression Method and the
Generalized Additive Method were used. The mean absolute percentage error MAPE was
calculated through Eq. (4.1):

[vi-

@.1) MAPE =1 Tny—iy“"-mo

n<=

where:
T - calculation and forecast periods total number, n - forecast periods number, Y; - the actual value of the

variable in the period i, Yj, - the prediction value of the variable in period i.

First, the Multiple Regression Method was applied, MR 1 (fcim), MR2(feum) MR 1(fn), MR2(f). In this
method dependent variables fum and fa were analyzed as functions of compressive strength: /72,
Jf: andIn(1 40,1 f,). These functions were used because of their existence in considered codes.
The obtained results (MAPE on the level of 8%, adjsted R? around 0,57 and residual number not in
white noise) showed that none of the obtained equations were the regression equation.

In the next step, the Generalized Additive Method GAM was used. In this method, the dependent

variable fumspand fn were analysed with regard to different functions of compressive strength: f.,

VT V2 (), Ve, £2, f2.f4.f2f.(wic). The obtained results are presented below, as:
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regression equation Eq. (4.2) Eq. (4.3) and the mean absolute error:MAPE(GAM(fctm;\/fc,i/E, fe
(W/€))=2,99732%; MAPE(GAM(fu;+/f, V12, fe (W/c), fo(c/w))=1,94177%.

4.2) GAM (foemi e YF2 fr(w/©)) = 2,46621,[f, — 1,264183/f2 + 0,04223f,(w/c)

where:
fem - mean value of axial tensile strength of concrete [MPa], fe - characteristic compressive cylinder strength

of concrete at 28 days [MPa], w —water content in Im? of concrete [kg], ¢ —cement content in kg/m?

(43) GAM (ff,;ﬁ, HIZn (g)) = 0,402386,/F; — 0,0280303/fZ +0,005047f. (%) - 0,006584f, (<)

where:
fn - mean flexural tensile strength of concrete [MPa], fu - characteristic compressive cylinder strength of
concrete at 28 days [MPa], w —water content in 1m® of concrete [kg], ¢ —cement content in 1m® of concrete

[kel

Equations (4.2) (4.3) are regression equations. The residual number RGAM is in a white noise. A
very small mean absolute percentage error was obtained. These equations were applied to the next

step of statistical analysis, in which the test data was compared with the design values.

4.2. COMPARATIVE STATISTICAL ANALYSIS

The analysis of the splitting tensile and flexure tensile strength of the concrete focusing on
determining the efficiency of the design methods provided in the different codes according to these

two parameters was done (Fig.3). MAPEs analysis is presented in Table 1.

Table 1. MAPE values for comparison of regression equations determined for values obtained

experimentally with values obtained by applying the formulas given in the standards

fetm fa
Eurocode 2 13,86 % 9,84%
Model Code o o
2010 9,14% 10,10%
ACI 318 10,80% 17,82%
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Fig. 3. Tensile (left side) and flexural (right side) strength depending on the compressive strength and w/c

A comparison of the obtained expression with formulas from present standards shows that current
dependences differ from dependences in standards, apart from fact that this experimental work
possessed a narrow range of concrete characteristics. Maximal deviation was app. 15%. Usage of

standard formulas can prevent under- or over- estimation of prediction concrete characteristics.

5. CONCLUSIONS

Though the design formulas for splitting tensile and flexural strength from different codes presented
in this paper differ from each other, all correlate tensile and flexural strength only with compressive
strength. The performed statistical study has shown that the regression equation for selected
experimental observations cannot be successfully formed on their basis. Regression equations (4.2)
and (4.3) correlate the results of splitting tensile and flexural strength with compressive strength,
but also with water/cement ratio.

The comparison of the obtained regression equations (4.2) (4.3) with the design formulas from the
considered codes shows that the smallest value of the mean absolute percentage error for the
splitting tensile strength was obtained via the formula from Model Code 2010 [3] and for the
flexural strength via the formula from Eurocode 2 [2]. It must be noticed that for compressive
strength under the level of 70 MPa splitting tensile strength from every considered code is
overestimated, and this could endanger the safety of construction elements.

Tests and analyses shown in the paper have proved that associations between compressive and

tensile/flexural strengths given by all considered standards are not all-purpose serviceable. They

Brought to you by | Politechnika Warszawska - Warsaw University of Technology
Authenticated
Download Date | 1/27/18 2:31 PM



104

www.czasopisma.pan.pl P N www.journals.pan.pl
) N
-

M. KEPNIAK, P. WOYCIECHOWSKI

could lead to under- or over- estimation in predicting concrete characteristics. In the authors opinion

it is reasonable to verify the tensile/flexural strength in laboratory tests.
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ANALIZA STATYSTYCZNA EFEKTYWNOSCI METOD PROJEKTOWYCH PRZEWIDY WANIA WYTRZYMALOSCI

NA ROZCIAGANIE I ZGINANIE BETONOW WYSOKOWARTOSCIOWYCH

Stowa kluczowe: beton wysokowartosciowy, wytrzymatos¢ na rozciaganie, wytrzymatosé na zginanie, efektywnos¢ metod
projektowych

STRESZCZENIE:

Gdy naprg¢zenie w betonowym elemencie konstrukcji przekracza granice wytrzymatosci na rozciaganie trwatosé
konstrukcji ulega zachwianiu. Jest to spowodowane ekspozycja zbrojenia na czynniki korozyjne. Betony
wysokowartosciowe (BWW) sa coraz czgsciej wykorzystywane do wykonywania odpowiedzianych elementow
obiektow budowlanych, gdzie trwalos¢ jest jednym z kluczowych czynnikéw. Szersze badania i analizy wydaja si¢ by¢
uzasadnione, gdyz BWW rozni si¢ znaczaco od betonu zwyktego.

Celem artykutu jest analiza efektywnosci metod projektowych proponowanych w réznych normach. Zwiazki pomiedzy
wytrzymatoscia na rozcigganie a wytrzymatoscia na $ciskanie proponowane przez trzy normy (Eurocode 2, ACI 318,
Model Code 2010) zostaly porownane z wynikami tych wytrzymato$ci uzyskanymi w sposéb doswiadczalny za
pomocg narzgdzi statystycznych.

Wszystkie trzy z analizowanych norm uzalezniaja wynik wytrzymatosci na rozcigganie oraz wytrzymatosci na zginanie
jedynie od klasy wytrzymatos$ci na $ciskanie. Eurocode 2 oraz Model Code 2010 rozrdézniaja zalezno$¢ wytrzymatosé
na rozcigganie — wytrzymato$¢ na $ciskanie na zalecang do stosowania dla klas betonu rowna lub ponizej C50/60 oraz
powyzej C50/60. Co sugerowatoby rézny charakter zaleznosci dla betonow wysokowartosciowych.

Normy te rozgraniczaja zaleznosci wytrzymatosci na rozcigganie a wytrzymaltoscia na S$ciskanie na klasie
wytrzymatosci betonu, ktéra jest zmienng klasyfikujaca a nie liczbowa. W zwigzku z tym w celu oszacowania wartosci
granicznej rozwigzano uklad réwnan i otrzymano wynik 49,7 MPa. Po przekroczeniu tej wartosci przyrost
wytrzymatosci na rozcigganie jest mniejszy. Zalezno$¢ dla wytrzymatosci na zginanie jest analogiczna. ACI 318 podaje
jedna zalezno$¢ dla wszystkich wytrzymatosci na sciskanie betonu.

Ogdlny charakter tych norm nie bierze pod uwage réznic cech sktadnikow mieszanki betonowej w obrebie jednej klasy
wytrzymatosci. Przeglad literatury oraz doswiadczenie praktyczne potwierdzaja konieczno$¢ uwzglednienia wplywu
sktadnikow betonu, takich jak: rodzaj i maksymalny wymiar kruszywa, rodzaj cementu.

W celu statystycznej oceny efektywnosci proponowanych przez normy zaleznosci wytrzymatosci na rozciaganie i na
zginanie wyniki otrzymane za pomoca tych metod zostaly skonfrontowane z wynikami uzyskanymi w sposob
doswiadczalny. Analiza zostata przeprowadzona dla probek o zréznicowanym wspotczynniku w/c (0,38; 0,43; 0,48).
Zawarto$é cementu (400 kg/ m®) oraz konsystencja (S3) byly state. Probki wykonano z cementu CEM 1 42,5 N,
kruszywa granitowego 2/16, wody wodociaggowej oraz piasku wislanego. W celu uzyskania statej konsystencji dla
roznych sktadow mieszanki betonowej wykorzystano domieszke uplastyczniajaca. Probki pozostaty w formach przez
24 h, a nastgpnie byty pielggnowane w wodzie przez 27 dni.

W celu okreslenia wytrzymato$ci na rozcigganie zostata wykorzystana procedura normy EN 12390-6. Badanie byto
przeprowadzone na probkach walcowych oraz sze$ciennych. W celu okre§lenia wytrzymatosci na zginanie zostata
wykorzystana procedura normy EN 12390-5. Badanie zostalo przeprowadzone w probie zginania jednopunktowego
oraz dwupunktowego. W wyniku wstepnej analizy statystycznej wykazano, ze wyniki otrzymywane dla réznych

ksztattow probek — w przypadku rozciagania, oraz sposobu obcigzenia- w przypadku zginania nie sg statystycznie
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rozne. Wlasciwa analiza statystyczna byta przeprowadzona w dwodch krokach: ustalenie réwnania regresji dla
zmiennych zaleznych wytrzymato$ci na rozciaganie i zginanie oraz pordwnaniu go z formutami zawartymi w normach.
Analizy statystyczne zostaly przeprowadzone w programie Statistica StatSoft. Zostaly zastosowane: analiza regresji
wielorakiej oraz analiza uogolnionych modeli addytywnych. Uzyskane rownania regresji zostaly wykorzystane w
nastgpnym kroku jakim byto poréwnanie ich z modelami zawartymi w normach.

Formuly projektowe zawarte w normach analizowanych w artykule roznia si¢ od siebie, jednakze kazda z nich
uzaleznia wytrzymatosci na rozcigganie i zginanie jedynie od wytrzymatosci na $ciskanie. Przeprowadzone analizy
statystyczne wykazaty iz nie ma mozliwosci stworzenia rownania regresji tylko na podstawie wartosci wytrzymatosci
na $ciskanie. Uzyskane rOwnania regresji wigza wytrzymato$¢ na rozciaganie i zginanie z wytrzymatoscia na $ciskanie,
ale rowniez ze wspolczynnikiem w/c.

Poréwnanie uzyskanych rownan regresji z formutami projektowymi rozwazanych norm wykazaty iz najmniejszy sredni
bezwzgledny blad procentowy dla wytrzymatosci na roztupywanie zostat uzyskany dla formuty z Model Code 2010,
natomiast dla wytrzymatosci na zginanie dla formuty z Eurocode 2.

Najwigkszy sredni bezwzgledny btad procentowy dla wytrzymatosci na roztupywanie zostat uzyskany dla formuly z
Eurocode 2, natomiast dla wytrzymatosci na zginanie dla formuty z ACI 318.

Nalezy zauwazy¢, ze dla wytrzymatosci na $ciskanie ponizej 70 MPa wytrzymato$¢ na rozciaganie dla kazdej z
rozpatrywanych norm jest przeszacowana, co moze stanowi¢ zagrozenie dla bezpieczefistwa elementéw
konstrukcyjnych.

Badania i analizy dowodza, ze zwigzek wytrzymatosci na $ciskanie z wytrzymato$cia na rozciaganie/zginanie nie s
uniwersalne. Moga one prowadzi¢ do niedostatecznego lub nadmiernego szacowania. Zasadne wydaje si¢ dodatkowe

laboratoryjne sprawdzenie wytrzymatosci na rozcigganie i na zginanie.
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