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Abstract 
 

The Structural Peclet Number has been estimated experimentally by analyzing the morphology of the continuously cast brass ingots. It 

allowed to adapt a proper development of the Ivantsov’s series in order to formulate the Growth Law for the columnar structure formation 

in the brass ingots solidified in stationary condition. Simultaneously, the Thermal Peclet Number together with the Biot, Stefan, and 

Fourier Numbers is used in the model describing the heat transfer connected with the so-called contact layer (air gap between an ingot and 

crystallizer). It lead to define the shape and position of the s/l interface in the brass ingot subjected to the vertical continuous displacement 

within the crystallizer (in gravity). Particularly, a comparison of the shape of the simulated s/l interface at the axis of the continuously cast 

brass ingot with the real shape revealed at the ingot axis is delivered. Structural zones in the continuously cast brass ingot are revealed: FC 

– fine columnar grains, C – columnar grains, E – equiaxed grains, SC – single crystal situated axially.  
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1. Introduction 
 
A new tendency in the interpretation / description of structure 

formation has appeared recently. It has suggested a mathematical 

predictions of the static ingot’s structure appearance, [1]. It is 

based on the analysis of some particular points of the obtained 

functions which result from the temperature field calculation. In 

particular, some points of inflection are used to define the 

structural transformations which have been, at first, described by 

Prof. J.D. Hunt in his fundamental paper associated with the solid 

/ liquid interface undercooling, [2].  

The mentioned mathematical predictions of the structure 

formation and especially predictions of the structural transitions in 

the static ingot are subjected to the application to the continuous 

casting of the brass ingots.   

The fundamental role of the so-called contact layer (air gap 

between brass ingot and graphite which covers uniformly the 

crystallizer) is considered.  

Therefore, a theoretical / analytical model is developed to 

describe / estimate the temperature of the contact layer. It allows 

to formulate the Numbers such as Biot, Fourier, Stefan and Peclet 

Number which decide on the analyzed proceeding of the brass 

ingot solidification and applicable to this technology  

So, the role of boundary condition connected with the contact 

layer is considered, analogously, as in the model for the mushy 

zone formation, [3].  

Finally, the application of the mentioned Numbers allows to 

define the position of the s/l interface (and simultaneously the 

position of the solid - liquid zone), in the simplified manner, in 

the imposed co-ordinate system, and for different velocities of the 

brass ingot displacement in a given crystallizer.  
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2. Structural parameters of an ingot 
 

The recently developed method for the ingot’s structure 

forecast is based on the revealing of the points of inflection if they 

are presented by the calculated function. The analyzed function is 

the liquidus isotherm rate plotted versus ingot solidification time.  
 
 

2.1. Forecasts of the static ingot structural 

zones 
 

The numerical simulation of the temperature filed formation 
during static ingot solidification is simplified in such a way that 
the ingot shape is transformed into a roll shape, [4]. The 

competition between the  - rate of the liquidus isotherm 

movement and the S - s/l interface rate of the displacement is 
shown in Fig.1 from the mathematical viewpoint.   
 

 
Fig. 1. Correlation between the  - liquidus isotherm movement 

and  

S - s/l interface displacement; S =C; E; AV  for columnar, 

equiaxed, and “A” , “V” – segregates zone formation; tEC - time 

of the chilled equiaxed into columnar structure formation EC, 

tC
R, - time of the equiaxed structure birth, tE

R - time of the 

columnar structure death; tmax - time of the “A” segregates 

appearance; tAV - time of the so-called “switching point”, [1], tV - 

time of the beginning of the “V” segregates vanishing; CE - the 

CE transitions (CET), [1] 
 

Not only points of inflection are useful in the mathematical 
interpretation of the static ingot’s structure appearance but the 

extreme points (minima / maxima) of the analyzed  - function as 
well, Fig. 1. 
 

 

2.2. Structural Peclet Number role in Growth 

Law for columnar structure formation  
 
A Structural Peclet Number can be determined experimentally 

by means of the columnar grains size estimation, Fig. 2. The exact 
measurements are to be focused on the estimation / determination 

of the Rexp - tip radius of the columnar dendrite or columnar cells 
revealed in the longitudinal and transversal sections of an ingot.  

The proper definition of the Structural Peclet Number (for the 

Zn-solute diffusion in brass columnar structure) is as follows, [5]: 
 

exp

2

C Rv
Pe

D


 

(1) 

 
The longitudinal and transversal sections of the continuously 

cast ingots are used to estimate Rexp - tip radius required by Eq. 
(1), Fig. 2.  
 

          
Fig. 2. Columnar / equiaxed structure; a/ principle of the Rexp - tip 
radius estimation (longitudinal-); b/ structural zones (transversal 

section) 
 

According to the Rexp - radius measurements the Pe - 
Structural Peclet Number is usually greater than unity but 
sometimes can be less. In the last-mentioned case it is sufficient to 
use the so-called second term of the Ivantsov’s function 

(development), [6]. The function is equal to the  - 
supersaturation governing the tip radius formation, Fig. 3: 

 

 2 2 / 2 1I Pe Pe  
 

(2) 

 

  
Fig. 3. Definition of the  - supersaturation applied to Eq. (2); C0 
is the nominal Zn-solute concentration in a given brass; C*

L, C*
S 

are the Zn-solute concentrations in the liquid and the solid, 

respectively, as observed at the s/l interface moving with the S 

- velocity, [7] 
 

The dendrite / cell tip radius is growing at the limit of 
stability, [8], that is, at the marginal stability, [9]. Therefore, it can 
be written that: 
 

 
0.50.52hi E CtR S mG G  
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where λi is the perturbation wavelength for the marginal stability, 

E - specific surface free energy, S entropy of fusion, m - slope 
of the liquidus line, GC - solute concentration gradient at a 
columnar dendrite / cell tip, G - thermal gradient at a columnar 
dendrite / cell tip. 

Additionally, it is justified to admit that theoretically 
predicted tip radius and experimentally estimated tip radius are 

equal to each other, expth RR R 
. Eq. (3) yields: 

 

  
*

*0
0* *
/ 1 1L

L

L S

C C
C C k

C C


     


 

(4) 

 

with 
* *

S LC kC
, at the s/l interface, Fig. 3. Thus, Eq. (2) gives: 
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Then, Eq. (3) transforms into: 
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where,
  */ 1 /C C LG dC dz v k C D   

. Let admit, (Eq. (3)) that:  
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Considering the l.h.s. of Eq. (7), only, it can be written: 
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Coming back to Eq. (7) it can be transformed into: 
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After some rearrangements, Eq. (8) becomes: 
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(9) 

 
with D - diffusion coefficient, k - partition ratio. 

Eq. (9) presents the simplified Growth Law for the R  - tip 

radius formation at a given solidification rate, C (stationary 

growth of columnar structure). It forecasts the R  - tip radius of 

columnar grain when a given solidification rate, S = C, and 
thermal gradient, G, are imposed upon the system and C0 - 
nominal solute content is known.  

The developed Growth Law, (Eq. (9), predicts the R  - tip 
radius not only for the columnar cells growing in the state of the 
marginal stability but the tip radius for columnar dendrites as 
well, Fig. 4. 

Eq. (9) means that at a given vertical rate of the ingot 
displacement along the crystallizer, the resulting growth rate of 

columnar structure, S = C, and a given thermal gradient at the s/l 
interface, G, with the imposed nominal Zn - solute concentration 
in the brass, C0, the one and only one resultant tip radius (also size 
of the grain) can be expected in the ingot morphology.  

 

 
Fig. 4. Definition of the tip radius for columnar dendrites growth 
(R is the radius of the circle inscribed into the dendrite /cell tip 
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2.3. Role of the Thermal Peclet Number in a 

continuous casting of the brass ingot 
 

The Thermal Peclet Number is useful in modeling of heat 
transfer in the system for continuous casting, [10-12]. The 
suggested definition of this Number adapted to the analyzed 
technology, Fig. 5, is as follows: 
 

cr
T

u R
Pe

a




 
(10) 

 

where,  is the coefficient of heat diffusion, u - rate of the ingot 

displacement in crystallizer, Rcr - inner radius of crystallizer. 

q

g

R

r2
max
x

H

q

STT

0
T

crystallizer

solid metal

solidification
 front

cooling
water

contact layer
liquid
metal

 
Fig. 5. Model of the system for the continuous casting of brass 

ingots as shown in the x, r - coordinates; TS, TL- solidus, liquidus 
isotherm temperature, respectively; T0- crystallizer average 

temperature; g  - gravity; q  - heat flow 
 

The energy balance for the above system, Fig. 5, is already 
well described in the literature, [13]. It equates the instantaneous 
latent heat output and the heat released from the liquid flowing to 
the currently solidified solid shell across the contact layer, Fig. 5.  

Its modified version, adapted to the scheme shown in Fig. 5, 
is as follows: 
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(11) 

 

with,  - heat transfer coefficient between liquid metal and solid 

shell;  - density of the liquid; L - latent heat; K - parameter 
responsible for the heat flux reduction caused by the mushy zone; 
Rin- total radius of the ingot; r, x - coordinate system; TW- 
crystallizer surface temperature; Tin- ingot surface temperature. 

The mentioned energy balance allows to reformulate adequate 
definitions of other Numbers adaptable to the continuous casting 
of the brass ingot which govern the solidification. There are: 

 
a) Stefan Number which defines the ratio of sensible heat to latent 
heat, 

 

 0Fc T T
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(12) 

 
b) Fourier Number which defines the ratio of diffusive transport 
rate to storage rate,  
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c) Biot Number which defines heat transfer resistances inside an 
ingot and contact layer to heat transfer resistances on a contact 
layer surface, 
 

0 0

1

crBi R






 
(14a) 

 
d) Biot Number which defines heat transfer resistance inside a 
contact layer to heat transfer resistance on the contact layer 
surface, 
 

1

con lay con crBi R






 

(14b) 

 
with, c - specific heat of the liquid brass; t - time, λ - coefficient of 

thermal conductivity; TFTL - in first approximation; 0 - 
coefficient of the heat transfer between crystallizer and cooling 

water; con - coefficient of the heat transfer across the contact 
layer’s air , Fig. 5. 

The application of the above Numbers to the simulation of the 
continuous casting of the brass ingots allowed to predict the shape 
of the s/l interface in the x, r - coordinate system, Fig. 6. 
 

 
Fig. 6. Solid / liquid interface situation for different rates of the 

vertical displacement of a brass ingot in the crystallizer 
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The PeT =7.53 for u=0.005 [m/s], PeT =12.05 for u=0.008 
[m/s], and PeT =15.06 for u=0.010 [m/s], Eq. (10). 

 
Some different structural zones observed in the steel static 

ingots, [1], [14], can also be revealed in the continuously cast 
ingots, [15]. Particularly, the shape of columnar crystals is 
significant, [16], [17], since this structure is dominant in the 
ingot’s morphology, Fig. 2.  

However, the current method of solidification simulation for 
the continuous casting of ingots is not able to forecast precisely 
structural zones’ in the continuously brass ingot, Fig. 6.  

 
 

3. Concluding remarks 
 

The description of a static steel ingot solidification illustrated 
by the behavior of the velocity of liquidus isotherm movement, 
Fig. 1, proves that the CET transformation occurs during the 
R R

E Ct t
 - period of time:.  

Some structural observations suggest that the CET is a sharp 
transformation when analyzing the continuous casting of ingots, 
Fig. 7.  
 

 
Fig. 7. Structural zones in the continuously cast brass ingot: FC – 
fine columnar, C – columnar, E – equiaxed structure; SC – single 

crystal (core) situated axially along the ingot 

 

Some estimations of the expR
- tip radius of columnar structure 

(half the width of columnar grains) allowed for calculating the 
Structural Peclet Number, Eq. (1) when the velocity of the ingot 
movement along the crystallizer is known (supported by the 

estimation of the C(u)).  
The Growth Law for the dominant columnar structure 

formation has been developed with the application of the marginal 
stability criterion and for the Structural Peclet Numbers less than 
unity, Eq. (9). 

Moreover, the analogous Growth Law can also be obtained 
for the Structural Peclet Numbers greater than unity using the 
presented method of the Growth Law formulation. In this case, a 
proper Ivantsov’s function developed until the third term is to be 
applied .  

The model for heat transfer during continuous casting of the 
brass ingots has been formulated, Fig. 5, with the use of the 

Thermal Peclet Number, Eq. (10). The contact layer (air gap 
between ingot and crystallizer) plays essential role in the model. 

The values of the Thermal Peclet Number in function of the 
velocity of the ingot displacement along the crystallizer PeT(u) 
can be estimated due to the model application. 

The model did not allow to calculate the velocity of the 
liquidus isotherm movement in function of time (on analogy of 
Fig. 1).  

However, the position of the s/l interface in the moving brass 
ingot can be presented, Fig. 6.  

Moreover, it can be concluded, in the first approximation, that 
the points of inflection of the presented s/l interface shapes are 
responsible for the CET transformation, Fig. 8.  

The points of inflection, visible in Fig. 8, are connected by the 
dotted line which intersects the calculated shapes of the s/l 
interface.  

The intersections of this line with the calculated shapes allow 
to emphasize, intuitively, that the CET transformation appears at 
the greater ingot radius (later in time) when the u - velocity of 
ingot displacement (and resultant rate of s/l interface movement) 
increases.  

 

 
Fig. 8. Localization of the points of inflection (hypothetical 
localization of the sharp CET) r=0 defines the ingot surface, 
r=0.15 is connected with the ingot axis; r - distance from the 

ingot surface (directed to the ingot axis of symmetry) 

 

The shape of the s/l interface is ending sharply at the ingot 
axis, Fig 8. It means that the current, simplified model, Fig. 5, Eq. 

(11) is not able to predict the formation of the SC - single crystal 
(core) situated axially as that revealed on the longitudinal section 

of the brass ingot, Fig. 7. In this case, the interpretation of 

temperature field behavior in function of the S  velocity could be 

employed, [18]. 
Therefore, the more sophisticated model, [19], could replace 

the current considerations, in the near future. However, the 
suggested model is to be modified in order to be adaptable to the 
continuous casting of the brass ingots. In this case, the air gap 
should also be taken into account in the simulation, that is, some 
boundary conditions connected with this air gap are to be 
introduced into the mathematical description of the brass ingots 
solidification. 
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Additionally, the analysis of the thermal gradient changes 
during solidification of the continuously cast ingot is necessary to 
determine the CET transformation, [20]. 

 
 

Acknowledgements 
 
The support was provided by the National Center for 

Research and Development under Grant No. PBS3/A5/52/2015. 
 

 

References 
 

[1] Wołczyński, W. (2016). Large Steel Ingots: Microstructure 

Mathematical Modeling. In Taylor & Francis; R. Colas, G.E. 

Totten (Eds.). The Encyclopedia of Iron, Steel, and Their 

Alloys (pp. 1910-1924). Boca Raton-London-New York. 

[2] Hunt, J.D. (1984). Steady State Columnar / Equiaxed Growth 

of Dendrites and Eutectics. Materials Science and 

Engineering. 65, 75-83. 

[3] Alexandrova, I.V., Alexandrov, D.V., Aseev, D.L. & 

Bulitcheva, S.V. (2009). Mushy layer formation during 

solidification of binary alloys from a cooled wall: the role of 

boundary conditions. Acta Physica Polonica A. 115, 6-9. 

[4] Wołczyński, W., Lipnicki, Z., Bydałek, A.W., & Ivanova, 

A.A. (2016). Structural zones in large static ingots. Forecasts 

for continuously cast brass ingot. Archives of Foundry 

Engineering. 16(3), 141-146.  

[5] Trivedi, R. (1980). Theory of dendritic growth during the 

directional solidification of binary alloys. Journal of Crystal 

Growth. 49, 219-232. 

[6] Ivantsov, G.P. (1947). Temperature field around spherical, 

cylindrical, and needle-shaped of crystals which grow in 

supercooled melt. Doklady Akademii Nauk SSSR. 58, 567-72.  

[7] Kurz, W., Fisher, D.J. (1984). Fundamentals of 

solidification. (fourth revised ed.). Uetikon-Zuerich: Trans. 

Tech. Publ. 

[8] Caroli, B., Caroli, C. & Roulet, B. (1986).The Mullins – 

Sekerka instability in directional solidification of thin 

samples. Journal of Crystal Growth. 76, 31-49. 

[9] Langer, J.S. & Muller-Krumbhaar, H. (1977). Stability 

effects in dendritic crystal growth. Journal of Crystal 

Growth. 42, 11-14. 

[10] Majchrzak, E., Mochnacki, B., Dziewoński, M. & Jasiński, 

M. (2008). Identification of boundary heat flux on the 

continuous casting surface. Archives of Foundry 

Engineering. 8(4), 105-110. 

[11] Telejko, T., Malinowski, Z. & Rywotycki, M. (2009). 

Analysis of heat transfer and fluid flow in continuous  steel 

casting. Archives of Metallurgy and Materials. 54, 837-844. 

[12] Lipnicki, Z. & Weigand, B. (2011). Influence of thermal 

boundary layer on the contact layer between liquid and a 

cold plate in a solidification process. Heat and Mass 

Transfer. 47, 1629-1635. 

[13] Lipnicki, Z. & Pantoł, K. (2015). Role of a continuous 

casting forms on the shape of the solidified crust. Archives of 

Metallurgy and Materials. 60(4), 2553-2557. 

[14] Konozsy, L., Ishmurzin, A., Grasser, M., Wu, M.H., Ludwig, 

A., Tanzer, R, & Schutzenhofer, W. (2010). Columnar to 

equiaxed transition during ingot casting using ternary alloy 

composition. Materials Science Forum. 649, 349-354. 

[15] Lorbiecka, A., & Sarler, B. (2010). A sensitivity study of 

grain growth model for prediction of ECT/CET 

transformations in continuous steel casting. Materials 

Science Forum. 649, 373-378. 

[16] Szajnar, J. (2004). The columnar crystals shape and castings 

structure cast in magnetic field. Journal of Materials 

Processing Technology. 157/158, 761-764. 

[17] Burbelko, A., Falkus, J., Kapturkiewicz, W., Sołek, K., 

Drożdż, P., & Wróbel, M. (2012). Modeling of the grain 

structure formation in the steel continuous ingot by CAFE 

method. Archives of Metallurgy and Materials. 57, 379-384.  

[18] Umeda, T. (1997). Heat, mass and microstructure simulation 

of continuous casting. Proceedings of 7th International 

Symposium on Physical Simulation, 3-7 May 1997, 64-75, 

Tsukuba – Japan. 

[19] Ivanova, A.A. (2009). Dinamika tiemperaturnych gradientow 

nieprerywnolitogo slitka. Metallurgicheskije Processy i 

Oborudovanije. 2(16), 7-12 (in Russian). 

[20] Gandin, Ch.A., (2000). From constrained to unconstrained 

growth during directional solidification. Acta Materialia. 48, 

2483-2501. 

 

                                                 


