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Abstract

Mathematical modeling of thermal processes combined with the reversible phase transitions of type: solid phase — liquid phase leads to
formulation of the parabolic or elliptic moving boundary problem. Solution of such defined problem requires, most often, to use some
sophisticated numerical techniques and far advanced mathematical tools. The paper presents an analytic-numerical method, especially
attractive from the engineer’s point of view, applied for finding the approximate solutions of the selected class of problems which can be
reduced to the one-phase solidification problem of a plate with the unknown a priori, varying in time boundary of the region in which the
solution is sought. Proposed method is based on the known formalism of initial expansion of a sought function, describing the field of
temperature, into the power series, some coefficients of which are determined with the aid of boundary conditions, and on the
approximation of a function defining the freezing front location with the broken line, parameters of which are determined numerically. The
method represents a combination of the analytical and numerical techniques and seems to be an effective and relatively easy in using tool
for solving problems of considered kind.

Keywords: Application of information technology to the foundry industry, Solidification process, Numerical techniques, Moving
boundary problem

. serious damage of the continuous casting equipment. From the

1. Introduction other hand, too fast increase of the skin is connected with the

excessive drop of temperature on its cross-section which may
cause the high thermal tension leading to the ingot cracking.

Taking these facts into account we will consider the flat ingot

of the rectangular cuboid shape, produced in the vertical

continuous casting equipment with the constant ingot forming

velocity. Dimensions of its cross-section sides 2% and 2§ (2% —

important parameter for the considered technology which is the thl_Ckl‘lCSS_Of ﬂ,le Ingot, 3}' — width of'the ingot) Sa,tl,SfY copdltlon
location of freezing front determining the thickness of solidified iz = 2y Th1§ assun?ptlon'enables.to ‘{hSCUS? the solidifying ingot as
layer (thickness of the ingot skin). Too fast either too slow an axisymmetrical 2-dimensional object in which the thermal processes
increase of the solidified layer is unacceptable. If the skin of take place in the surface of thermal symmetry (see Figure 1).

solidified ingot leaving the casting mould will be too thin then it

can break and the liquid metal can leak which may cause a very

Designing of the technology for producing the ingots in
course of continuous casting process appears to be a complicated
and multistage problem. One of the most important factors
determining the quality of continuous ingot, which can serve as
a measure of effectiveness of the designed technology, is the field
of temperature in the solidifying metal volume defined by an
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Fig. 1. The modeled area

If we assume simultaneously that the ingot is produced from
the metal solidifying in constant temperature T~ and in such
temperature is poured into the casting mould, then in the course of
non-failure working of the continuous casting equipment the
pseudo-steady temperature field in the solidified part of the ingot of
length Z is generated which, in the coordinate system oriented in
space like in Figure 1, is described by means of the equation

ar _ (31:r air
v -a Ax* + az®

~ ), plz)<x<f 0<z=<§ (€8]

where T = T'{x, £) denotes the temperature, 1 refers to the velocity
vector coordinate in the direction of ingot forming, « is the thermal
diffusivity coefficient and g(z]) denotes a function describing the
freezing front location

p(z) =% —§(2). @)

where £{z) denotes the ingot skin thickness (thickness of the
solidified layer) variable on the ingot length and

E(D) = 0. ©)

In view of taken assumptions equation (1) is complemented by the
boundary conditions on the freezing front

Angrad 1"|_.(=.\.,_,,:‘..,:I = ¥Rl 0z =5 “
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Tlicgs =T" 0=z=3 )

where n denotes the directed outside unitary vector normal to the
freezing front, and by one of the conditions defined on the ingot
surface

Tlper=f, 0xz=2 (©6)

or

—AE—T| = z<E 7
axx=f—q,|:|{z._z. 7

or, relatively
4 BT - .
_Aalxﬂr =a(T|pee—T=), 0<z<5E @)

In the last equations symbols T, 4, ¥ and & denote, in turn, the
ambient temperature, thermal conductivity coefficient, metal
density and latent heat. Whereas, elements = f(z), g = g(z),
@ = x(z) and v, = 1,(=) define, respectively, temperature of the
ingot surface, distribution of the heat flux, distribution of the heat
transfer coefficient and coordinate of the velocity vector of the
freezing front moving in direction normal to this front.

Equation (1) can be simplified if the ingot is produced from
the material with the low value of thermal conductivity
coefficient. It is because, in this case, the thermal conductivity in
direction of the ingot forming is usually small, therefore it can be

neglected [1]. Taking it into account, the term :—: in equation (1)
can be ignored. In result, in place of elliptic equation (1) we receive

the parabolic equation

ar air
r—=g— ) = = =
3z O PE)<x<i 0<z=3 ©

in which the variable z plays the role of time. Whereas, the
boundary condition (4) on the freezing front takes the form

_A:_ilx=¢||:zj = VRV, 0=z = E (10)
2. Method of solution

Mathematical modeling of thermal processes combined with
the reversible phase transitions of type: liquid phase — solid phase
leads to the moving boundary problems which takes place in this
case as well. Solving of such determined problem requires to use
the appropriate numerical techniques [2-8] or approaches
applying, very modern in recent times, genetic algorithms [9] or
algorithms of artificial intelligence [10]. In the current paper we
present the approximate analytic-numerical method, especially
attractive from the engineer’s point of view. Proposed method is
based on the known formalism of initial expansion of the sought
function, describing the field of temperature, into the power
series, some number of coefficients of which is determined with
the aid of boundary conditions, and on the approximation of
function defining the freezing front location by means of the
broken line, parameters of which are numerically determined.
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As we have previously mentioned, method of solving such
formulated problem is based, in the first step, on the proper presentation
of the function representing the expected solution in the form of power
series, similarly as it was done in papers [11-16]. In considered case the
series is of the following form

Flxs) = ZAI }Lx x+fl }:'.' (an

where A4;(z) denote the unknown, dependent on variable z
functional coefficients. In case of the elliptic problem we
determine these coefficients by using equation (1), condition (5)
and the transformed condition (4) which can be written in form

‘1‘(%|x=iﬂ[zj_:pr(¢:] ‘|r .,am]

Whereas, in case of the parabolic problem we use equation (9)
and conditions (5) and (10) on the freezing front.

From the assumed form (11) of the sought solution and from
relation (2) it results that

vevg'(Z), 0=z =5 (12)

&_T_Z-: s () x— -1'+":}}

dx 4 i (13)
i
T _ - T+ f
&Fr - AL x—E+E(=)F
dx? _Z i! ! 15
T N i s
= :ZLA;'I\E}+ZA';“Ls}{'l\s}+A;_,LE}§“LE}+
i (16)

e ey x— 4 E2))E
+4,..(5) I,_.f'kz}}lz}f'}.

By substituting the properly received formulas into equation (1)
we obtain

+ &
FZ'::A_:':E} + A, (=) 2}1[—"}} =

imz

il

(2 +a(=2+24", (8= + a7

4., (DE D)+ 4 () T D)

Whereas, by substituting the same formulas into equation (9) we
get the relation

e (4 + 4 DE@)
o (18)
F 2
_ Z N }L}?’

il

[}
"
|
Ll
L3
]
O
b

Comparing the terms situated on the both sides of equations (17)

[x-E+E(2)) .
— i =01.2...,

0 3 we have

and (18) preceding expressions
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rzI:AE"':z]'+ZA"[+-_':z}f"l:z]'+A[+-_l:z}rf"'":z}+
+A[+1Ez}[1+[§'[3}]1}‘:|: (19)
=uI:AEI:z}+Ai+L|:z}E'I:z}}, i=0,1,2,...

for the elliptic problem and
v(4(2) + Ap, 1 (DE'(@) = Ghg,a(2) P= 0,12, (20)
for the parabolic problem.

In case of the elliptic problem, conditions (5), (12) and (2)
imply that

Ay(z)=T" (21

4, = —M. 22)

Al =)+

Having coefficients A4y(z) and A4,(z) we can, by using
formula (19), determine the remaining coefficients A4;(z],
i=234,..Weget

2P 2 o e T g oF e o s T Ty
> | Al Sl (206 (2 | —a &y () F 24 1 (206 (2 Sl (206 (2 )
Apalz) = : L (23)

a[2=[£'@)7)

i =0,1.2...

From the obtained formulas for coefficients 4;(z), i = 0,1.2...,
we can conclude that all the coefficients 4;(z), i = 1.2.3,..,
except coefficient 4,(z), depend on the still unknown function
£(z), its derivatives and powers of those derivatives. One can try
to determine analytically this function by using one of conditions
(6), (7) or (8). In particular, for condition (6) we receive

NP6

D ) ":} = flz) 24)
i

However, equation (24) is so much complicated that

determination of function Zi{z) with the aid of this equation is
possible only in case of its certain simplification. In particular, by
taking only two first terms of the series in relation (24) we obtain
differential equation of the form

YHEE I‘z‘lfl"‘"l

T _
Al =240

= f(2). (25)

Since function £(z] is increasing by assumption, after simple
transformations it results from relation (25) that

rpoy _ e ) Tl P a3 (F (2) TP
{2 = 2A(T"— F(=))

(26)

Unfortunately, an analytic solution of equation (26) is not possible
for arbitrarily given function f{z].

Problem of determining function £{z} is even more
complicated if we consider the boundary conditions of second and
third kind ((7) and (8), respectively). For finding analytic solution
in these cases, similar necessary simplifications must be made.

For example, considering condition (7) of the second kind we
get the equation
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A, (D)
-4 Z —— =4l2) @7

it

By taking only one term (the first one) of the series in
relation (27) we obtain

e
pro gzl
(Elzh3en q(z)- (28)

Hence, after simple transformations the following equation results

yre+ () —40g(z))*
é—f(z) — 3y J A )
zqi(=)

29

Equation (29), similarly as equation (26), will have the explicit
solution only if function g(z] will have the appropriate form.

Similar relations can be received while considering the
parabolic equation. In this case, conditions (5), (10) and (2) imply
that

Ay(z)=T" (30)
4@ =-CFrG). (1))

Analogically as in previous case, by having the coefficients
Agi) and 4,(z) we can calculate the remaining coefficients
A;(2), i = 2,34,..., by using formula (20). We obtain

Aa@ = (4@ + 4, @FR). i=012.. (32

Also in here, all the coefficients A4z}, = 1.2.3...., except
coefficient 4,(=], depend on the still unknown function £z}, its
derivatives and powers of those derivatives.

Whereas the equations connecting function £{z) with the
functions defining the heat transfer on the ingot surface remain
unchanged with accuracy to coefficients 4;(z), i =1,2.3,.. In
particular we get

Zﬂal:z} ‘*‘f'} =fl=) (33)

i
for boundary condition (6) of the first kind,

o A, (2)E)Y
A Z S = o) (34)

for boundary condition (7) of the second kind and

2l il
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of function £(z) by using these equations is possible only with
some limitations and by applying appropriate simplifications.

In particular, by taking only three first terms in the series from
relation (33) we get

Ag(z) + A, (2)E(2) + T A(2)E () = (). (36)

Hence, by using formulas (30)-(32) we obtain the following
differential equation

~ g L

By solving this equation, on the assumption of satisfying
condition (3), finally we receive

£z =
2 =f ] .3 ) “ gl
|E'|D \|[a*]rx_.l + 2adyx(T —f(r]]—; dr.

~ 00 L™

In spite of the fact that in some cases, like for example when
T =T" = constans, 0 <z < Z, we can receive from equation
(38) very simple formula

£(z) =

| 2 | 23 “ ] g
e \Il::a‘}-'h’_,l“ + 2adye(T —-T)— <=
N /

~ O L™~

in general case relation (38) is not very suitable since we are not
always able to calculate the integral appearing in this relation.

Approximate solution of this problem, as well as of the other
problems, can be obtained with no difficulties if we assume that
function defining the freezing front location is approximated by
the broken line (Figure 2), it means

for boundary condition (8) of the third kind. plz) =% — ?[ =4 (40)
Similarly as in case of the elliptic problem, the received

equations are so much complicated that the analytic determination where
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S
i) =x+mi{z— 2} z€(Zpzp4) j= 002, (1)
and we have
zp=10, gy >z j=012.. (42)
and
=0, %= m.-_,_(zj- — ;. ,_) + %y j= 133, (43)
where parameters my, =012, will be determined
numerically.
0 X=Xyl X—X3 Tx51 x -
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Fig. 2. Approximation of the function describing the freezing
front location

Taken assumption implies that F(z) = E[z], thus
F(z)=m; z€(gpZ54h j=012.. (44)

From formulas (21), (22) and relation (23) we get

Ag(2)=T" z€(zpz54h =012, (45)
Az =—"" ze(zaz,) f=0.1.2... 46
@=L se ) =012 W
. LT
A[+:|::E.'__I = m. ZE (Zj-_. zj'+l}-' (47)

i =012, j= 0,12

which means that function (11) describing the temperature field in
the solid state can be presented in form

% %

i ) ] sy x—F ez mmy(z-z, )]
Tix,z) =T _%(Ecp (bm_]r Foxpimy[z-z) J—iJ, @8)

:1|_m_1—1_:

2 € (ZpZjqh j= 0120
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It can be easily verified that function (48) satisfies conditions (4)
and (5) and its unknown elements are only parameters w1,
j=0.12..., for calculation of which one of the boundary
conditions (6)-(8) will be used.

If we demand that for each z.;. j=0.LZ..., one of the
boundary conditions (6), (7) or (8) is satisfied, we receive the
equation enabling to determine the sought parameters. In
particular, by applying condition (6) we have

. e FES vy xypemy [z -] ) a
flga) =15 (exp (—-—*n[m}_i.:: }-1). (49)
j=012..

By proceeding in similar way we can also determine the forms of
function defining the freezing front location for the conditions of
second (7) and third (8) kind. In particular, for condition (7) of the
second kind we have

; . 1
¥HE M vm; |...'|:_. +milz i)

q{zj+1} S ( . (50)
""l . F.

a I:m._.:—IZI

j=0.1.2,..,
whereas, for condition (8) of the third kind we get

wm x4+ mgl 5., — 5;)0)

yEvrm; f
m 41 = ( a(m? +1) J -
= aI:{,-_iji: r'—r’“—};i
(g rma-m)) )
i=0.1.2 '

For each of the conditions (6)-(8) parameters m;, ] =0,1.2,.., are
described by means of equations which cannot be solved
analytically. Equations (49)-(51) can be solved by applying one of
the many methods for approximate determination of the roots of
nonlinear equations.

3. Example

In paper [16] the usefulness of described method is showed on
theoretical examples in which the reconstructed, variable on the
ingot length, thickness of the ingot skin f(z) was defined by
linear or nonlinear relation. Now let us present the real example.

Let us assume that in the vertical continuous casting
equipment a plate of thickness 2% = 0,2 [m] is casted. Material of
the plate is characterized by the following parameters: density
y=7000 [kg/m’], thermal conductivity coefficient A=25 [W/mK],
latent heat x = 247 [kJ/kg], solidification temperature 7"=1500
[K], ambient temperature T =320 [K], velocity vector
coordinate in the direction of ingot forming 1 = 0,8 [m/min] and
the heat transfer with environment is defined by means of
boundary condition of the third kind (8), where
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T
1500, 0=z =0.5
1000, De=z=1.4
() =4 500, l4=z=3.4 (52)
s500, Jd==z= 74
200, 7=z =17.

Moreover, let us assume that we consider the process of ingot
solidification until the moment in which the ingot reaches the
length % = vt* = 17 [m].

Another important parameter is the discretization density of
variable z. In this paper we take that considered interval {0,z*} is
evenly divided into m sections of length Az = z*/m which means
j =jhz, j=0,1.2,...m.

The main object examined in testing calculations is the
precision of reconstruction of function F{z] describing the
thickness of solidified layer variable in time. In considered
example we investigate the elliptic and parabolic problem, as well
as, in order to compare the results, the method presented in
paper [15]. Reconstruction of function ¥(z] obtained by applying
the elliptic and parabolic problem, as well as the method
presented in [15], is displayed in Figure 3. One can observe that
all the reconstructions almost cover.

oo - L

Q0L e

5 10 — I llf —

Fig. 3. Reconstruction of function £(z], describing the thickness of
solidified layer for the third kind boundary condition obtained in
the elliptic problem (), parabolic problem (*) and method from

paper [15] (e)

4. Conclusions

The paper presents the approximate analytic-numerical
method of solving the selected kind of problems which can be
reduced to the one-phase solidification problem of a plate with the
unknown a priori, varying in time boundary of the region in which
the solution is sought. Proposed method is based on the expansion
of the sought function, describing the temperature field, into the
power series, some coefficients of which are determined by using
the boundary conditions, and on the approximation of function
defining the freezing front location with the broken line,
parameters of which are determined numerically. Numerical

www.czasopisma.pan.pl P N www.journals.pan.pl

verification of elaborated method confirms its efficiency in
solving the elliptic as well as the parabolic problem.
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