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Abstract: Conditions for the positivity of linear electrical circuits composed of resis-
tances, coils, capacitors and voltage (current) sources are established. It is shown that:
1) the electrical circuit composed of resistors, coils and voltage source is positive for any
values of their resistances, inductances and source voltages if and only if the number of
coils is less or equal to the number of its linearly independent meshes, 2) the electrical
circuit is not positive for any values of its resistances, capacitances and source voltages if
each its branch contains resistor, capacitor and voltage source, 3) the positive n-meshes
electrical circuit with only one inductance in each linearly independent mesh is reachable
if all resistances of branches belonging to two linearly independent meshes are zero.
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1. Introduction

A dynamical system is called positive if its trajectory starting from any nonnegative initial
state remains forever in the positive orthant for all nonnegative inputs. An overview of state of
the art in positive theory is given in the monographs [2, 5]. Variety of models having positive
behavior can be found in engineering, economics, social sciences, biology and medicine, etc.

The notion of controllability and observability and the decomposition of linear systems
have been introduced by Kalman [8, 9]. These notions are the basic concepts of the modern
control theory [1, 4, 7, 10, 11]. They have been also extended to positive linear systems [2, 5].
The decomposition of the pair (4, B) and (4, C) of the positive discrete-time linear system has
been addressed in [3].

The reachability of linear systems is closely related to the controllability of the systems.
Specially for positive linear systems the conditions for the controllability are much stronger

“This is revised version of a paper which was originally presented as a conference contribution at the 16th
Scientific Conference Computer applications in electrical engineering under the auspices of Electrical
Engineering Committee of Polish Academy of Sciences and IEEE, Poznan, 11-13 April, 2011).
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than for the reachability [5]. Tests for the reachability and controllability of standard and
positive linear systems are given in [5, 6].

In this paper the necessary and sufficient conditions for the positivity of linear electrical
circuits composed of resistances, coils, capacitors and voltage (current) sources will be esta-
blished. The conditions for the reachability of the positive electrical circuits will be also given.

The paper is organized as follows. In Section 2 the conditions for the positivity of R, L, e
type electrical circuits are established. Similar problem for R, C, e type electrical circuits is
discussed in Section 3. The reachability of the positive electrical circuits is analyzed in
Section 4. Concluding remarks are given in Section 5.

The following notation will be used: R — the set of real numbers, R — the set of
nxm real matrices, RY™ — the set of nxm matrices with nonnegative entries and
R = Tl, M, — the set of nxn Metzler matrices (real matrices with nonnegative off-
diagonal entries), /, —the nxn identity matrix.

2. Positive R, L, e electrical circuits

Consider the linear continuous-time system described by the state equations

x(t) = Ax(t) + Bu(t)
2.1)
¥(#) = Cx(2) + Du(t),

where x() e R”, u(t) e R, y(t) e R? are the state, input and output vectors and 4 € R"™",
BeR™ CeRP", DeRP",

Definition 2.1. [2, 5] The system (2.1.) is called (internally) positive if for any x(0)=
=x9 € R} and every u(¢) € RY, 1 >0 we have x(¢) e R and y(r) e RY, t20.

Theorem 2.1. [2, 5] The system (1) is positive if and only if
AeM,, BeRI", CeRP" DeRP™, (2.2)

It is well-known [1, 4, 7, 10, 11] that any linear electrical circuit composed of resistances,
inductances, capacitances and voltage (current) sources can be described by the state equations
(2.1). Usually as the state variables x;(¢), ..., x,(¢) (the components of the state vector x(¢))
the currents in the coils and voltages on the capacitances are chosen.

Definition 2.2. An electrical circuit is called (internally) positive if its matrices 4, B, C, D
satisfy the conditions (2.2).

In this section the necessary and sufficient conditions will be established under which an
electrical circuit is a positive one.

Example 2.1. Consider the electrical circuit shown on Figure 1 with given resistances
Ry, k=1,..,8, inductances L;,L, and source voltages e;3,e4,eg.

Denote by i, k=1,...,4 the mesh currents and by ey, k=1,...,4 the mesh source
voltages. Using the mesh method we obtain the following equations



www.czasopisma.pan.pl P N www.journals.pan.pl

N

Vol. 60(2011) Positive electrical circuits and their reachability 285
di
L % =—Ritii +Riziz + Rigis +epq
(2.3a)
dip . . .
L, e =Ry ip + Ro3 i3 + Rog s,

0=R3101 + Rz iy — R33 i3 +e33

(2.3b)
O=Rsy1i1 +Rapir —Rysis +esq,
where
Ry =R +R3+R7, Ri3=R31 =R7, Riy=R4y =Rs,
Ry =Ry +Rs +Rs, Ry3 =Rz =Rg, Rog =Rsp =Rs,
(2.3¢)
R3y3 =Rs+ Ry +Rg, Ryqg =R3+ R4 +Rs,
e =e3, e3 =eg, €44 =e4—e3.
R, R
A
g ) RE n)e®
C W\I Fig. 1. Electrical circuit
e, R3 Rs
R4§ i4> ng iz) ng
()
N>, AN
e, R,
From (2.3b) we have
BB=—(R31ii +Rynip +e33), ig=——(Ra111 +Rapir+eu4). 2.4)
R33 R44
Substitution of (2.4) into (2.3a) yields
L i _ —R'y1ii +R'iy +e'p
dt
(2.5a)
dl . ' . '
22 =R'21ii —R'niy+en,

dt
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where

val = R11 —M — R14R41 s R’lz — R'21 — R13R32 + R14R42

B

R33 Raa R33 Raa
' Ri3 R4
el1=e +——e3 +—euy, (2.5b)
33 Ryy
Ro3Rz;  RoyRy R
R'» =Ry - , €p=—"—e; +——ey
R33 Rug 33 44

If the mesh currents i;,i, are chosen as the state vectors x; =i;, x, =i, then the equations
(2.5a) can be written in the form

4[]
dt L X2 X2 €
where
_Ru R Ly
L L L
A= M 1 B=" 2.6b
Ry Rn 0 L (&%)
L L Ly

From (2.6b) and (2.5b) it follows that 4 is the Metzler matrix. If we choose

. . R
yi = Riit, y2 = Rgis ———e3; 2.7
R33
as the output then
R 0 .
y= B}j =| RgR31 RgR3 [2} (2.8)
Rz Rs3
and
R 0 0 0
C=|RR3y1 RgRy |, D= [O O} . (2.9)
Ra3 R3;

The matrices (2.6b) and (2.9) satisfy the condition (2.2) and by Definition 2.2 the electrical
circuit is positive.

In general case let us consider the n-mesh electrical circuit with some given resistances
Ry, k=1,..,q, inductances Li,..., L. and m-mesh source voltages e;, j=1,..,m. Let
i, ..., iy be the mesh currents of the electrical circuit. Using the mesh method in a similar way
as for the electrical circuit shown on Figure 1 we obtain the equation
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)'Cl _ A11 A12 X1 Bl
[0}_[1421 Azz}[xz}r[Bz}u’ (2102
where
il Ir4l e
X1 = , X2 =| 1 |, U= >
1, in €mm
_Ru R Rir
L L L Ry Rl,n
ﬁ R22 R2 r Ll Ll
A = B , Ap = , (2.10b)
LZZ ILZ . LIZ Rr,r+1 ﬁ
Rl 1 Rr,2 _ Rrr Lr Lr
Lr Lr Lr
Rr+1 1 Rr+1 B - Rr+l,r+1 Rr+l,r+2 Rr+l,n
A21 — ' ' A22 — Rr+?,r+1 _RrJYZ,rJrZ RrTZ,n
Rn,l Rnr : : :
Rn,r+l Rn,r+2 - Rnn
_p _J>0 for i=j
le_le —{20 for li] (2100)
It is well-known [5] that (—42,)™" € R and from (2.10a) we have
x2 = (=A2) " (4a1x1 + Bou) e R"™ for x; e R, and u e R™. @.11)
Substituting (2.11) into
fCl = A11X1 + A12x2 + Blu (2.12)
we obtain
X1 =[An + A (=A42) 7 A 1 +[Br + A (=An) " Bolu = A'vix + Bhu,  (2.13)
where
A= An+ An(—4n) " Ay e M,, B'1= B+ din(-4n) " By e RT™. (2.14)

In what follows it is assumed that by suitable choice of the outputs of the electrical circuit

the matrices C and D have nonnegative entries, i.e.
pxn pxm
CeRY", DeRYT™.

Therefore, the following theorem has been proved.

(2.15)
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Theorem 2.2. The linear electrical circuit composed of resistors, coils and voltage sources
is positive for any values of the resistances, inductances and source voltages if the number of
coils is less or equal to the number of its linearly independent meshes and the direction of the
mesh currents are consistent with the directions of the mesh source voltages.

Example 2.2. Consider the electrical circuit shown on Figure 2 with given resistances
Ry, Ry, R3, inductances L;,L,,L; and source voltages ej,e; .

R, R,
WA MA
L
L T ’ i L z%
1 2 Fig. 2. Electrical circuit
R,
s
€, €,

Note that in this case the number of coils is greater than the number of linearly inde-
pendent meshes. Using the mesh method we obtain the following equations
) . di dip
=R +R)i) —Rsip + (L1 + L3) —— L3 —
1= (R + R3) iy — Rsiz + (Ly S)dt s

ey = —R3i1 +(R2 +R3)i2 +(L2 +L3)%—L3 %

(2.16)

The equations (2.16) can be written in the form
Ly —le} d |:il:| |:_R11 Rz Mh}_[el} 21
— . |= . R 17
[— Ly Ly | grliz Ry — Ry ||i e 2.172)

Rii=Ri+R3, R =Ry =R3, Rpp =R) +Rs3,

where

(2.17b)
Liyn=Li+L3, Lip=Ly =L;3, Ly =L +1Ls.

Note that the inverse matrix

-1
_ L —L 1 L L
I :[ 1 12} _ [ 2 12} )18

—Ly Lyp Li(Ly + L)+ LoLy L L1 Lu (18)

has positive entries.
From (2.17) we have

i[f’l}:A[ﬁ}B[el} (2.19)
dt |2 1) ()
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where
_1| =R R
A= 1[ 11 12 } _
Ry —Rp
_ 1 [— Lr(Ri + R3) — L3Ry LyRs — L3R, } (2.20)
Li(Ly + Ly) + Ly Ls LiRs — L3Ry —Li(Ry + R3)— L3R, '
B=L"eR¥?
Note that the matrix 4 € M, if and only if
L2R3 > L3R2 and L1R3 > L3R1 (2.21)

Therefore, the electrical circuit is positive if and only if 4 € M, i.e. the condition (2.21) is

met.

In general case let us consider the n-mesh electrical circuit with given resistances Ry,
k=1,...,q, inductances Li,..., L, for r 2n and m <n mesh source voltages ¢;, j=1,...,m.
Denote by i, ..., i, the mesh currents. In a similar way as for the electrical circuit shown on

Figure 2 using the mesh method we obtain the equation

i i} e
JEARS IR
dt|i, in | | emm

where
Ly —Lp ... L, -Ri1 R
L=|"La Lo .. -l A= Ry =Ry
- Ln,l - Ln,2 Lnn Rn,l Rn,Z

Note that ~-L e M,,, A'e M, and L' e R},
Premultiplying (2.22a) by L™' we obtain

i i e
4ol ]+B] |,
dt|i, in Cmm

A=L"4, B=L"eR™,

where

The electrical circuit is positive if and only if the matrix L™'4' is a Metzler matrix, i.e.

L'A4eMm,.

(2.22a)
Rl,n
Ron (2.22b)
- jenn
(2.23a)
(2.23b)
(2.24)

By suitable choice of the outputs of the electrical circuit we have (2.15). Therefore, the fol-

lowing theorem has been proved.
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Theorem 2.3. The linear electrical circuit composed of resistors, coils and voltage sources
is positive for » > n if its resistances and inductances satisfy the condition (2.24).

Remark 2.1. In the case r = n if it is possible to choose the » linearly independent meshes
so that the each mesh belongs only one coil. Then the matrix L =diag[L; .. L,] and the
condition (2.24) is met for any values of the resistances and inductances of the electrical circuit.

Remark 2.2. Note that it is impossible to choose the n linearly independent meshes so that
to each mesh belongs only one coil if all branches belonging to the same node contain the
coils. In this case we can eliminate one of the branch currents using the fact that the sum of the
currents in the coils is equal to zero.

From Theorem 2.2 and 2.3 and Remark 2.1 we have the following important theorem.

Theorem 2.4. The linear electrical circuit composed of resistors, coils and voltage sources
is positive for any values of the resistances, inductances and source voltages if and only if the
number of coils is less or equal to the number of its linearly independent meshes and the
directions of the mesh currents are consistent with the directions of the mesh source voltages.

3. Positive R, C, e electrical circuits

Now let us consider the linear electrical circuits composed of resistances (conductances),
capacitances and source voltages.

Example 3.1. Consider the electrical circuit shown on Figure 3 with given resistances
Ri,R,,R; (conductances Gy = Rk_l, k=1,2,3), capacitances C;, C,, C3 and source volta-

ges eg, e, e3.

G,

G

Fig. 3. Electrical circuit

Using the Kirchhoff’s laws we may write the equations

d
oL Gi(er —u; —v)
dt
CzdﬂZGz(ez —Ujp —V) (3.13)
dt
du
C3 =2 =Gs(es —uz —v)

dt
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and
G3(e3 —Uus3 —V)+G1(61 — Ui —V)+ Gz(ez —Up —V) =0. (3.1b)

From (3.1b) we have

. Gi(e —uy) +Ga(es —up) +Gz(es —u3)
G1+G2 +G3 ’

(3.2)

Substitution of (3.2) into (3.1a) yields

d u u (5]
—\uy |=4A|uy |+ B3ler |, (3.32)
dt Uus us e3

where
ail ap  a b b b
Az =|ay axn ax|, Bis=|by by by (3.3b)
as| ax as; by by by
and
_ G1(G2 +G3) _ GG B G1G3
ayn =— s ap = , aA13 = B
Cl(G1+G2 +G3) Cl(G1+Gz +G3) Cl(Gl+G2 +G3)
_ GG, B G2(G1 +G3) _ G,G;
az = , Ay =-— , axy = , (34a)
C2(G1+G2 +G3) Cz(G1+G2 +G3) C2(G]+G2 +G3)
B G1G3 B G,G3 _ G3(G1 +Gy)
as) = s azy = , a3z =— s
C3(G1+G2 +G3) C3(G1+G2 +G3) C3(G1+G2 +G3)
by = G1(G2 +G3) biy = — GGy S G1Gs
Ci(G1+ G, +G3)’ Ci(G1+ G, +G3)’ Ci(G+G> +G3)’
GG G, (G +G G,G
by =~ 12 , bn = 2(G1 +G3) , by =— 273 , (3.4b)
CQ(G1+G2 +G3) CQ(G1+G2 +G3) Cz(Gl+G2 +G3)
by = — G1G; S G2G; \ = G3(G1 +Ga)
C3(G1 + Gy +G3)’ C3(Gi + Gy +G3)’ C3(G1 + Gy +G3)’
Remark 3.1. From (3.4) we have
15 (diag[C; C; C3])43 =0 and 15 (diag[C; C, C3])B; =0, 3.5)

where 17 =[1 1 1].
The equations (3.5) follow from the first Kirchhoff’s law

oo, o dns g (3.6)
dt dt dt
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From (3.3) and (3.4) it follows that the electrical circuit shown on Figure 3 is not positive for
any nonzero its parameters Cy, Gy, k=1, 2, 3 and source voltages e;, k=1,2,3.
The electrical circuit is positive if C3 =0 and e = e, =0. In this case we have

dlw]_ ,[w
di |:u2:| =4 |:u2 + Bres, (3.7a)
where
_lan an _| b3
A2 = |:6121 a22:| S M2 and Bz = l:b23:|. (37]3)

In general case for the linear electrical circuits with n branches we have the following
theorem.

Theorem 3.1. The linear electrical circuit is not positive for any values of its resistances,
capacitances and source voltages if each its branch contains resistance, capacitance and source
voltage.

Proof. From the first Kirchhoff’s law we have (Remark 3.1)
17 (diag[C, ... C,])B=0, (3.8)

where C; is the capacitance of ith (i = 1, ..., n) branch. The equality (3.8) implies that some
entries of the matrix B are negative. Therefore, the electrical circuit is not positive.

Consider the electrical circuit shown on Figure 4 with given resistances Ry, k=0,1,..., n,
capacitances C;, j=1,...,n and source voltages e.

iii

% % % Fig. 4. Electrical circuit

Using the Kirchhoff’s laws we may write the equations

Go(e—V)ZZGj(V—uj) (3.92)
j=1
and
duk
Ck——Gk(v—uk), kzl,...,n. (3.9b)

dt
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From (3.9a) we have
1 n n
:E[GoeJr;Gjuj], G:ZG,-. (3.10)

Substitution of (3.10) into (3.9b) yields

d| " “
—| ¢ |=4| : |+ Be, (3.11a)
dt | u, Uy
where
[ GG-GE GG GG, |
CIG ClG C]G G0G1
GGl GG-G3 G2G,, GG
GG GG _G,G-G; CnG
L GG GG C,G

From (3.11) it follows that 4 e M, and B e R’ . Therefore, the electrical circuit is positive
for all values of the resistances R;, k =0,1,..., n, all values of capacitances C;, j=1,...,n
and source voltage e. The following theorem has been proved.

Theorem 3.2. The electrical circuit shown on Figure 4 is positive for any values of the
resistances Ry, k=0,1,...,n, capacitances C;, j=1,...,n and source voltage e.

Example 3.2. Consider the electrical circuit shown on Figure 5 with given conductances
G, k=1,...,6, capacitances Cj, C, and source voltages e;, es .

iii

% % % Fig. 5. Electrical circuit

Using the Klrchhoff”s laws we may write the equations

duy
C—Gv—u
1= 1(vi —up)

(3.12a)
d
c, &2 = Gr(ex —uy —v3)
dt
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and
G1u1 —(G1 + G3 + G6)V1 + G6V2 + G3V3 =0
Gevi — (G4 + Gs + Gg)vy + G4vz + Ggeq =0 (3.12b)

—Gauy + G3vy + Gyvy —(G2 + G3 +G4)V3 + Garep + Gyey =0.

The equations (3.12) can be rewritten in the form

., G G0 0 w10 o
_[Zl}: G c [2‘1} G e 2+ 82 ¢ [22} (3.13a)
dt [ U2 0 L2 2 0 0 _ G Vs C, 4
Cz 2
and
Vi G 0 " 0 0,
Glv|=—| 0 0 [ 1}— 0 Gy [2} (3.13b)
V3 0 GZ 2 G2 G4 €4
where
—(G1 + G35 + Gy) Gs Gs
G= Gg —(G4 +Gs +G6) Gy . (3.14)
G Gy - (Gz +Gs3 + G4)

The matrix G is the Metzler matrix and — G~ € R>*3. From (3.13b) we have

¢ 1 Gl 0 u 1 0 0 e
wml==G"10 0 [ 1}—G‘ 0 Gy [2} (3.15)
V3 0 G, |2 G, Gy |-

Substituting (3.15 into 3.13a we obtain)

ool
dt | U2 [Z5) ey
where
_G 0 G 0 0 G
4= G —|G G'lo o |,
0 _& 0 0 G2 0 -G
L 0} G,
(3.17)
- 1
0 0] |— 0 0 0
B=|G |-G G G-llo Gg}
| Cy 0 0 — 22 G, G,
G
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The electrical circuit is positive if and only if the matrix 4 is the Metzler matrix and the
matrix B has nonnegative entries.

In general case let us consider the electrical circuit composed of ¢ resistances Ry,
k=1,..,q, (conductances Gy), r capacitances C;, i=1,..,r and m source voltages e;
j=1,..,m. Let n be the number of linearly independent nodes of the electrical circuit and
n>r.

In a similar way as in Example 3.2. we may write the equation

d|" “ " °
—| | =4 |+4| : |+Bn| |, (3.18)
dt uy uy Vn €m

where u; is the i-th (i = 1, ..., m) voltage on the capacitor, v; is the voltage of the j-th node (j = 1,
...,n), 4. € R is the diagonal Metzler matrix, 4, € R"" and B,, € R"™".
Using the node method we obtain

V1 up (5]
G| :|==-F|:|-H| : |, (3.19)
Vy Uy en

where G e R™" is a Metzler matrix F € R and H e R"™".
Taking into account that — G~ € R”" from (3.19) we obtain

Vi u €]
S ==G7'F| P |-G'H| . (3.20)
Vi Uy €m

Substitution of (3.20) into (3.18) yields
NI
—| : |=4| : |[+B| : |, (3.21)
dt|u, Uy em

A=A, - A4,G'F, B=B,-A4,G'H. (3.22)

where

The electrical circuit described by the equation (3.16) is positive if and only if (under the
assumption C € RY", D eRY™) the matrix 4 is a Metzler matrix and the matrix B has
nonnegative entries. Therefore, the following theorem has been proved.

Theorem 3.3. The linear electrical circuit composed of ¢ resistors, r capacitors and m
source voltages is positive if and only if » < and

A, - A4,G'FeM,, B,-A,G'HeR™ (3.23)
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4. Reachability of positive electrical circuits

Consider the positive electrical circuit described by the equations (2.1).

Definition 4.1. The positive electrical circuit (2.1) (or the positive pair (4, B)) is called
reachable if for any given final state x, € R’ there exists an input u(r) € R}, for t €[0,1/]
that steers the state of the circuit from zero initial state x(0) =0 to the state x; i.e. x(f7)=xy.

A real square matrix is called monomial if each its row and each its column contains only
one positive entry and the remaining entries are zero.

Theorem 4.1. The positive electrical circuit (2.1) is reachable if the matrix
Ly
Ry = Ie“BBTeATTdr, tr>0 @1
0

is monomial. The input that steers the state of the electrical circuit in time #; from x(0) =0 to
the state x,is given by the formula

T
u(t) = Bl W _’)R}Ixf for te[0,¢/]. 4.2)

The proof is given in [5].

Example 4.1. Consider the electrical circuit shown on Figure 6 with given resistances
R, R, Rs, inductances L;, L, and source voltages e, e; .

R, R,
VWA M
L, § R, L,
Fig. 6. Electrical circuit
i i
oo
€, €,

Using the Kirchhoff’s laws we can write the equations

i
e1 = R3(iy —ix) + Riip + Ly a
dt

(43)

ey =R3(iy —i1) + Roir + Ly %,

which can be written in the form

i[?‘]:A[lﬁ}B[el} (4.42)
dt 2 5] €
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where
_Ri+ R R L 0
_ Ll Ll _ L]
A= B ReeR | B= oo (4.4b)
L, L, Ly

The electrical circuit is positive since the matrix A4 is Metzler matrix and the matrix B has
nonnegative entries.
We shall show that the circuit is reachable if R; =0 and

R
2o
a=| b R (4.5)
0 -z
L,
Taking into account that
R
e .
et =|¢ R (4.6)
0 e b2
from (4.1) we obtain
ZR]
- T
t ty|—=e H 0
T
Ry = IeA’BBTeA fdrzj Li or, AT 4.7)
0 0 0 _effr

I3

The matrix (4.7) is monomial and by Theorem 4.1 the electrical circuit is reachable if
R3 =0.

Now let us consider the n-mesh electrical circuit with given resistances Ry, k=1,...,¢q,
inductances L;, i=1,...,n and m-mesh source voltages e;;, j=1,...,n. Itis assumed that to
each linearly independent mesh belongs only one inductance. In this case the matrix L defined
by (2.22b) is diagonal one and the condition (2.24) is met.

Theorem 4.2. The positive n-meshes electrical circuit with only one inductance in each
linearly independent mesh is reachable if

R!‘/‘ZO for i#j, i,jzl,...,n 4.8)

where R;; are entries of the matrix 4’ defined by (2.22b).

Proof. If the condition (4.8) is met then the Metzler matrix 4’ is diagonal. The matrix L
defined by (2.22b) is also diagonal since by assumption only one inductance belongs to each
linearly independent mesh. In this case the matrix A= LA is diagonal Metzler matrix and
B=L"eR"™ is also diagonal. For diagonal Metzler matrix 4 and diagonal B the matrix
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e"B is also diagonal and the matrix Ry defined by (4.1) is monomial. By Theorem 4.1 the
positive electrical circuit is reachable.

Remark 4.1. The condition (4.8) is met if the resistance of the branch belonging to two
linearly independent meshes is zero. This result is consistent with the one obtained in Example
4.1.

Consider the electrical circuit shown on Figure 7 with given conductances Gy, k =1, 2, 3;
Gi2,Gi3,Gas, capacitances C, k=1, 2,3 and source voltages e;, k=1, 2,3.

G13
AV

GZ3

Vo

RE

\ Fig. 7. Electrical circuit
C3\/ >u3

Using the Kirchhoff’s laws we may write the equations

duk

Ck - = G'k (Vk _uk)s k= 1’ 29 3 (49)
dt
and
Vi G,y O 0 || u G 0 0| ¢
G V2 |=— 0 G'z 0 U [ — 0 G2 0 e |, (4.103)
V3 0 0 G'3 us 0 0 G3 €3
where
-(G1+G"1+G12 +Gi3) G Gis
G= G12 — (Gz + G'z +G12 + G23) G23 (4.10b)
Gi3 Gas —(G3 +G'3+G13 + Gn3)

is a asymptotically stable Metzler matrix.
Taking into account that — G~ € R from (4.10a) we obtain

Vi G 0 0 uj G 0 0| e
wi==G 0 G 0 |w|-G0 G 0|el @.11)
V3 0 0 G5|lus 0 0 Gsles

From (4.9) we have
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_G, 0 Gy o
u G u G v
1 U 1 ' 1
i Uy | = 0 —ﬁ 0 u |+ 0 ﬁ 0 vy . (4.12)
dt us (&) o us 2 o V3
0 0o -= o o =2
L G G

Substitution of (4.11) into (4.12) yields

d u u €]
—|uy |=Aluy |+Bley |, (4.13)
dt | us u3 e

where

1 1 |
G', G -1 G 0. 0
A= 0o -2 o |-lo Z2 o |G' 0 G, 0|,
G G 0 0 G
0 o -G53 o o Y3
L Gl L G |
~ _ (4.14)
o G 0 0
B=-0 22 o0 |G'0 G, 0|
G o 0 0 G
o o -
L G

From (4.14) it follows that the matrix 4 is a Metzler matrix and the matrix B has non-
negative entries. Therefore, the electrical circuit is positive for all values of the conductances,
capacitances and source voltages.

We shall show that the positive electrical circuit shown on Figure 7 is reachable if and only if

G2 =Gi3 =Gy =0. (4.15)

Note that the matrix G defined by (4.10b) is diagonal if and only if the equation (4.15) is met.
In this case we have

-G =diag[(G +G1) T, (G2 +G2) (G +G'3) '] (4.16)

and

12 ' '
%:[L Gk]uk+ Gk Gi k=1,2,3. (4.17)

d |\ GGGy G ) TG e
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Note that the subsystem (4.17) is reachable. Therefore, the positive electrical circuit is
reachable if and only if the condition (4.15) is satisfied.

These considerations can be easily extended to the n-nodes electrical circuits. The con-
siderations can be also extended for the controllability and observability of the electrical
circuits.

5. Concluding remarks

The conditions for the positivity of linear electrical circuits composed of resistances, coils,
capacitors and voltage (current) sources have been established. It has been shown that:

1) The electrical circuits composed of resistors coils and voltage source (shortly called R, L, e
type) are positive for any values of their resistances, inductances and source voltages if and
only if the number of coils is less or equal to the number of its linearly independent meshes
(Theorem 2.4).

2) The electrical circuits composed of resistors, capacitors and voltage source (shortly called
R, C, e type) are not positive for any values of its resistances, capacitances and voltage
sources if each their branch contains resistor capacitor and voltage source (Theorem 3.1).

3) The positive n-meshes electrical circuits with only one coil in each linearly independent
mesh are reachable if all resistances of branches belonging to two linearly independent
meshes are zero.

4) The positive electrical circuit shown on Figure 7 are reachable if and only if the con-
ductances between their nodes are zero (Condition (4.15)).

The consideration have been illustrated by examples of linear electrical circuits.

Some of these results can be also extended for the controllability and observability of the
linear electrical circuit. Open problem are extension of these considerations for the following
classes of the systems:

1) disturbed parameters linear systems,
2) nonlinear electrical circuits.
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