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Abstract. This paper presents an analysis of the properties of pulse width modulator with a single (symmetrical regular sampled PWM) and 
double (asymmetrical regular sampled PWM) control sampling of the input signal (low-frequency control input wave) in presence of a triangular 
auxiliary signal. In this paper, a comparison of the characteristics of these modulators used in the control system with a linear proportional con-
troller is presented. The article provides the relations derived for the maximum amplification of regulators for which the control system operates 
stably. Analysis results have been confirmed by simulation and experimental studies of a commercial active filter installed in an industrial plant.
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Simulation studies show an increase of the critical proportional 
controller gain with symmetrical regular sampled PWM with 
a doubled number of samples in the period of the triangular 
auxiliary signal for which the control system is stable. Also, the 
analysis included in this article demonstrates the possibility of 
increasing the value of the gain of the proportional controller 
in a closed system with asymmetrical regular sampled PWM.

Publications [8–14] devoted to applications in power elec-
tronics systems with the asymmetrical regular sampled PWM 
are not related to control systems with a proportional controller. 
From the point of view of the topics covered in this article, the 
most interesting paper is publication [15]. This paper addresses 
the digital control system with asymmetrical regular sampled 
PWM with different types of controllers, but the issues critical 
to the gain of the proportional controller addressed in the pres-
ent article are not discussed.

One of the objectives of the work presented is to compare 
the dynamic and static properties of the control system with 
a proportional controller and symmetrical regular sampled or 
asymmetrical regular sampled PWM.

Carried out in this article is an analysis taking into account 
the time between the instant of measurement of the controlled 
value and the actual determination of the magnitude of the sam-
pled reference (PWM computation delay [15]).

Control system with proportional controller has non-zero 
value of disturbance error. From the point of view of minimiz-
ing the disturbance errors and the reducing the time of decay of 
transient component of this error advantages of asymmetrical 
regular sampled PWM compared to the symmetrical regular 
sampled PWM manifest themselves only under the condition 
of an appropriately small value of the PWM computation delay.

The article also describes a mechanism allowing for elimina-
tion of the impact of this error on the output current of the APF.

This is a feature of APF with supervisory system of DC link 
voltage which allows the use of output current proportional 
controller.

1.	 Introduction

The use of P-type current regulators in the Active Power Filter 
(APF) not requiring intensive calculations, is particularly attrac-
tive in systems containing non-stationary loads. Other solutions, 
such as predictive current regulators [1], require much more 
time for calculation, which may be an obstacle to achieving 
good dynamic properties. The repetitive control [2–4] is useful 
if the reference signal is of repetitive nature.

In APF systems for fast Current Control, different forms of 
hysteresis controllers are applied. The most popular solution 
is a modulator with constant hysteresis value. This solution is 
characterized by a variable frequency of the current ripple in 
the inductance at the inverter output of APF. Solutions with 
variable hysteresis width [5] allow for achieving a constant fre-
quency, however, they are still not synchronous systems. This 
makes it difficult to optimize parameters of the LCL ripple filter.

The use of proportional controllers allows for obtaining pos-
sibly low-order characteristic equations describing the current 
control system, which is particularly useful from the viewpoint 
of preserving the stable operation of the power system with APF 
reactive power compensating capacitive load.

In addition to the constant operating frequency of the tran-
sistors, a PWM modulator [6] should ensure good dynamic and 
static parameters of the closed loop APF output current control 
system. Paper [7] discusses the control system with a propor-
tional controller with a sampling frequency, which is double and 
quadruple of the switching frequency. Since the APF requires 
6 modulators, the proposed modulator is too complex to apply.

The article includes a simulation study of the control system 
with symmetrical regular sampled (SRS) pulse width modulator 
(PWM) with single sampling frequency and with asymmetrical 
regular sampled (ARS) PWM with double sampling frequency. 
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2.	 Description of the input circuit of active 
power filter

Fig. 1 shows a schematic diagram of the analyzed medium-volt-
age power supply system [16]. Controlled twelve-pulse con-
verter is powered via a transformer Tr2 with a vector group of 
Dd0y5 connections. APF containing two voltage inverters and 
medium voltage transformer Tr1 with a vector group of Dy5 
compensates harmonic current drawn by the non-linear load 
in the form of Th12 converter. The chokes at the output of the 
inverter with the C capacitors and the leakage inductance of the 
transformer Tr1 form LCL filter type [17, 18] in each phase. 
The APF has two two-level inverters (T1_1–T6_2) [19, 20] with 
FF600R12IS4F hybrid modules.

3.	 Description of control system

The control system of one phase APF with a voltage regulator 
in the DC circuit shown in Fig. 2 implements the algorithm 
described in the literature [13, 21, 22]. Supervisory uDC voltage 
regulator stabilizes the set value, proportional to u*DC. Signals 
u1

*, u2
*, u3

* are in phase with the phase voltages uc1, uc2, uc3, 
which cause the controller output signal un to determine the 
amplitude and phase (0 or π rad) of the active component of 
the inverter output currents. Such a control system provides 
discharging or charging of CDC capacitor in transient states that 
are related to the change of active power drawn by the load. 
The control system of the filter uses the measurement signals 
of the load currents to determine the waveforms (i1

*, i2
*, i3

*) 
that provide the set-point values of the inverter output currents.
Set-point signal of current i1 contains three components: the 
i*

1,p(DC) is a component of the set-point signal of current in phase 
with the voltage uc1, controlling the voltage uDC. The i*

1,h compo-
nent contains the sum of selected harmonics of load currents, the 
current i*

1,,f comprises the fundamental frequency component. 
Since the APF inverters are connected to the grid through Tr1 
transformer with Dy5 connection group, set-point signals (i1

*, i2
*, 

i3
*) should depend on the difference of currents iL1 – iL2, iL2 – iL3, 

iL3 – iL1 respectively, which indirectly results from the formulas 
that relate the currents on both sides of the transformer:

( ) 3/iiõi 2l1z1 −−= l � (1)

( ) 3/iiõi 3l2lz2 −−= � (2)

( ) 3/iiõi 1l3lz3 −−= ,� (3)

wherein υz means transformer turns ratio.
Above dependencies have been determined without taking 

into account the magnetizing current of the transformer and 
C capacitors currents. Values of kiL and ki coefficients are the 
constants of current transducers.

The purpose of band-pass filters and phase shifters, used in 
the load current measurement circuit, is to compensate for phase 
shifts of individual harmonic introduced both by the load cur-
rent measuring transducers and Tr1 transformer [21], [23–25].

The principle of compensation of individual iL,n harmonics 
in load current involves forcing such APF output current, so the 
vector of its instantaneous values il,n satisfies the relationship:

n,Ln,l ii = ,� (4)

where n is the harmonic order (n > 1). This equality is satisfied 
also for the individual components of the vectors and thus also 
for their amplitudes, which will be marked as ILm,n and Ilm,n 
omitting indices 1, 2, 3:

nlm,nLm, II = .� (5)

Since the load is three-phase balanced without neutral, the 
amplitude difference of the currents iL1,n – iL2,n is √ 3 times the 
amplitude of the harmonic in any phase. For the summing nodes 

Fig. 1. The diagram of the analyzed circuit with active filter

The vectorial variables: us, u, is, iL, il, ic, uc, i_1, i_2, i, u_o1, u_o2 
are defined as follows:
	 us =[us1,us2,us3]

T	 –	� vector of the mains source 
voltages

	 u =[u1,u2,u3]
T	 –	 vector of the phase voltages

	 is =[is1,is2,is3]
T	 –	 vector of the line currents

	 iL =[iL1,iL2,iL3]
T	 –	 vector of the ac load currents

	 il =[il1,il2,il3]
T	 –	 vector of the APF output current

	 ic =[ic1,ic2,ic3]
T	 –	 vector of the C capacitor currents

	 uc =[uc1,uc2,uc3]
T	 –	� vector of the C capacitors 

voltages
	 i_1 =[i1_1,i2_1,i3_1]

T	 –	 vector of the INV1 output currents
	 i_2 =[i1_2,i2_2,i3_2]

T	 –	 vector of the INV2 output currents
	 i=[i1,i2,i3]

T	 –	� vector of the sum inverters 
currents

	uo_1 =[uo1_1,uo2_1,uo3_1]
T	 –	� vector of the INV1 output 

voltages
	uo_2 =[uo1_2,uo2_2,uo3_2]

T	 –	� vector of the INV2 output 
voltages.
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at the inputs of proportional controllers we can write equality, 
whose fulfillment ensures compensation of the n order harmon-
ic of the load current:

nmiireffuLinmL IkkkkI ,, 5.03 = ,� (6)

wherein kuf denotes the gain of the band-pass filter, Im,n is the 
amplitude of the n order harmonic of i current and kiref is the 
scale factor. The selection of the kiref coefficient allows for such 
conditioning of measurement signal level of the load current 
that leads to the right compensation of selected harmonics.

From equations (1) and (3) the following relationship pre-
vails:

z

n,m
nlm, õ

I
I

3
= .� (7)

After substituting (5) and (7) in (6), we obtain the relation-
ship based on which one can determine the value of kiref assuring 
compensation of individual harmonics:

fuLi

zi
iref kk

õkk
6

= .� (8)

To implement the chosen filter control we have used a pop-
ular TMS320F28335 DSP applied in power electronics [26].

4.	 Output current control system of voltage 
inverter with inductive load

Comparative analysis of the three types of modulators was per-
formed based on the systems shown in Figs. 3 and 4. Modula-
tors shown in Figs. 4b and 4c contain two systems of S & H. 
Pulses trig1 (error sampling) are ahead of pulses trig2 (PWM 
updating) by τw time. The minimum time τw is associated with 
the processing time of the A/D and the time required for the 
error calculation and its multiplication by the Kr constant.

To examine the properties of the modulators shown in Fig. 4 
from the point of view of maximum gain Kr,cr of the propor-
tional controller which ensures stable operation of the system, 

simulation tests were performed. Research was carried out for 
L = 80 μH, the frequency of the triangular carrier fc = 15 kHz 
(fc = 1/Tc), ki = 1, UDC = 720 V, and for the maximum value of 
the triangular carrier UT = 5.5 V.

The variables expressed in the p.u. system shown in Figs. 
5, 6, 8–11 are defined by the following formulas: ūc = uc/UDC, 
ūL = uL/UDC, ūT = uT/UT, ūr = ur/UT, ī = i/Ib, ūi

* = ui
*/Ib. Base 

current Ib defined by relation

( )cCDb fLUI 4/= � (9)

is equal to the maximum value of the inverter (T1,T2) output 
current shown in Fig. 3 for ui

* = 0, uc = 0.

Fig. 2. Equivalent diagram for active filter control system for one phase APF

Fig. 4. Diagrams of tested systems of PWM modulators: a) double-edge 
naturally sampled PWM, b) symmetrical regular sampled PWM,  

c) asymmetrical regular sampled PWM

Fig. 3. Diagram of the output current control system of voltage inverter 
with inductive load



290 Bull.  Pol.  Ac.:  Tech.  64(2)  2016

T. Płatek and T. Osypiński

The analysis presented in this article has been based on the 
assumption of a very large value of L/R (R is the parasitic resis-
tance of the L inductor) characteristic for high power devices.

5.	 Current control system with double-edge 
naturally sampled PWM

For the control system shown in Fig. 3 with pulse width mod-
ulation, involving the direct comparison of uT auxiliary signal 
with the output of the current controller ur (double-edge nat-
urally sampled PWM [27], Fig.4a), the critical gain Kr,cr can 
be determined by comparing the slew rate of the two signals:

tdudtdud Tr // ≤ .� (10)

If this condition is not satisfied, a repeated change in the output 
of the comparator in the period of Tc leads to unstable operation 
of the control system. Fig. 5 shows the border state for which 
the control system is stable.
The output signal of the controller is:

ri
*
ir i)Kku(u −= .� (11)

If for analysis we assume constant value of the set-point signal 
ui

*, then we obtain

( )tdidKktdud rir // −= .� (12)

The duT/dt derivative depends on the maximum value and the 
period of the auxiliary triangle wave:

c

TT

T
U

td
ud 4

= .� (13)

From (10–13) we obtain

c

T
ri T

U
td
idKk 4
≤ .� (14)

Boundary conditions for which the current can be formed, 
occur for two cases: uc = –UDC /2 or uc = UDC /2. Maximum 

slew rate of the current i occurs when UDC voltage is present 
across the inductance of the choke L. For this state the follow-
ing equality is valid:

i

c

CD

T
rc,r k

fL
U
UK 4

= .� (15)

6.	 Current control system with symmetric 
and asymmetric sampled PWM

Figs. 6a and 6b show the waveforms made for both types of 
modulators for Kr gains with values close to the critical values 
and time τw=0. Figs. 6a and 6b show that twofold increase of 
the value of Kr reduces the steady state disturbance error twice. 
Simulations were performed for ui

* = 0, therefore the value of 
iAV means disturbance steady state error.

Below, the discrete signal of the control error is determined 
and formulas are derived describing the critical value of gain 
for the modulators shown in Figs. 4b and 4c.

The block diagram shown in Fig. 3 can be represented in 
the form of a pulse automatic control system (Figs. 7a and 7b). 
The Modulator MOD comprises a Zero Order Holder (ZOH) 
as shown in Fig. 4b or Fig. 4c. The Zero Order Holder (ZOH) 
consists of a pulsar of the sampling period Tp and the block 
Gp(s) with the transfer function:

( )
s

1
sG e pTs

p

−−
= .� (16)

Replacement of two S & H systems by one of the modulators of 
Figs. 4b and 4c results from the assumption of zero lead time τw.

Inverter (T1, T2) is represented by block KINV [15, 28– 30]:

Fig. 5. Waveforms of voltage ūr, ūT, ūL and of current ī for the modu-
lator in Fig. 4a for ui* = 0, for ūc = –0.47 and for Kr = 0.0365.

Fig. 6. Waveforms of voltage ūr, ūT, ūL and of current ī for the symmet-
rical (a) and for asymmetrical regular sampled PWM (b) for ui

* = 0, 
for uc/UDC = 0.25, for Kr = 0.95 Kr,cr and for τw = 0
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T

CD
INV U

U
K

2
= .� (17)

The following magnitudes uoAV, uLAV and iAV represent mean 
values of the inverter output voltage, the voltage across the 
inductor L and the output current of the inverter, respectively. 
The mean values are calculated for one period of the Tp. Fig. 6 
shows that for τw = 0, the sample values are equal to the average 
current values for both types of modulation:

)( pVA Tmii = ,� (18)

where m is the number of the next sample of the S &H2 system. 
Therefore the adoption of the model shown in Fig. 7 is justified.
Fig. 7b shows the system in the form convenient for determining 
the total error εu of controlled variable iAV. The transfer function 
Gyx(z) of a closed loop, with the input signal being variable x and 
the output being variable y, is defined by the dependence

( ) ( )
( )zX
zYzG xy = .� (19)

Transfer function Gyxo(s) of continuous portion of the open 
loop is

( ) 2

Ts

T

CDri
yxo s

1
LU

UKk
sG e p−−
=

2
.� (20)

Transfer function Gyxo(s) corresponds to the pulse transfer func-
tion Gyxo(z):

( )
1z

T
LU

UKk
zG p

T

CDri
yxo −

=
2

.� (21)

The transfer function of closed system Gyx(z) has the form:

( )
bz
b1zG xy −

−
= ,� (22)

where:

LU
TUKk

b
T

pCDri

2
1−= .� (23)

Based on the diagram shown in Fig. 7b, we can write:

( ) ( ) ( )

( ) ( )[ ]1

1

−




















+

+=

=

− zG
Ls
sULZ

zUzG
k

zI

xy
Tmt

c1

*
ixy

i
VA

p

,� (24)

where Z is the operator of the discrete transform, L─1 is the 
operator inverse Laplace transform.

The overall deviation of the system shown in Fig. 7 is de-
fined by the following relationship:

VA
*
iu iumå −=)( .� (25)

According to the definition of control deviation given in 
[31], it results that ∆ui signal is equal to this deviation for ki=1 
only.

The Z transform of error εu defined by (25) can be deter-
mined on the basis of (22, 24):

( ) ( )

( )
bz

z
Ls
sULZ

zU
bz

a
bz

zzE

pTmt

c1

*
iu

−
−





















+

+





−
+

−
−

=

=

− 1

1

,� (26)

where:

( )
LU

TUKk
a

T

pCDri

2
1−

= .� (27)

The εu(m) control error contains two components: the er-
ror associated with the reference signal ui

*(tracking error) and 
the error associated with the uc disturbance signal (disturbance 
error):

εu(m) = εui(m) + εuc(m).� (28)

The first component of equation (26) is a transform of track-
ing error Eui(z), the second is a transform of disturbance error 
Euc(z).

The Z transform Eui(z) has the form:

( ) ( )zU
bz

a
bz

zzE *
iiu 





−
+

−
−

=
1 .� (29)

By forcing ui
*(t )=Ui

* 1(t) we obtain:

( ) ( )( )
*
i

*
iiu U

bzz
zaU

bz
zzE

−−
+

−
=

1
.� (30)

The original of tracking error is described by the following 
relationship:

( ) ( )m
b-1

b-1UambUm
m

*
i

m*
iiu 1)(1 +=ε .� (31)

Fig. 7. Average value model block diagram representation of active 
filter control system (a) and its transformed form (b) εu



292 Bull.  Pol.  Ac.:  Tech.  64(2)  2016

T. Płatek and T. Osypiński

When we insert a, b given by (27, 23) into equation (31), we 
obtain:

( ) ( )

( )m
k

1kU

m
LU2

TUKk
k

Um

i

i*
i

m

T

pCDri

i

*
i

iu

1

11

−
+

+







−=ε

( ) ( )

( )m
k

1kU

m
LU2

TUKk
k

Um

i

i*
i

m

T

pCDri

i

*
i

iu

1

11

−
+

+







−=ε

.� (32)

The first component of equation (32) describes the transient 
tracking error εui,t, while the second is the steady-state tracking 
error εui,ss. Due to simplification, the control errors can be de-
scribed without marking that they are discrete functions. The 
transient tracking error εui,t will decrease asymptotically to zero 
if the absolute of the base of power in the first factor of equation 
(32) is lower than unity.

The condition for asymptotic stability of the system is the 
fulfilment of inequality:

2
2

0 <<
LU

TUKk

T

pCDri .� (33)

The maximum value of Kr, for which the condition (33) is true 
is the critical value of gain Kr,cr.

The asymmetrical sampling method is not equivalent to 
doubling the sampling frequency; however, when substituting 
τw = 0, the model shown in Fig. 7 (correct for the average cur-
rent) distinguishes between symmetrical regular sampled and 
asymmetrical regular sampled based on the amount of samples.

For control system with symmetrical regular sampled PWM 
(Tp = Tc) we obtain relations describing Kr,cr :

CDi

cT
rcr, Uk

fLUK 4
= .� (34)

Kr,cr for control systems with symmetrical and with double-edge 
naturally sampled PWM are described by the same expressions 
(15, 34). For control system with asymmetrical regular sampled 
PWM (Tp = Tc/2) we obtain:

CDi

cT
rcr, Uk

fLUK 8
= .� (35)

The minimum time settings of the control system can be 
determined from the condition:

1
2

=
LU

TUKk

T

pCDri .� (36)

Equation (36) is a result of adopting zero value of the power 
base of the first part (32).

Such minimum-time setting of Kr ensures aperiodic stability. 
One can assume the minimum time setting of Kr as an approx-
imate criterion for the selection of gain.

In the control system of such settings, there is a theoretical 
possibility of obtaining a steady state after Tp time. Asymmet-
rical regular sampled PWM offers the possibility of a faster 
decay of the εui,t component.

Simulation studies demonstrate the advantages of asymmet-
rical regular sampled PWM in terms of decay time td of the 
transient error component.

Fig. 8a shows a simulation of the relative value of ī current 
at step change in setpoint value of ūi

* for a regularly sampled 
symmetric PWM while Fig. 8b – for a regularly sampled asym-

metric PWM system for minimum-time settings (Kr = Kr,cr/2). 
Simulation studies were performed for τw = 1.5 μs.

Steady-state tracking error εui,ss described by the second part 
of equation (32) for both types of modulation can be determined 
from the relationship:

i

i
issui, k

kUå 1* −
= .� (37)

For ki = 1 is error εui,ss = 0, which means that the control sys-
tem shown in Figs. 7a and 7b, representing the block diagram 
shown in Fig. 3 with the ideal inductance L, is for uc = 0 an 
astatic system.

From the above analysis one can conclude that for τw = 0, 
both types of modulation are equivalent in terms of steady state 
tracking error of the control system with zero disturbance sig-
nal (uc = 0).

7.	 Disturbance error in control systems with 
symmetric and asymmetric sampled PWM

According to equation (25), disturbance error εuc for ui = 0 is:

VAcu i−=ε .� (38)

The second component of equation (26) is a discrete transform 
Euc(z) of the disturbance error εuc:

( ) ( )
bz

z
Ls
sULZzE

pTmt

c1
cu −

−





















=

=

− 1 .� (39)

By forcing uc (t) = Uc 1(t), we obtain the pulse transfer func-
tion Euc(z):

( ) ( )( )bzz
z

L
TU

zE pc
cu −−

=
1

.� (40)

Fig. 8. Waveforms of the reference signal ūi* and of ī current for 
the symmetrical (a) and asymmetrical regular sampled PWM (b) for 

minimum-time setting of Kr, for uc = 0 and for τw = 1.5 μs

εui,s
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Original of disturbance error is described by the following 
relationship:

( ) ( )

( )m
UKk
UU

m
LU

TUKk
UKk
UUm

CDri

cT

m

T

pCDri

CDri

cT
cu

12

1
2

12

+

+







−−=ε

( ) ( )

( )m
UKk
UU

m
LU

TUKk
UKk
UUm

CDri

cT

m

T

pCDri

CDri

cT
cu

12

1
2

12

+

+







−−=ε

.� (41)

The first component of equation (41) describes the transient 
disturbance error εuc,t, while the second is the steady-state dis-
turbance error εuc,ss. Equation (41) shows that for Kr ≈ Kr,cr /2, 
transient disturbance error εuc,t decays faster for asymmetrical 
regular sampled PWM.

The steady-state disturbance error εuc,ss for both types of 
modulation can be determined from the relationship:

( ) ( )m
UKk
UUm

DCri

cT
ssuc, 12

=ε .� (42)

From equations (32, 41) it follows that disturbance errors more 
strongly depend on the value Kr.
Fig. 9a shows a simulation of the relative value of ī current 
at step change in setpoint value of ūc for a regularly sampled 
symmetric PWM, while Fig. 9b – for a regularly sampled asym-
metric PWM system for minimum-time settings (Kr=Kr,cr/2). 
Simulation studies were performed for τw = 1.5 μs. System with 
asymmetric sampled PWM offers the possibility of a signifi-
cantly faster decay of the εuc,t component.

From the viewpoint of the control time, the sinusoidal 
course of uc voltage may be taken as constant. The analysis will 
be limited to the determination of steady-state disturbance error 
εuc,ss. Below we will determine the offset current in the control 
system with symmetrical regular sampled PWM. At steady state 
(Fig. 10), the average voltage value across the inductance L for 
period Tc is zero. Hence the equality

( ) 0=−+ ôTuôu cLminLmax � (43)

(where uLmax = 0.5UDC – uc, uLmin = –0.5UDC – uc ) is valid, from 
which τ time can be determined:

c
CD

cCD T
U

u0.5U
ô

+
= .� (44)

The average error for the period Tc resulting from the non-zero 
voltage uc and finite gain value of Kr (for τw = 0) can be deter-
mined from the similarity of triangles (ABC and ADE):

c

T

c

riwôT

T
U

ôT
KkiU 2

=
−

+
.� (45)

Substituting (44) to (45) we obtain:

CDri

Tc
wô UKk

Uui 2
−= .� (46)

The average value of the output current iAV in steady state 
operation of the inverter for the period Tc is:

iAV,ss = iτw + Δiτw,� (47)

where iAV,ss is a mean value of the current in a steady state, Δiτw 
means an additional error due to the non-zero lead time τw . The 
error is defined by the relationship:

w
cCD

ôw ô
L

u0.5U
Äi

+
−= τwΔiτw .� (48)

Fig. 9. Waveforms of the disturbance signal ūc and of ī current for the 
symmetrical (a) and for the asymmetrical regular sampled PWM (b) 

for minimum-time setting of Kr, for ui
*= 0 and for τw = 1.5 μs

8.	 Steady-state disturbance error for non-zero 
PWM computation delay

Below, equations are derived describing the steady-state dis-
turbance error taking into account the time τw for both types 
of modulation.

τ τ

τ

τ
τ

τ

Fig. 10. Waveforms of voltage ūr ūT ,ūL and of current ī for the sym-
metrical regular sampled PWM for ui

* = 0, for uc < 0 and for Kr ≤ Kr,cr
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Steady-state disturbance error εuc,ss is described, according 
to (38 ), by the new relationship:

εuc,ss = –iAV,ss� (49)

Thus, the steady-state disturbance error value is equal to the 
negative average iAV,ss:

w
cCD

CDri

Tc
ssuc, ô

L2
uU

UKk
Uuå

22 +
+= τwεuc,ss .� (50)

For uc<0, in the range of small values of τw, steady-state distur-
bance error decreases with the increase of τw, while for uc > 0, 
the absolute value of the error decreases (Fig. 12).

Below, a formula is derived defining the critical gain Kr,cr 
in the control system with asymmetrical regular sampling for 
small values of τw / Tc.

The formulas (43, 44) are valid for systems irrespective of 
the type of PWM modulation.

On the basis of simulation studies for uc ≤ 0, it was observed 
that for small values of τw / Tc > 0, the value of the sample tak-
en before the negative apex of the triangular auxiliary voltage 
corresponds exactly to the minimum value of the output current 
of the inverter. Similarly, for uc≥ 0 it has been observed that for 
small values of τw / Tc > 0, the value of the sample taken prior 
to the positive apex of auxiliary triangular voltage corresponds 
exactly to the maximum output current of the inverter.

The first case is illustrated by the waveforms shown in 
Fig. 11. Using the similarity of triangles (FGH and ADE or 
ABC an ADE, respectively) we derive the following two rela-
tionships:

c

T

w

mincriT

T
U

ôô
iKkU 4

=
−

−

τ – τw

� (51)

c

T

wc

ôwcriT

T
U

ô0.5T
iKkU 4

=
−

+
τw

iτw .� (52)

After time (Tc/2 τ) the value of the current decreases from 
imax to iτw, which is shown by equation







 −

+
+= ôT

L
u0.5U

ii ccCD
ôwmax 2

iτw τ .� (53)

The increase of the current in time τ is described by the fol-
lowing relation:

ô
L

u0.5U
ii cCD
minmax

−
=− τ .� (54)

From equations (44, 51–54), we obtain a relation that describes 
the critical gain for small values of τw/Tc for the control system 
with the sampled regular asymmetrical PWM:

( ) 









−+

+
=

c

w

CD

c

cCDi

cT
rcr, T

ô
U
u

u0.5Uk
fLUK 2

2
18 τw .� (55)

Running a similar analysis for uc ≥ 0 allows for generaliza-
tion of the above relation for positive and negative values of uc:

( ) 









−−

−
=

c

w

CD

c

cCDi

cT
rcr, T

ô
U
u

u0.5Uk
fLUK 2

2
18 τw .� (56)

Fig. 13a shows that the increase of τw causes a decrease of Kr,cr 
to values described by equation (34). Comparing the right sides 
of (34) and (56), we obtain the equation which can be used for 
determining the limit value of τw for which (56) is met.

The limit of τw, for which (56) is true is described by the 
following relation:

CD

c

c

w

U
u

T
ô

48
10 −<<

τw .� (57)

Formula (56) for τw→0 takes the form:

CDi

cT
rc,r Uk

fLUK 8
= .� (58)

Equation (58) is identical to equation (35), obtained on the 
assumption that the inverter may be replaced by a linear circuit 
with an output voltage equal to the average value for the Tc pe-
riod, set at the time of sampling the output current. It is clear 
from the above relations that the control system of asymmetrical 
regular sampled PWM allows for setting higher values of the 
Kr gain controller as compared to the value of the symmetrical 
regular sampled PWM, especially for small values of τw/Tc > 0, 
so further considerations will apply to this case.

The value of the iAV,ss average current is equal to:

2
minmax

ssAV,
iii +

= .� (59)

Using formulas (44, 51–53), for uc ≤ 0, we obtain:

c
cCD

CD

c

CDcri

cT
ssAV, T

L
uU

U
u

UKk
uUi

4
22 +

−−= .� (60)

Having run an identical analysis for uc≥0 and considering a lin-
ear nature of the control circuit (εuc,ss= –iAV,ss for ui

* = 0), the 
following formula for steady-state disturbance error is obtained:

Fig. 11. Waveforms of voltage ūr, ūT, ūL and of current ī for the asym-
metrical regular sampled PWM for ui

*=0, for uc<0 and for Kr=Kr,cr
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c
cCD

CD

c

CDcri

cT
ssuc, T

L
uU

U
u

UKk
uUå

4
22 −

+=εuc,ss .� (61)

Simulation studies (Fig. 6b) for the case when τw = 0 and 
Kr ≤ Kr,cr, showed that the sampled reference urm2 is constant 
in time and waveforms of ur , uL and i are similar to the wave-
forms for the circuit with symmetrical regular sampled PWM 
for τw = 0. Thus, the error for the system of asymmetrical regu-
lar sampled PWM for τw = 0 is specified by the first component 
of the formula (61):

CDri

cT
ssuc, UKk

uUå 2
=εuc,ss .� (62)

For zero value of time τw, the steady-state disturbance error 
in the system with asymmetrical regular sampled PWM can be 
half of the steady-state disturbance error in the system of sym-
metrical regular sampled PWM.

Figs. 12 and 13 show the critical gains and steady-state 
errors δuc,ss expressed in the p.u. system as function of τw/Tc, 
determined on the basis of simulations. It is assumed that the 
fixed state is at the time when the current at the beginning and 
end of the period Tc does not differ by more than 1% of the base 
value Ib, as described by formula (9).

Critical gain is referenced to the value given by formula 
(34), while the error is referenced to the base value of Ib current.

b

ssuc,
ssuc, I

å
ä =δuc,ss

εuc,ss
� (63)

metrical regular sampled PWM, steady-state error εui,ss strong-
ly depends on the time τw. For asymmetrical regular sampled 
PWM, this dependence does not occur.

In real systems, the average value of the output voltage of 
the inverter depends on the simultaneous minimum off-time 
of the two transistors of each branch of the inverter (tdead). For 
continuous output current of the inverter uoAV value is described 
by the relationship:

)(
2

isignftUu
U

U
Ku cdeadCDi

T

CD
roAV −∆= .� (64)

The magnitudes used in the above formula are indicated 
in Figs. 3 and 4. The second component changes replacement 
gain of the open loop system, for which Δui is input and uoAV 
is output signal, respectively. This fact causes a certain impact 
of tdead on the value of the critical gain Kr,cr. In this article, this 
effect is not evaluated, whereas simulation tests, the results of 
which are shown below were made for the inverter models that 
take into account the non-zero value of tdead.

In the control circuit of the output current of the inverter 
shown in Fig. 3, disturbance error εuc,ss was described in equa-
tion (50) for symmetrical regular sampled PWM and in equation 
(61) for asymmetrical regular sampled PWM. If the voltage uc 
is a sinusoidal function, the disturbance error εuc,ss, assuming τw 
= 0 for both modulators, also varies sinusoidally. This means 
that even for a reference value of ui

* = 0, at the output of the 
inverter shown in Fig. 3 the current component will appear in 
phase with the voltage uc.

9.	 APF output current error

The control system with a voltage regulator in the DC circuit 
in the APF enforces an additional component of the reference 
signal of its output current, compensating the disturbance error 
of the proportional current controller, ensuring also the reac-
tive nature of the output current of the parallel active filter in 
a steady state operation.

Fig. 12. Relative value of critical gain (a) and relative value of error 
(b) in a system with symmetrical regular sampled PWM for ui

* = const

Fig. 13. Relative value of critical gain (a) and relative value of error 
(b) in a system with asymmetrical regular sampled PWM for ui

* = const

Individual characteristics were obtained for the following 
data: waveform 1 for ūc = –0.44, waveform 2 for ūc = –0.25, 
waveform 3 for uc = 0, waveform 4 for ūc = 0.25, waveform 5 
for ūc = 0.44.

The δuc,ss variables for waveform 3 show the relative val-
ues of steady-state error for the case uc = 0. Therefore, the 
δuc,ss variables for this case can be treated as relative values of 
steady-static error associated with the set point ui

*. For sym-
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By neglecting the Tr1 magnetizing currents and C capacitors 
currents, considerations for error in APF output current can be 
reduced to evaluation of the overall error in total output current 
(i) of two inverters. For clarity of the following considerations, 
the vector magnitudes were replaced by their components with-
out indices 1, 2, 3:

As shown in Fig. 1, i output current of each phase has two 
components:

_2_1 iii += .� (65)

Fig. 2 shows a control diagram for the first phase of the APF. For 
the remaining phases the scheme is the same. In order to gener-
alize the below analysis for errors in any APF symbols of phase 
voltage, current, setpoint signal and erorr index 1 is omitted.

Setpoint signal of i current contains three components:

*
h

*
f

*
p(DC)

* iiii ++= .� (66)

The i*
p(DC) is a component of the setpoint signal of current 

in phase with the uc voltage, controlling the voltage uDC. The 
ih

* component contains the sum of selected harmonics of load 
currents according to the respective phases as shown in Fig. 2. 
The if

* current comprises two components:

*
fcos

*
fsin

*
f iii += ,� (67)

where the fundamental frequency component of i*
fsin is in phase 

with the voltage uc, and the fundamental frequency component 
of i*

fcos is orthogonal to uc voltage. In the APF system, i* is the 
setpoint for total output current of the inverters and, therefore, 
the total error ε is described by the following relationship:

iiå * −=ε � (68)

The error ε is discrete in digital regulation, but for the following 
analysis it will be presented as a continuous quantity.

For the control system of the total output current of two ac-
tive filter inverters, the setpoint signal is the sum of u*

i_1 + u*
i_2 

Thus, error εu is described by the new relationship:

iikå *
irefu −=εu � (69)

In the APF system in the states of unsettled average voltage 
uDC, we can distinguish five components of the inverters out-
put current i: the fundamental frequency components of ip(DC)sin 
and ifsin that are in phase with the uc voltage, the fundamental 
frequency component of ifcos orthogonal to uc voltage, the com-
ponent containing higher harmonics ih and the icar component 
including sideband harmonics of fc:

carhfcosfsinp(DC) iiiiii ++++= .� (70)

The icar component of i current does not depend on the coeffi-
cient of Kr, while the error for the remaining components can be 
written as the sum of the errors of the fundamental components 
εp(DC), εfsin , εfcos and component containing higher harmonics εh:

ε = εp(DC) + εfsin + εfcos + εh ,� (71)

wherein ε, εp(DC), εfsin, εfcos and εh are errors corresponding to 
setpoint signals i*, i*

p(DC), i
*

fsin, i
*
fcos and ih

*, respectively:

εp(DC) = i*
p(DC) – ip(DC)� (72)

εfsin = i*
fsin – ifsin� (73)

εfcos = i*
fcos – ifcos� (74)

εh = i*
h – ih .� (75)

The uc value in the active filters is the phase voltage uc1, 
uc2 or uc3. Since in the steady state operation of the filter, the 
mean (for the period of the mains voltage) value of UDC,AV is 
constant, i current does not contain the active component (ip(DC) 
+ ifsin = 0). This condition is achieved by forcing an appropriate 
value ui* that contains a component i*

p(DC) proportional to u* 
which is a value dependent on the output signal of the un volt-
age regulator. Reducing the impact of steady state disturbance 
error of proportional regulator on output current of the APF by 
ip(DC)

*
 and ifsin

* reference signal components means for τw = 0 
satisfying the equality:

( )
CDri

cT*
fsin

*
p(DC)iref UKk

uUiik 2
=+ .� (76)

The right side of equation (76) is a disturbance error εuc,ss de-
scribed by (62) and the left side of the equation is associated 
with the component of the reference signal of inverter current 
ensuring no active component in the output current in a steady 
operating condition of the APF.

Another conclusion drawn from the foregoing discussion is 
that the current i described by formula (70) contains a non-ze-
ro sum of the components ip(DC) and ifsin only in the states of 
non-zero error of the average voltage uDC,AV, associated with 
the change of active power load. In the states of a steady state 
operation (without taking into consideration heat losses in the 
APF system), the sum of the ip(DC) + ifsin components takes a val-
ue of zero, which means that the active filter can compensate 
only the reactive and deformation power, and the accuracy of 
the compensation depends on the value of εfcos and εh errors.

The influence on output current of the steady state distur-
bance error forced by mains voltage higher harmonics is not 
compensated.

10.	 Simulation tests of the power supply  
system APF

Simulation tests of the power supply system shown in Fig. 1 
were performed with the following parameters: Tr1 (400 V / 
400 V), Tr2 (400 V / 400 V / 400 V), Ll = 20 μH, Lp’ = 80 μH 
(Th1-Th2 and Th7-Th12 rectifier side dispersion inductance of 
Tr2), Ls’ = 3 μH, armature inductance La = 1 mH, armature 
resistance Ra = 10 mΩ , ki = 1, kuf = 1, parameters of voltage 
controller uDC: Tn = 1.25 s, Kn = 0.0044, constant of multiplier 
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system kM = 20, armature current Ia = 992 A, armature voltage 
Ua = 619 V, firing angle of SCR converter α = 50º, kiref = 0.5, 
kiL = 1/√3, CDC = 2.7 mF, C = 50 μF, L = 80 μH, UDC = 720 V, fc 
= 15 kHz , τw = 1.5 μs, tdead = 2 μs and for the maximum value 
of the triangular carrier UT = 5.5 V.

Figs. 14 and 15 show the results of simulation research on 
compensation for 11th and 13th harmonic for symmetrical and 
asymmetrical regular sampled PWM in stable operation of the 
filter for which the i1 output current has no fundamental com-
ponents (i1 = i1,h), respectively. Waveforms of errors ε1,h for 
both types of modulators indicate lower instantaneous values 
of error for asymmetrical regular sampled PWM.

Fig. 14. Simulation of waveforms of reference currents i*
1,p(DC), i

*
1,h, 

current i1(500 A/div), current error ε1,h (500 A/div) and voltage uc1 
(500 V/div) in compensation system with symmetrical regular sampled 

PWM

Fig. 15. Simulation of waveforms of reference currents i*
1,p(DC), i

*
1,h, 

current i1 (500 A/div), current error ε1,h (500 A/div) and voltage uc1 
(500 V/div) in compensation system with asymmetrical regular sam-

pled PWM

Fig. 16. Simulation of waveforms of currents: iL1, i1 is1, ic1 (2 kA/div) 
and voltages uCV, u12 (1 kV/div) in compensation system with symmet-

rical regular sampled PWM

Fig. 17. Simulation of waveforms of currents: iL1, i1 is1, ic1 (2 kA/div) 
and voltages uCV, u12 (1 kV/div) in compensation system with asym-

metrical regular sampled PWM

Figs. 14 and 15 also show waveforms illustrating the com-
pensation forced by the set-point component i*

1,p(DC) of the er-
ror of the inverter output current i1 of APF inverters, resulting 
from the non-zero value of instantaneous uc1 voltage. For a sys-
tem with symmetrical regular sampled PWM, for which the 
APF worked stably at a lower value of Kr, the maximum value 
i*

1,p(DC) required to compensate the ε1,p(DC) error must be larger 
than the value required in the system of asymmetrical regular 
sampled PWM.

The simulation (Figs. 16 and 17) was carried out for the 
case of a closed Sw1 in Fig. 2, which means the compensa-
tion of reactive power and deformation reactive power shift. 
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Waveforms shown in Fig. 16 were obtained for a system with 
symmetrical regular sampled PWM. The system worked steadi-
ly for kiKr = 0.021 and the obtained output coefficients were 
THDi = 7.74% and THDu = 1.33%, respectively. For a system 
with asymmetrical regular sampled PWM (Fig. 17), stable op-
eration was ensured by the following product kiKr = 0.045 V/A, 
and significantly better results were achieved: THDi = 4.41%, 
THDu = 1.1%.

11.	 Experimental studies

In order to verify the correctness of the analysis of the proper-
ties of the modulator with asymmetric sampled PWM, studies 
have been conducted with FAS-400k-400 active filter produced 
in MEDCOM company. Tests were conducted in industrial con-
ditions in a coal mine. APF works as a compensator of high 
harmonic currents consumed by a lifting machine in the mine 
(for the case of open Sw1 in Fig. 2).

Filter parameters UDC, CDC, C, L , fc , tdead correspond with 
those assumed for the simulation studies. The remaining pa-
rameters are: kiL = 0.00625, kuf = 2.72, υz = 26, ki = 0.0025, 
kiref = 0.65, Tr1 (6 kV / 400 V / 1.6 MVA / short-circuit voltage 
5.68%).

Due to the fact that the APF inverters are connected to the 
medium voltage network via Tr1 transformer, a problem ap-
pears concerning phase shifts in the general case, which are 
different for the different harmonics. Phase error was also in-
troduced by industrial current transducers used for measuring 
the load current. Therefore, the control system uses individual 
selection of phase correction-values for each harmonic.

Waveforms shown in Figs. 18a, 18b, and 18c were taken in 
the active filter in its normal operation state. In practice, wave-
forms shown in Fig. 18b with sufficient approximation satisfy 
the following equation, which shows the small control error of 
filter output current:

iiref
*

h,11 k/kii 2= .� (77)

Equation (77) was obtained on the basis of the current con-
trol loop (Fig. 2) assuming full compensation of the selected 
harmonics which means acceptance of ε1,h = 0.

Fig. 20. Time waveforms of current is1 and frequency spectrum of this 
current (values should be multiplied by 1.2) in power system with filter 
on (fc = 15 kHz, kiKr = 0.021) with symmetrical regular sampled PWM

Fig. 19. Time waveforms of current is1 and frequency spectrum of this 
current (values should be multiplied by 1.2) in power system with 

filter off

Fig. 18. Experimental results of a system with asymmetrical regular sampled PWM. (a) waveform of load current iL1 (CH1: 180 A/div) and 
current setpoint signal i*

1,h (CH2: 1 A/div) and current i1 (CH3: 500 A/div) for compensation of 11th and 13th; (b) waveform of setpoint signal 
i*

1,h (CH1: 0.5 A/div), of output filter current i1 (CH3: 500 A/div); (c) waveform of load current iL1 (CH1:90A/div) and input main current is1 
(CH2: 120 A/div)

(a) (b) (c)
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Lack of components with voltage ripple uc1 in waveforms of 
reference signal i1,h

* and current i1 indicates that the disturbance 
error of proportional controller εuc,ss forced by this voltage does 
not affect the output current of the APF.

The experimental results were obtained for the filter output 
current control system with symmetrical or asymmetrical reg-
ular sampled PWM.

Figs. 18–21 and Table 1 present the currents measured in the 
6 kV main grid together with the input current harmonic distor-
tion factor THD and the r.m.s. values of individual harmonics 
(the system with a disabled filter, and a system with enabled 
filter with a preset compensation of 11th, 13th and 23th current 
harmonics). THDi factor equal to 14.8 % was reduced to 5.45% 
when the filter was on for kiKr = 0.021 V/A and to 4.85% for 
kiKr = 0.045 V/A.

Table 1

fc = 15kHz
I Iharm THDi I11h I13h I23h

Arms Arms % Arms Arms Arms

APF off 115.4 17 14.8 15 4.44 5.5 

APF on/sym
kiKr = 0.021

107.99 15.87 15.54 13.01 1.99 1.69

APF on/asym
kiKr = 0.045

102.5 14.71 14.85 12.34 1.23 1.08

Table 1 also shows the impact of the gain of Kr on THDi current 
drawn from the mains. Greater decrease in the value of 11th, 
13th and 23th current harmonics is visible for the control system 
of greater value of Kr.

12.	 Conclusions

The results of simulation and experimental tests show that the 
control system with asymmetrical regular sampled PWM allows 
for increasing the gain of the proportional controller in rela-
tion to the gain of the control system with symmetrical regular 

sampled PWM. This enables reduction of the steady-state dis-
turbance error of the control system and reduction of the time 
decay of its transient component.

Critical gain of the proportional controller in a closed con-
trol system with asymmetrical regular sampled PWM strongly 
depends on the PWM computation delay time τw in the range 
of its small values (τw /Tc. < 0.15). From the point of view of 
minimizing the disturbance errors the advantages of asymmetri-
cal regular sampled PWM compared to the symmetrical regular 
sampled PWM manifest themselves only under the condition 
of an appropriately small value of τw time.

The use of a proportional current controller in APF is justi-
fied by the particular property of an APF involving the elimina-
tion of the influence of sinusoidal steady-state disturbance error 
of the proportional controller on the output current of the active 
filter comprising a voltage regulation system in the DC circuit.

The use of a proportional controller provides very good 
dynamic parameters of the APF, which allows for achieving 
good compensating results in supply systems with nonlinear, 
non-stationary SCR type rectifier.
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