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Abstract: The purpose of that paper is to develop of unified equations of electromechanical 
energy converters accounting for the magnetic non-linearity of the main magnetic circuit of 
a converter. The concept of applying higher order forms of winding currents for the des-
cription of the co-energy function is introduced in order to derive the structure of con-
verter equations via mathematical analysis. Also, another concept of equivalent magneti-
zing currents is applied to determine the higher order forms for selected converters 
designs. The structure of circuital equations for converters with multiple windings has been 
unified by means of the introduction of matrices of dynamic and nonlinear inductances 
following the higher order forms of the co-energy function.  
Key words: electromechanical converters, co-energy function, higher order forms, magne-
tizing current, non-linear inductances, dynamic inductances  

 
 

1. Introduction 
 
 The so-called Lagrange formalism is a most commonly used way to create equations of 
electromechanical converters where a converter is modelled in the form of a set of magne-
tically coupled coils whose locations in space depend on a mechanical variable. In general, the 
equations of most popular converters with rotary motion can be developed as follows 
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 Where ),(mo ϕiE  refers to the magnetic co-energy (function) stored in the magnetic circuit 
of a converter which depends on all coil currents constituting the current vector i  and the 
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rotary angle .ϕ  For N coils located in a linear magnetic circuit the co-energy function is given 
by the well-known quadratic form of coil currents 
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 Accounting the converter magnetic circuit saturation makes the co-energy function 
a multi-variable non-linear function of all involved currents and the rotation angle. The 
saturation phenomenon has complicated the efforts of many researchers looking for simplified 
converter models. There exists a number of studies devoted to modelling the saturation effects 
in electromechanical converters by means of the so-called circuital models. In the second half 
of the twentieth century a number of researchers have been involved in the development of 
such models. The most representative analyses can be attributed to [1-4] or [5, 9]. Deve-
lopment of magnetic field computation techniques has changed that trend towards models 
based on field equations followed by combined circuit-and-field models.  
 However, the circuital models of electromechanical converters are still very important 
tools for modelling operational problems in electromechanical systems for the electric energy 
generations and utilisation. Application of field models or circuit-and-field models for solving 
such problems seems to be rather controversial. Existing circuital approach to non-linearity is 
based on two axis generalized models. The approach is not always satisfactory. Therefore, 
a need for the development of a new type of circuital models have arisen. The purpose of the 
new models is to represent non-linear phenomena in electromechanical converters in a more 
precise manner.  
 The basis for the development of the new models is an approximation of the co-energy 
function of a converter with a non-linear magnetic circuit. As the co-energy depends on the 
currents of all windings, it is not easy to find their effective approximation. Having in mind 
the properties of the co-energy of a set of coils, the co-energy function of electromechanical 
converters can be approximated by means of a multi-variable power series [6, 8] in the fol-
lowing manner 
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 The above equation is an equivalent of the Taylor series. The first term of that representta-
tion constitutes a quadratic form of the currents, whereas the following terms are the so-called 
higher order forms of coil currents, namely, the fourth order form, sixth order form, etc.  
 To conclude, the purpose of this paper is to reveal fundamentals for the application of the 
higher order forms in order to create electromechanical converter equations. 
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2. Matrix representation of higher order forms of currents 
 
 It is very useful for many applications to represent a quadratic form in a matrix form 
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with the constant matrix ).(2 ϕA  Analogously, the higher order forms can be written in matrix 
forms [6, 8]. The fourth order form can be written as follows  
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in which the matrix )( c
4 ϕA  has dimensions )NN( 22 ×  and its elements are current-indepen-

dent. 
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 Follow up, the sixth order form can be written as  
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 The matrix ),( c
6 ϕA  as before, has elements independent on currents, but it has dimensions 

.NN 33 ×  Next higher order forms can be written on the same way.  
 
 

3. Matrix forms of converter equations 
 
 By using such matrix notations of the co-energy function (2) can be written in the form 
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what allows evaluating general Lagrange equations of converters (1) to the form 
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where: 
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 In electric equations of a converter the matrix of non-linear inductance has been intro-
duced, which has a form 

  ,),(),()(),(n L+++= ϕϕϕϕ iAiAAiL 642  (6) 

than equations (3a) takes the form  
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 The formula for electromagnetic torque takes the form  
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 Electric equations can be also written in an alternative form with a matrix of dynamic 
inductances  
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where  

  L+⋅+⋅+= ),(5),(3)(),(d iAiAAiL 642 ϕϕϕϕ  (10) 

 It is rather evident that converter equations can be very easy written in the matrix form using 
the higher order forms of the co-energy function. The only problem is to find the elements of the 
matrices ),(ϕ2A  ),( c

4 ϕA  K),( c
6 ϕA  

 
 

4. Determination of higher order forms for converters 
with sinusoidal MMFs 

 
 Generally, elements of the matrices ),(ϕ2A  ),( c

4 ϕA  K),( c
6 ϕA  should be found by field 

computations. For converters with windings generated almost sinusoidal MMFs it is possible 
to operate with one total MMF, which is determined by its magnitude and angular position. 
The MMF magnitude is expressed by an equivalent magnetizing current μi  [6, 8], which is 
given by a quadratic form of currents 
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 An angular position of the MMF pp η⋅  follows from formula  
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 The co-energy, stored in the main magnetic circuit of a converter, can be expressed as 
a function of μi  and .p pη⋅  Then, the co-energy function, when split into two parts: the main 
magnetic circuit and the leakage zones, can be written as  
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 The above implies the co-energy in the main magnetic circuit depends on a set of para-
meters describing the total MMF, i.e., the values μi  and ,p pη⋅  whereas the co-energy in the 
leakage zones depends on the currents of individual windings. Simply, the assumption may be 
ambiguous, however, it leads to a significant simplification of the description of a converter. 
The description of the co-energy of an individual winding leakage zone can be considered as 
a function of currents of windings with the coils in the same slots ),,(σ, knn iiE  or as the 
function ,)p,,( pσ, ημ ⋅iiE nn  where the effect of coupling between the main magnetic flux and 
the leakage flux of an individual winding is expressed.    
 Detailed formulas for the term )p,( pμ,μ η⋅iE  depend on the type of a magnetic circuit. In 
the case of converters with a uniform (smooth) air-gap in which slotting can be neglected, the 
co-energy can be expressed as a function of the equivalent magnetizing current only, being the 
even function of that current  
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 For comparison, in the case of converters with salient-pole rotors that function can be 
derived as follows  
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 More detailed considerations on the prediction of the co-energy function in the main mag-
netic circuit can be found in [7], where, beside of the fundamental p-harmonic of the total 
MMF, the harmonics 5p or 7p are taken into account. 
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 The matrices of higher order forms can be found by expanding the co-energy function (8) 
and accounting for the formula for the equivalent magnetizing current μi  and the respective 
angle pp η⋅  onto the Taylor series  
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 Note that the higher order forms are determined by respective differentials of the co-ener-
gy function, i.e., the quadratic form is determined from the second differential, the fourth dif-
ferential is followed by the fourth order form, etc. 
  
 

5. Example of a two-winding converter 
 
 In this section the above mentioned procedure is explained using an example of a converter 
with two sinusoidal coils, i.e., one coil mounted on a stator and the other coil on a rotor. More-
over, an uniform air-gap is assumed. Limiting the co-energy function to the first two terms 
leads to 
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to illustrate the development of the first non-linear term (the four order form). Then, the co-
energy function can be written in the matrix form as follows  
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where 2'i  is the current 2i  recalculated with respect to the winding ‘1’.  
 On the other hand, the co-energy function of such converter can be derived as 
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 For converters with an uniform air-gap the co-energy function of the main magnetic circuit 
is a function of an equivalent magnetizing current only. Therefore, the following relationship 
occurs  
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 The value of the magnetizing current (squared) is given by the quadratic form  
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 The terms representing the leakage zones can be written as follows   
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assuming that the co-energy depends on own currents only. 
 Upon evaluation, the constant matrix of the quadratic form can be written as  
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 The constant matrix used for creating the four order form takes the form below 
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 In the same manner the sixth order form can be derived based on the term ,)(C 6
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Therefore, the converter equations take the following form  
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where the non-linear inductances are determined as follows 
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As such, the expression for the electromagnetic torque in the motion equation below 
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takes the following form 
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 Whenever necessary, the matrix of dynamic inductances can be used for the description (5) 
of the following form 
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 It is rather evident that the proposed approach allows one maintain the integrity of the 
structure of converter equations considering magnetic non-linearity. The approach requires 
only a few coefficients which can be estimated from field computations or experimental data.  
  
 

6. Conclusions 
 
 The paper shows that higher order forms are very effective tool for creation of electrome-
chanical converter equations. They unify description of all important quantities of a converter: 
co-energy, linked fluxes and matrices of dynamic and nonlinear inductances. Each higher 
order form is determined by a matrix with constant elements, like a quadratic form is. Ele-
ments of that matrix can be found for converters with sinusoidal MMFs using an alternative 
description of a co-energy by an equivalent magnetizing circuit and an angular position of the 
total MMF. 
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