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Computation of positive realization of MIMO hybrid
linear systems in the form of second
Fornasini-Marchesini model

TADEUSZ KACZOREK and LUKASZ SAJEWSKI

The realization problem for positive multi-input and multi-output (MIMO) linear hybrid
systems with the form of second Fornasini-Marchesini model is formulated and a method based
on the state variable diagram for finding a positive realization of a given proper transfer matrix
is proposed. Sufficient conditions for the existence of the positive realization of a given proper
transfer matrix are established. A procedure for computation of a positive realization is proposed
and illustrated by a numerical example.
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1. Introduction

In positive systems inputs, state variables and outputs take only non-negative valu-
es. Examples of positive systems are industrial processes involving chemical reactors,
heat exchangers and distillation columns, storage systems, compartmental systems, wa-
ter and atmospheric pollution models. A variety of models having positive linear systems
behavior can be found in engineering, management science, economics, social sciences,
biology and medicine, etc.

Positive linear systems are defined on cones and not on linear spaces. Therefore,
the theory of positive systems is more complicated and less advanced. An overview of
state of art in positive systems theory is given in the monographs [2, 5]. The realization
problem for positive discrete-time and continuous-time systems without and with delays
was considered in [1, 2, 5-10]. The reachability, controllability and minimum energy
control of positive linear discrete-time systems with delays have been considered in [3,
13]. The relative controllability of stationary hybrid systems has been investigated in
[15] and the observability of linear differential-algebraic systems with delays has been
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considered in [16]. A new class of positive 2D hybrid linear system has been introduced
in [11], and the realization problem for this class of systems has been considered in [12].

The main purpose of this paper is to present a new method for computation of a
positive realization of a given proper transfer matrix (MIMO system) using the state
variable diagram method. Sufficient conditions for the existence of a positive realization
of a given proper transfer matrix will be established and a procedure for computation of
a positive realization will be proposed.

2. Preliminaries and problem formulation

Consider a hybrid system described by the equations [5]

x(tyi+ 1) =Apx(t,i) +Apx(t,i+ 1) + Byu(t,i) + Bou(t,i+ 1), (la)
y(t,i) = Cx(t,i)+ Du(t,i), t € Ry =1[0,4|, i€Z,, (1b)
ox(t,i
where x(t,i) = xét,z)’ x(t,i) € R", u(t,i) € R™, y(t,i) € R? and A;, A, € R™",

By, B, € R, C € RP*", D € RP™™ are real matrices.
Boundary conditions for (1a) have the form

x(0,i) =x1(i), i€ Z4 and x(z,0) =x(z), %(¢,0) = %(t), 1t €R,. (2)

Let R be the set of n x m real matrices with nonnegative entries and R" = R"*',
M,, be the set of n x m Metzler matrices (real matrices with nonnegative off-diagonal
entries).

Definition 1 [5] The hybrid system (1) is called internally positive if x(t,i) € R}
and y(t,i) € RY, t € Ry, i € Z for arbitrary boundary conditions x(i) € R, i € Z.,
x(t) € R, x(t) € R, t € Ry and inputs u(t,i) € R, u(t,i) R}, t €R,, i€ Z,.
Theorem 1 [5] The hybrid system (1) is internally positive if and only if

Al € Rn+><n7 Ay € Mn, AlAy € Rixn,

3)
Bi €R™, B,eRY™, CeRY™, DeRI™.
The transfer matrix (4) of the system (1) is given by
T(s,z) = Cllusz —A1s —Aoz) ' (Bis+Baz) +D € RP™(s,z). 4)

Definition 2 The matrices (3) are called the positive realization of the transfer ma-
trix T (s,z) if they satisfy the equality (4). The realization problem can be stated as fol-
low. Given a proper rational matrix T (s,z) € RP*™(s,z), find its positive realization (3),
where RP*™(s,z) is the set of p X m rational matrices in s and z.
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3. Problem solution for SISO systems
The essence of proposed method for solving of the realization problem for positive

2D hybrid systems will be presented on single-input single-output system (SISO). Con-
sider a hybrid system described by the transfer function

bnl’nzsnlzn2 + bnl’nz_lsnlznzfl + ...+ b115z2+ b1os + bor1z+ byo

T(s,z) =
SMZM — @y gy SN2 — L —ay152— aios — agiz — ago )
np np ..
l
L X bijs'd
i=0j=0
o .
stz — | Y Y a;js'7
i=0j=0
i+j#n+ny

Multiplying the nominator and denominator of transfer function (5) by s~"1z7"2 we ob-
tain

by, bpyny 12 by s A boos MY
T(5,) = et ontf Tomotnt Lol E L ()
1 —ap py—127" —ap—1 0,8 — ... —apos Mz™™ U
By defining
U
E= 7 7 @)
I —au ny—127" —Any—1 5 — ... —apps ™Mz ™
we can rewrite (6) in the form
E=U+ (anl,n2,12_1 +anl,1,n2s_1 +...4aps Mz M)E,
)
Y = (buyny +bnymy12 4 bny 1.0y 4+ boos Mz ™)E.
Using (8) we may draw the state variable diagram shown in Fig. 1.
As a state variable we choose the outputs of integrators (x;(z,i), x2(¢,i), ..., Xu, (¢,1))
and of delay elements (xp,+1(¢,7), Xn,+2(¢,1), .., X2n,(,7)). Using state variable diagram

(Fig.1) we can write the following differential and difference equations
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Xy -1 (t,0) = Xy (z,0)
Xn, (2,1) = e(t,i)
Xpy+1 (Z,i+ 1) = 4o n,—1X1 (t, i) +al,n2—1x2(ta i) + ...
a1y 1%, (£,8) + Xy 12(2,0) + Ay ny—1€(2,1)
xnl+2(l‘,i+ 1) = aon,—2X1 (l‘, i) —i—alm,zxz(t, i) +...
a1y 2%, (£,8) + Xy 13(2,0) + Ay ny—20(2,1)

x27n2—1(tai+ 1) = ap,1X1 (l‘,i) +a1,1x2(t,i) + ...
Fap, 11X, (1,0) + X0, (¢,1) + ap, 16(t, 1) )
X, (8,04 1) = agox; (t,0) +aioxz(t,i) + ... + ap,—1,0%n, (1,1) + an, oe(t,1)
)C27n2+1(l‘, 1+ 1) = b07n2,1X1 (l,i) —f—ban,l)Q(t,i) + ...
Fbny—1ny-1X10(2,0) + X2,y 42(2,7) + by my—1€(2,7)
xZ’n2+2(l‘, i+ 1) = bO,,Zz,Q)C1 (l‘, i) +b17,12,2x2(t, i) + ...
+bpy 1y —2X1,0(t,1) + X205 13 (8, 0) + by py—20(2,1)

)C2n2,1(t,i+ 1) = b071x1 (l‘,i) +b171x2(t,i) + ...

Fbny 1,1, (1,0) +X2m, (£,0) + bpy 1e(2,)
X2ny (l‘,i+ 1) = bgox1 (l‘,i) +b10)€2(l,i) + ... +bn1,1’0xnl (l‘,i) ernl’()e(l‘,i)
y(l‘,i) = b()ﬂle(l‘,i) —|—b17n2xZ(l‘,l') + ...

+bn—1,0y%n, (t7 i) + Xny+1 (ta i) + bm,nze(tv i)

where
e(t,i) = agp,X1(t,0) + a1 p, X2 (t,0) 4 ... 4 Qny— 1 pyXn, (t,8) + X, 11 (¢,0) +u(t,i).  (10)

By increasing i by one in differential equations of (9) and by applying derivative to
differential equations of (9), than substituting (10) into (9) we obtain
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Xl(l,i-i-l) :Xz(f,i+1)
Xz(t,i+l) :)C3(l‘,i+1)

X —1(t, i+ 1) =x,, (¢,i+ 1)
T, (1,04 1) = agpx1 (t,i+ 1) +ag poxo(t,i+ 1)+ ...
+aan, —1 pyXn, (04 1) + X 41 (2,0 + 1) +u(t,i+ 1)
Xn1+1(t,i+ 1) = dpn,—1X1 (l‘,i) +6717n2,1)€2(l‘,l') +...
Fany 10y —1%n, (1, 8) F Qg py— 15y 1 (2,8) F Xy q2(2,0) + @y - 14(2, )
Xn1+2(t,i+ 1) = d(,n,—2X1 (l‘,i) +6717n2,2)€2(l‘,l') + ...
8y~ 1y 2%, (8,1) + Gy iy 250y 11 (8, 0) + X, 13(8,0) + Ay iy —200(2,0)

anfl(t,l'-i- 1) = d()Jng(l‘,l') +672)'6172(l‘,l') +...

"‘anlfl,lxnl (l‘, i) +an171xn1+1(t, i) +xn2(t,i) +an171ﬂ(t, i) (11)
an(l‘,i—i— 1) = dopX] (l‘,i) +C_ll()fC2(t,i) +...

+an171,0xn1 (l‘, i) + anl,oxnlﬂ (l‘, i) +an17()l/'t(l‘, i)
Xn2+1(l‘,i+ 1) = 1_707,,2,1)@ (l‘, i) +l_?17n2,1)€2(l,i) + ...

—{—1_7,11,1,”2,1)'6"1 (ta i) + bnl,nzflmerl (ta i) +xnz+2(ta i) +bn1,nz*lu(t’ i)
Xn2+2(l‘, I+ 1) = l_?()mz,le (l‘, i) + l_?17n2,2)€2(l, i) + ...

+En2*1,n2*2xn1 (ta i) + bnl,n272xn1+l (ta i) +Xny43 (t> i) +bn1,n2*2u(t7 i)

inzfl(l‘,iqL 1) = l;o,lxl (l‘,i) +l_9171)€2(l‘,i) + ...

—{—Em,l,l)&nl (l‘, i) —|—bn171)€n1+1(l‘, i) + Xon, (l‘, i) +bnl71d(t,i)
inz(l‘,i—l— 1) = l_?()oxl(l‘,i) —|—l_?10x2(t,i) +...

+l_7n171,0xn1 (l‘, i) + bnlyomerl (l‘, i) + bnh()bl(l‘, i)
Y(t,1) = bo X1 (t,7) + b1 pyx2(t,1) + ...

by —1 Xy (£58) + By g Xy 41 (84 8) + Xy 1 (£,7) + by yua(2,7)

where
Gij = i j+ Qimy@ny j, bij=Dbij+ainbn,
(12)
for i=0,1,..n—1, j=0,1,...n—1.
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Figure 1. State variable diagram for transfer function (6).

Defining

xl(t,i)

Xn, (£,1)
x(t,0) = | xp,41(2,0) (13)

Xon,—1(2,0)
X2n, (l‘, i)

we can write the equations (11) in the matrix form (1a) and (1b) where
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0 0 0 00 .. 0000 0]
0o .. 0 0 00 ..00O0OO0O..0
A0 ny—1 -+ Aui—lm—1  Qnynp—1 1 0 .. 00 0O .. O
6707,,2_2 C_ln]_17n2_2 Ay ny—2 0 1 0 0 0 O 0
Ar=1 adyq .. @p-1y an1 0 0 1000 .. 0
aoo Qan—10 Ay, 0 0 0 0 0 0O . 0
bop-1 - buy-1m-1 baym-1 0 0 0010 ..0
bony—2 o buy—tmy-2 by 0 0 00O0T1 ..0
bot .. by-1a byyr 0 0 .. 00 0 0 ... 1
L boo o ba—10 bpyo 00 .. 00 00 ... 0]
Al c R(n1+2n2)><(n1+2n2),
0 1 0 .. 0 00 ..0]
0 0 1. 0 00 .. 0
Ay — 0 0 0o .. 1 00 .. 0 € ROm2m)x(m1 +2)
Aopy, Alpy, py - Op—1py, 1 0 ... 0
0 0 0 .. 0 00 .. 0
0 0 0 0 0 0 0
R
0
am,nz—l
B| = : c R(n1+2n2)><l, B, = By c R(n1+2n2)><17
' By»
an, 0
bm,nz—l
bnl,O




www.czasopisma.pan.pl P N www.journals.pan.pl
e
~—

274 T. KACZOREK, £.. SAJEWSKI
0
By = 0 € R By =[0] € R¥2<1 (14)
1
C=|cC G |er ) ¢ =By Biu o Bai | RV

G = [ Gy Cx» } € R
Cy = |: buyn, 0 ... 0 :| GRlan’ Cy = |: 1 0 .. 0 ] € R>m
D= [bm:nz] e R

Therefore, the following theorem has been proved.

Theorem 2 There exists a positive realization if all coefficients of the nominator and
denominator of T (s,z) are nonnegative.

If the assumptions of Theorem 2 are satisfied then a positive realization (3) of (5)
can be found by the use of the following procedure.

Procedure 1

Step 1. Write the transfer function 7'(s, z) in the form (6) and the equations (8).
Step 2. Using (8) draw the state variable diagram shown in Fig. 1.

Step 3. Choose the state variables and write equations (9) and (10) in the form (11).
Step 4. Using (11) find the desired realization (14) of transfer function (5).
Example 1

Find a positive realization (3) of the proper transfer function

6527+ 552 +4s7+3s+2z+1
§27—0.5524+0.457 —0.35—0.27—0.1"

In this case n =2 and m = 1. Using Procedure 1 we obtain the following.

T(s,2) = (15)
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Step 1. Multiplying the nominator and denominator of transfer function (15) by s~2z~!

we obtain

6+5z 1 +4s 143577 4092 4 g2, Y
T(s,z) = = (16)
1-05z7 140451 —03s71z71 —0.252-0.1s2z7! U

and
E=U+(05z"-04s"403s 'z 140252 4+0.1s %z E
(17)
= (6457 " +as T 435z 425 245 HE

Step 2. State variable diagram has the form shown in Fig. 2

0.4

Y

Figure 2. State variable diagram for transfer function (16).

Step 3. Using state variable diagram we can write the following equations

xl(t,i) ZXQ(Z‘,i)

X (t,0) = 0.2x1 (¢,1) — 0.4 (¢,1) +x3(2,0) +u(t, i)

x3(t,i+1) =0.2x(¢,i) +0, Lxa(2,i) + 0, 5x3(2,i) + 0.5u(z,i) (18)
xa(t, i+ 1) =2x1(¢,0) +x2(¢,1) + 5x3(2,0) + Su(t,i)

y(t,0) =3,2x1(¢,i) + 1.6x2(¢,) + 6x3(2, i) +x4(t,1) + 6u(t,i)

Step 4. The desired realization of (15) has the form
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[0 0 0 o0 O 1 00
0 0 0 O 02 —-04 1 O
A= , A= ,
02 0.1 05 0 0 0 00
2 1 5 0 0 0 00
[0 [0 (19)
B 0 B 1
"los | TP o
5 0

c=[32 16 6 1], D=1

Obtained realization is positive because the conditions of Theorem 1 are satisfied.
The following example shows that the conditions of Theorem 2 are not necessary for the

existence of a positive realization.

4. Generalization for MIMO systems

Consider the m-inputs and p-outputs 2D hybrid linear system (1) with the proper

transfer matrix

(20)

T]](S,Z) T]m(S,Z)
T(s,z) = : : : € RP*™(s,7)
Toi(s,2) ... Tpm(s,2)
where
Nk N241 Kl i
L X b
Tiu(s,2) = = for k=1,2,...,p, [=1,2,...m. (21)
Nk N2kl L.
STkl 72k — Z Z a’?l.slzl

L
i=0 j=0 J

i+ j#n g
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It is well-known [5] that the 2D transfer matrix (20) can be always written in the

i flll(&Z) nlm(S,Z) 1
di(s,z2) 7 dn(s,z
1(. ) . m( ) NI(S7Z) Nm(S,Z)
T(S,Z) = : : : = (22)
dl(S,Z) dm(S,Z)
npi(s,2) npm($,2)
di(s,z2) 7 dw(s,2) |
where
Ni(s,2) = [ ny(s,2) oo np(s,z) )7
ng(s,z) = b”;llkhnzklsnmznzk/ +bﬁllkl-,nul—]smklznzkl_l + .
+bK 57+ DKL s + bR 2+ bEL
di(s,z) =M™ fail]hnzl_ls””znﬂ_l - (23)

! ! ! i
a1 52— AypS — A< — dyy
nyp=nig, N2 =N,
k=1,2,...p; [=12,...m

and T denotes the transpose.
In a similar way as for SISO systems, multiplying the nominator and denominator
of each element of transfer matrix (22) by s~ "/z~"2 we obtain

E;=U +d(s,2)E

Y I’_lll(S,Z) l/_llm(S,Z) E; 24)
Y, fp1(8,2) .. Apm(s,2) E,
where
7 _ 1 -1 ) -1 l —ny—n
di(s,2) = Unymy—12 Ty iy e oS e
- __ okl kl -1 kl —1 kl —nip ,—noy
Nl (S7Z) - b”lkhnZkl + bﬂlkl,-HZkl—lZ +b”1kl_17n2kls ot bOOS iz (25)

k=1,2,...p; [=12,...m

Similarly as for SISO systems using (24) we may draw a suitable state variable diagram
for the MIMO system with the proper transfer matrix (22). Using the state variable dia-
gram we may write the set of differential and difference equations in the form (11) (case
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for SISO systems). Defining vectors

xk71(t,i)
X1 (t7i) -xk,n”(tai)
x(t,i) = : where xi(t,i) = X, +1(2,1) for [=1,2,....m
X (2,1) :
xk,(erl)nzlfl(tai)
xlg(p-&-l)nzl (tvi)
(26)
ul(t7i) yl(t7i)
u(t,i) = : and y(r,i) = :
Mm(tai) yp(tvi)
we may write the set of equations in the form
x(t,i+1) =A1x(t,i) +Aox(t,i+ 1) + Byu(t,i) + Bou(t,i+ 1) 27
y(t,i) = Cx(t,i) + Du(t,i)
where
Ay =blockdiag [ Al ... AT], Ay=blockdiag| A} .. AT ],
By =blockdiag | B} ... BT |, By=blockdiag| B ... By ],
(28)
Cll C% brllllllanZII b}l’l/rim:nZIm
C: s D =

P p pl pm
Cl C2 b”lplyanl bnlpmv”me
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and
[0 0 0 0 0 00 0O 0|
0 0 0 o0 .. 00 O0O0 .. O
=1 =1 )
ao,nzl—l anll—l.,nzl—l anu,nzl—l 1 0
=1 =1 )
007"21—2 R TR Py a"117"21—2 1 0 0
1 _ =1 =1 l
Al = dp, Gy 1,1 Ay 1 0 0 1 0 00 0
=1 =1 l
dp Gy 10 Ay, 10 0 0 00 00O 0
Lkl Lkl kl
bO,nz,—l bn],—l.,nzz—l bm,,nzz—l 0 0 0010 0
1kl Lkl kl
bO,nzz—Z bn”_L,nz]_2 bn”m[_2 0 0 0 0 0 1 0
Lkl ki kl
by, bnnl—Ll bnu,.,l 0 1
Lkl 1kl kl
i by bn.l—l,o bn”_o O_

Al1 ER(”l1+(l7+1)n2,)><(n1,+(p+1)nzl)7

0 1 0 0 0 0 0
0 0 1 0 0 0 0
Al 0 0 0 1 00 0
2= l I l !
aO,nzl al,nzl aZ,nzl nll—l,nzl
0 0 0 0 0
i 0 0 0 0 00 0 |

A12 e Rt (p+1)nz ) x (ny+(p+1)nz)
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_ 0 -
Bl
Bl2 — 21 GR(YL”-F(IH-])VZZI)X]
1
) 0 By,
aﬂl,ﬁz,—l 0
I _ : (ni+(p+1)ng, ) x1 .
Blf . €R 1 ) Bl _ : ERn”XI
! 21 )
an1,70 0
ki
nygn—1
. Bl = [0] € R+
I bﬁl]PO | (29)
k _ k1 k Kkl _ | 7kl Tk Tkl 1x
=l o] =, B, B, | RV
G-l o] di=l Ll e RO

CK=[ b, 0 . 0]erm =10 . 0]erm

nyp,n2g

nin2

D=[bfl .| € R
and

N | 1 l Tkl gkl ) kl
Qipjy = Giyjy + Qiynyy Ay jpo bitj/ - bitj/ + aimzzbnlzjt’

(30)
for i[ :0,1,...,111[— 1, jl :0,1,...,712[— 1.

Summing up the considerations we obtain for the MIMO hybrid linear system the
following theorem.

Theorem 3 There exists a positive realization if all coefficients of the numerators and
denominators of the transfer matrix (20) are nonnegative.

The procedure given for SISO systems with slight modifications can be also used for
finding a positive realization of the transfer matrix (20).
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Example 2

Find a positive realization (3) of the proper transfer matrix

[ biisz+blos+biiz+by  biis?z+bigs® +biisz+bids+biiz+blg |
52— a8 — a(l)lz — ag s22— 35> — @} 52— ajS — a(z)lz — agy
T(s,z)= (3D
bilsz+bips +bgi1z2+bgy  biis*z+byps® + biisz+bigs + bgiz + b
sz—alys —abz—al, 522 — a3ys* — a3 sz — atys — ag 2 — a,

In this case there are p = 2 outputs and m = 2 inputs. Using Procedure we obtain the
following.

Step 1. Multiplying numerators and denominator of the first column by s~ !'z~! and mul-
tiplying numerators and denominator of the second column by s>z~ we obtain

11 11,1 11 1 1 o—1—1
b, bloz -l-bms +byys

l—a 1_ gl abys—1z7!
T(s,z): 131 -1 0%1 -1 lg—1,-1
bil +b1pz ' +bjls +boos
l—alyz ' —als~' —alys'z7! 32
b} —|—b%z’l b“s blos 4 bgis +bggs !
l—a29 % 8 gl —ad 52 —ad s~ 22*1
2.1 221 221 - 2,2 —1
b3 + b3z biis bips ‘H’ + bgs
11— a3z 17a%]s I*G%OS 'z 1*“(2)15 2 —agys™ 2271
and
1To=1, 1 =1, 1 —1.-1
Ey =Ui+(ajpz” +ags +aps 2z )E
2.1, 2 1, 2 —1~1, 2 -2, 2 -2 1
Ey=Us+ (ayz  +ays  +ajys 2 +ays “+ags z 0 )Ex
(33)
n ] [ oltolie el ol e
T g2l g2t 2t 2l
n bii + Doz +bgis™ +bgos
Ey
b12+béngl b%%sil b12 —1 71 b12 2+b12 72 -1 -
2

bR+ b2+ b5 b T BB 4 bREs 2!

Step 2 State variable diagram for (33) has the form shown in Fig. 3.
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Figure 3. State variable diagram for transfer function (32).

Step 3. Using state variable diagram we can write the following equations

(t,i) = ei(t,i)
x12(ti4 1) = agoxr 1 (t,0) + ajgen (1,0)
x13(t,i4 1) = biix1 1 (2,1) + blber (t,i)

x14(t,i+ 1) = bggx 1 (¢,0) + bige (¢, )
X0,1(t,0) = x20(t,1)

(t, e

(t,i+1)=

(ti+1)=

(t,

xll

I\)

X22(t,0) = ( )

x23(¢ i+1 0x21 ,l)+a10xz2(t,i)+a%062(t,i)

X 4(t i+1 b00x21 ,l)—i—blOXQz(t,i)—l—b%ez(t,i)

x2.5(t l+1) 00X21(l )+blOX22(t l) 2062(t7i)

yl(t l) —X13(l‘ z)—i—bmxl 1(t l)+b11€1(t,l)+)€274(l,l)+b01X21(l‘ l)
+b11x272 (t, l) + b21€2 (t, i)

yz(t,i) :x174(t,i) +b(2){x171(t,i) —i—bﬂel(t,i) +X275(l,l') —i—b%%x;ﬂt,i)
—i—bﬁxm (l‘, i) + b%%ez (l‘, i)

(¢ (34)
(¢

where

e1(t,i) —a(lnxl 1(2,0) +x12(2,0) +uy (2,0)

(35)
ex(t,i) = ad x21(t,0) +at xaa(t,i) +x25(t,0) +ua(t,1).
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Step 4. Substituting (35) into (34) and taking into account (26)—(28), the desired realiza-
tion of (31) has the form

Al 0 ] [A;O Bl 0
A= , A= , Bi1= )
0 A 0 A3 0 B}
Bl 1 1
Bz—_02 ;% c=[a Gl= g% %] (36)
D:b%%b%]
b} bt
where -
0O 0 00 0 O 0 00
ay, aly 00 0 0 0 0 0
biy bl 000 0 0 0 0 0
B3, b} 000 0 0 0 00
A;l={ 0 0 00 0 0 0 0 0],
0O 0 00 0 0 0 00
0 0 00 a a} da 0 0
0 0 0 0 b3 b2 b2 0 0
0 0 0 0 bf bf5 b O O |
[ay, 100 0 0 00 0]
0 000 0O 0 000
0 000 0O 0 000
0 000 0O O 00O
A= 0 000 O 1 00O/,
0 000 da a; 100
0 000 0O O 00O
0 000 0O O 00O
0 000 0 0 00 O]
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[0 o ] (1 0]
1
ayp O 00 pll pl2 pli2
bi§ 0 00| C=|2 25 |
2l o 0 0 bo1 by b1y
10 pI1 1 0 b2 1 0
11 21
Bi=1 0 0 |, Bo=]00], G=| , 22 ’
0 01 by; 01 b5 0 1
) bii by
0 b2 00 el
| 0 b3 0 0

with (30).

5. Concluding remarks

A method for computation of a positive realization of a given proper transfer matrix
of 2D hybrid linear systems has been proposed. Sufficient conditions for the existence
of a positive realization of a given proper transfer matrix have been established. A pro-
cedure for computation of a positive realization has been proposed. The effectiveness of
the procedure has been illustrated by a numerical example. In general case the proposed
procedure does not provide a minimal realization of a given transfer matrix. An open
problem is formulation of the necessary and sufficient conditions for the existence of
solution of the positive realization problem for 2D hybrid systems in the general case.
Extension of those considerations for 2D hybrid systems described by models with struc-
tures similar to the 2D general model [14] or the 2D first Fornasini-Marchesini model
[18] are also open problems.
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