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Abstract. Pointwise completeness and pointwise degeneracy of the fractional descriptor continuous-time linear systems with regular pencils
are addressed. Conditions for the pointwise completeness and pointwise degeneracy of the systems are established and illustrated by an

example.
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1. Introduction

Descriptor (singular) linear systems have been considered in
many papers and books [1-14]. The eigenvalues and invari-
ants assignment by feedbacks have been investigated in [9,
10] and the minimum energy control of descriptor linear sys-
tems in [11]. The stability of positive descriptor systems has
been investigated in [14]. The positive linear systems with
different fractional orders have been addressed in [15]. De-
scriptor standard positive linear systems by the use of Drazin
inverse have been addressed in [1, 2, 8, 10, 16]. The shuf-
fle algorithm has been applied to checking the positivity of
descriptor linear systems in [7]. The reduction and decomposi-
tion of descriptor fractional discrete-time linear systems have
been considered in [12]. A new class of descriptor fractional
linear discrete-time system has been introduced in [15]. The
pointwise completeness and pointwise degeneracy for stan-
dard linear systems have been investigated in [17-27] and for
fractional linear systems in [17, 20, 22]. The Drazin inverse
of matrices has been applied to find the solutions of the state
equations of the fractional descriptor continuous-time linear
systems with regular pencils in [8].

In this paper the pointwise completeness and pointwise
degeneracy of the fractional descriptor continuous-time linear
systems with regular pencil is addressed.

The paper is organized as follows. In Sec. 2 some defi-
nitions, lemmas and theorems concerning the fractional de-
scriptor continuous-time linear systems are recalled. The main
result of the paper is presented in Sec. 3, where the conditions
for the pointwise completeness and pointwise degeneracy of
the fractional descriptor continuous-time linear systems with
regular pencils are established and illustrated by an example.
Concluding remarks are given in Sec. 4.

The following notation is used: #t — the set of real num-
bers, R™*™ — the set of n x m real matrices and R = R**1,
Z — the set of n X n nonnegative matrices, I, —the n x n
identity matrix, ker A (im A) — the kernel (image) of the
matrix A.
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2. Preliminaries

Consider the autonomous fractional descriptor continuous-
time linear system

EoDfx(t) = Az(t), 0<a <1, (1)

where « is fractional order, x(t) € R™ is the state vector, F,
A e R and

1 / 1 dx(r)
Ni—a) ) (t—7)> dr

0

oD x(t) =

dr 2)

is the Caputo definition of o € R order derivative of x(¢) and

I'(a) = /e‘tt"‘_ldt 3)
0

is the Euler gamma function.
It is assumed that det 2 = 0 but the pencil (¥, A) of (1)
is regular, i.e.
det[E's — A] # 0 for some s € C @
(the field of complex numbers).
Assuming that for some chosen ¢ € C, det[Ec — A] # 0 and
premultiplying (1) by [Ec — A]~! we obtain
EoDz(t) = Az(t), (52)
where
E=[Ec— A"'E, A=[Ec— A 'A. (5b)
Note that the Egs. (1) and (5a) have the same solution x(t).

Definition 1. [3, 10]. The smallest nonnegative integer g is
called the index of the matrix E € R"*" if

rank B = rank B* (6)
Definition _2 [3, 8, 10]. A matrix FD is called the Drazin
inverse of F € R™*™ if it satisfies the conditions

EE” =E"E, (7a)
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E'EE” = E”, (7b) 3. Pointwise completeness
1 —g and pointwise degeneracy
E E =F, (7¢)

where ¢ is the index of E defined by (6).

The Drazin inverse B’ of a square matrix E always exists
and is unique [3, 10]. If det £ # 0 then E” =F . Some
methods for computation of the Drazin inverse are given in
[10].

Lemma 1. [3, 8, 10]. The matrices £ and A defined by (5b)
satisfy the following equalities
1.

AE—FA and A'E=FEA", s
a
E’A=24E", A"E" =E"4",
2.
ker A Nker E = {0}, (8b)
3.
E=T J 0 T4,
0 N
(8¢)
-1
2or| Y,
0 0

detT # 0, J € R™*™  ig nonsingular, N € R"2*"2 g
nilpotent, n; + no = n,
4,
(I, - EE")AA" =1, - EE”
(8d)

and (I, — EE")(EA")? = 0.

Theorem 1. [8] The solution to the Eq. (1) is given by

2(t) = ®o()FE w, (9a)
where .
B e (E Z)ktko‘
200 =2 Tat1) ob)

and the vector w € R"is arbitrary.
ﬁDU and xg €
im(EE") where im denotes the image of EE .

From (9a) we have z(0) = xy =

Lemma 2. The matrix ®¢(¢) defined by (9b) is nonsingular
for any matrix A € R"*™ and time ¢ > 0.
Proof is given in [8].

Theorem 2. Let

P=FEE" and Q=E"A (10)
Then:
1)P’“:Pfork=2,3,..., (11a)
2) PQ=QP =Q, (11b)
3) P(I)()(t) = (I)()(t). (11C)

Proof is given in [8].
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Definition 3. The fractional descriptor system (1) is called
pointwise complete for ¢ = ¢y if for every final state zy € R"

. I . —=D
there exists a vector of initial conditions z¢ € Im(EF'E ) such
that z(t¢) = ay.

Theorem 3. The fractional descriptor system (1) is pointwise
complete for any ¢ = ¢; and every final state x; € " be-
longing to the set

xy = im[® (ty)zo]. (12)
Proof. Substituting in (9a) t = t; we obtain
xy=a(ty) = Po(ts)zo (13)
and
wo = [®o(ty)) g (14)

since by Lemma 2 the matrix ®,(¢) is nonsingular for any
matrix E- A and time ¢ > 0.

Definition 4. The fractional descriptor system (1) is called
pointwise degenerated in the direction v for ¢t = ¢ if there

exists a nonzero vel%tor v € R™ such that for all initial condi-
tions o € Im(EE ) the solution of (1) satisfy the condition

vy =0 (15)
where T denotes the transpose.

Theorem 4. The fractional descriptor system (1) is pointwise
degenerated in the direction v defined by

vIE=0 (16)
for any ¢ > 0 and all initial conditions o € Im(ﬁD).

Proof. Postmultiplying (16) by FDw and using zg = ﬁDw
and (15) we obtain

VTEE  w = vTxg = 0. (17)
Taking into account (9b), (13) and (16) we obtain
—D—
00 v (E A)ktka
vlxy = ol Og(ts)x X:O Tlha+1) T
(18)
oo TEED (EDZ)ktka
f
= = O
a3 T
since (7b) and (16) holds.
Example 1. Consider the system (1) with the matrices
10 -1 0
E= , A= , O0<a<l1. (19
0 0 0 -2
The pencil of (19) is regular since
1 0
det[Es — A] = 3+ , | =2+ D20 o)
and the assumption (4) is met.
Bull. Pol. Ac.: Tech. 63(1) 2015
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Choosing ¢ = 1 we obtain

E=[Ec—A'E

-1
120 1 0 0.5 0
1o 2 00 0 0|’
(21
A=[Ec— A 1A
71 - -
120 -1 0 | =05 0
N 2 0 -2 0 -1
and
_ 2 0| _ [ 2 0
E = and A7 = (22)
0 0 0 -1
In this case the admissible initial conditions are
_ 1 0|
2o =im(EE") = im 0| _ | w0
0 0 0 (23)

and xq0 1is arbitrary.

Using (9b) and (22) we obtain the nonsingular matrix

(24a)

where
ktka

(o]
Z Fka+1)

k=1

(24b)

By Theorem 3 the fractional descriptor system (1) with (19) is
pointwise complete for ¢ = ¢; and every x; € R? satisfying
the condition (12). In this case from (14) and (24a), (24b) we
have

L+ @ty oy

1
Trr =
! 0

zo = [Po(ts)]”

(25)

. =D T10
€ im(EE ):[ 0 1

if and only if z; € Im(ﬁD) = [ I(I)f ] where z1¢ is

arbitrary.
By Theorem 4 the system (1) with (19) is pointwise de-
generated in the direction v = 0wy | for any vy since

0.5 0

vIE=[0 Ug]l 00

][o 0].  (26)

Bull. Pol. Ac.: Tech. 63(1) 2015

4. Concluding remarks

The pointwise completeness and the pointwise degeneracy of
the fractional descriptor continuous-time linear systems with
regular pencil have been addressed. The conditions for the
pointwise completeness and the pointwise degeneracy of the
systems have been established (Theorem 3 and 4). The con-
siderations have been illustrated by an numerical example of
fractional descriptor system with regular pencil. The consid-
erations can be extended to the positive fractional descriptor
linear systems.
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