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EXTENDED PENALTY COEFFICIENTS FOR ELIMINATION THE LOCKING
EFFECTS IN MODERATELY THICK BEAM AND PLATE FINITE ELEMENTS

W. GILEWSKI!

The present paper is dedicated to presentation and energy verification of the methods of stabiliza-
tion the strain energy by penalty coefficients. Verification of the methods is based on the consist-
ency and ellipticity conditions to be satisfied by the finite elements. Three methods of stabilization
are discussed. The first does not satisfy the above requirements. The second is consistent but can-
not eliminate parasitic energy terms. The third method, proposed by the author, is based on the
decomposition of the element stiffness matrix. The method can help to eliminate locking of the
finite elements. For two-noded beam element with linear shape functions and exact integration
a stabilized free of locking (and elliptical) element is received (equivalent to reduced integration
element). Two plate finite elements are analyzed: four-noded rectangular element and DSG triangle.
A new method of stabilization with the use of four independent parameters is proposed. The finite
elements with this kind of stabilization satisfy the consistency condition. In the rectangular element
it was not possible to eliminate one parasitic term of energy which appears during the procedure.
For DSG triangle all parasitic terms of energy are eliminated. The penalty coefficients depends on
the geometry of the triangle.
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1. INTRODUCTION

Design of finite elements for shells, plates and beams of moderate thickness is one of
the most demanding area in the finite element method for many years. In the exist-
ing finite elements one can frequently observe the phenomena of locking and parasitic
strains. There are a lot of methods for design of finite elements free from locking. An
extensive bibliography is collected and discussed in the reference Gilewski [8] and oth-
er publications (i.e. Dhanajaya et al. [5], Rezaiee-Pajand et al. [14]). Among others, the
method of stabilization of the finite element strain energy by selection of multipliers is
an interesting idea (Bischoff and Bletzinger [1,2], Bletzinger, Bischoff and Ramm [3],
Carpenter, Belytschko and Stolarski [4], Fried [6], Lyly, Stenberg and Vihinen [12],
Mohr [13], Tessler [15]). Correct finite element should satisfy the consistency, ellipticity
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in inf-sup conditions for mixed as well as displacement based FE models (Iosilevich et
al. [11], Gilewski [8]).

Consistency condition means that the quadratic form of the strain energy in the
finite element formulation, which depends on the typical element dimension a, should
be equivalent to the bi-linear form of the mathematical model in the limit case a — 0.
Ellipticity condition is the main condition for existence and synonymous of the FE
solution. This condition is related to the strain energy properties and can be checked by
the analysis of eigenvalues and eigenvectors of a single unsupported element. Inf-sup
condition is difficult to be analyzed analytically, can be checked numerically (Gilewski,
Sitek [10]) and will not be considered below.

The objective of the present paper is to check the correctness of the use the strain
energy multipliers to eliminate shear locking, which is commonly used in commercial
finite element systems. The criterion of the correctness is satisfying the consistency
condition. The ellipticity condition can be checked in the second phase of the analysis.
In the 1 part of the paper the coefficients existing in the literature are evaluated. The
new, original way for construction the multipliers are presented and evaluated in the 2™
part. A couple of well known finite elements for Timoshenko beam and Mindlin plate
are analyzed and modified.

2. FEM ENERGY MULTIPLIERS

One of the method of elimination (stabilization) of shear locking (or parasitic shear) for
moderately thick beams and plates is the use of the strain energy multipliers (see i.e. Bi-
schoff and Bletzinger [1,2], Bletzinger, Bischoff and Ramm [3], Carpenter, Belytschko
and Stolarski [4], Fried [6], Lyly, Stenberg and Vihinen [12], Mohr [13], Tessler [15]).
Let us consider how it works. The stiffness matrix of beam or plate finite element can
be expressed as a sum

2.1) K-K,+K,,

where K, is a part of stiffness matrix related to bending and K is related to shear. The
method of the multipliers of strain energy, known in the literature of the subject, is the
following modification of the finite element stiffness matrix

(2.2) K=K, +aK,.

The coefficient a should be sensitive for geometrical parameters of the element and
selected to minimize the effect of locking. Let us consider the geometric parameter for
Timoshenko beam elements in the form of a proportion of the bending rigidity £J to

shear rigidity H, y = E—Jz, where a is half of the length of the element. This parameter
Ha
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2
is depending on (h] , where / is the beam thickness, and is slightly sensitive for the
a

shape of cross section. The easiest way of construction the coefficient o (see Bischoff
and Bletzinger [1], Bletzinger, Bischoff and Ramm [3], Gilewski [8,9]) is the following

(2.3) cx=a[hj=cy,

a

where ¢ is especially selected constant. Using this coefficient one can control the share
of the transverse shear strain energy in the finite element solution. The value of the
constant c, is usually defined after extensive numerical analysis.

The other method for selection of the coefficient o was proposed by Lyly, Stenberg
and Vihinen [12], and extended by Bishoff and Bletzinger [1,2]:

(2.4) a= a(h] -

a) 1+¢/’

i

This coefficient does not disturb the strain energy when the dimension of the ele-
ment tends to be zero. It is well seen when we expand the coefficient into Taylor power

series with respect to the parameter <

7
2
(2.5) a:atjzllc:q_c+m:p{i3+m
+
y A y

The suitable selection of the constant ¢ allow to reduce the influence of transverse shear
strain energy. It is recommended to take ¢ = 0.1 (Bischoff and Bletzinger [1]).

The energy criterion of the correctness of the FEM formulation (described in details
and used for evaluation of many finite elements in papers (Gilewski [7-9])) allow to
check the strain energy terms for which the coefficient ¢ has the influence and to verify
if the correctly selected coefficient can help to cancel the element locking or parasitic
shear. In the next part of the paper one can propose the extension of the ideas presented
in (Gilewski [8], Bischoff and Bletzinger [2]) and for the following form of stabilized
finite element stiffness matrices

(2.6) K=pK,+taK,,
where
2.7 /5':1—£+..., a=1-S+..
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Numerical constants d and ¢ should be duly selected to cancel the element dysfunctions.
The procedure for development of the stabilized stiffness matrices is the following:
Step 1.
Define the element stiffness matrix in the form of Eq. (2.1).
Step 2.
Verify the parasitic terms of the strain energy with the use of stabilized matrices in Egs.
(2.6)-(2.7).
Step 3.
Select the constants d and ¢ to cancel the parasitic strain energy terms.

The procedure presented above can be used to select the best stabilized coefficients
without necessity of calculating time consuming examples. The examples can only con-
firm that the constants were selected correctly and locking is canceled.

3. SELECTED TIMOSHENKO BEAM AND MINDLIN PLATE FINITE ELEMENTS

The subject under consideration is moderately thick Timoshenko beam with the thick-
ness /4, bending rigidity EJ, shear rigidity H = kGA (E — Young modulus, G — Kirch-
hoff modulus, 4 — area of the cross-section, J — moment of inertia of the cross-section,
k — shear correction factor). In the theory we have displacement, strain and internal
forces defined as:

u(x) = fw(x), ¢(x)}
3.1 &(x) = {c(x), 7(x)}

o(x) = (M (x).T(x)},
where: w — transverse displacement, ¢ — average angle of the cross section, x — curva-
ture, y — transverse shear strain, M — bending moment, 7 — shear force.

Basic equations of Timoshenko beam in the matrix form are the following

0 d
e EJ O
3.2) e=Du, o=Eg, D= dx’ E= .
da 0 H
dx

Strain energy of the beam can be expressed as

(3.3) E, :ﬂEJ(iZJZ +H(Z:—¢)2}dx.
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The subject under consideration is also moderately thick Mindlin plate with con-
stant thickness 4, in the rectangular co-ordinate system x, y, z. In the present theory we
have displacement, strain and internal forces in the following form:

()= w4,

(3.4 &(x,y) ={ L N N J
o(r,y)={ M M, M T.T,}

where: w — transverse displacement, ¢,,¢, — average fiber angles, «,, x,, k,, curvatures,

x5 Ty

Vv )y — transverse shear strains, M,, M,,M,, — bending and twisting moments, 7,7,

3
Eh = kEh ,
12(1-v?) 2(1+v)

k — transverse shear strain correction factor.

— shear forces, D=

E — Young modulus, v — Poisson ratio,

Basic equations of Mindlin plate in the matrix form are the following

o 2
ox - ~
o o 2 D vD 0 0 0
oy vD D 0 0 0
1-
(3.5) z=bu, e-Ez, D=0 = 2| E=l0 o D 0o 0
oy Ox 2
o 0 0 0 H 0
o 0 [0 0 0 0 H|
9 0 -
| Oy i

2 2 2 2
R
x Y Y x
(36) EY :%j 3 P 2 2
ol 0229 L p_)o0 0y ( Y_awj o g -2
ox Oy ox oy *oox T oy

In the present paper one beam and two plate finite elements are considered.
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3.1. 2-NODED ELEMENT BEAM ELEMENT WITH LINEAR SHAPE FUNCTIONS AND EXACT INTEGRATION

Let us consider Timoshenko beam finite element which demonstrates parasitic strain
energy (see Fried [6]). Stiffness matrix of the 2-node beam element of the length 2a,

natural d.o.f. q = { Wy, B, Wy, & }, linear shape functions and exact integration can be
expressed as

3.7)

The terms of the stiffness matrices with the parameter y are related to the bending
matrix K. The other terms are related to transverse shear matrix K.

3.2. 4-NODED RECTANGULAR PLATE BENDING FINITE ELEMENT WITH LINEAR SHAPE FUNCTIONS
AND EXACT INTEGRATION

all

74
b &

74
b

L
71
[ a |V a /
Z A Pl

Fig. 1. 4-node rectangular plate bending element.

The subject under consideration is a rectangular moderately thick plate bend-
ing element (see Figure 1) on the dimensions 2a x 2b and thickness 4. Let us intro-

duce a non-dimensional co-ordinate system &=2, £e (-L1), n :%, ne(-11).
a

The nodal parameter vector with corner nodes is natural 4 =14q,,9,,95,9,}, where

q, ={w.4,.4,}. Standard finite element procedure with bi-linear shape functions is

introduced
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(3.8) N:[Nl’stNs,N4]v N; =

LN =05+,

o o =
o =2 o
= o o

G=-1L &=L &=1, &=-Ln=-1n=-1n=1n=1

The element stiffness matrix can be expressed as follows:

Kll Klz K13 K14
K, K, K, K
(3.9)  K=| 2 0 Ow g K] 5 =1234, k1=123,
K31 K32 K33 K34
I(41 K42 K43 K44
S b 2 nn; a 2
K'=HZ22L0 2+ Zgn |+ H——L221 24+ 2E&. |,
v 16 a 3 16 b 3§’§’
b 2 n,a 2 ¢b 2
K2 =g bl 02,0 , kP =HTE2+ZEE |, kP =HZ-22+Zn.7, |,
p T 304 i 16 35,5, p T 377

&S a 2 M, 1-vb 2 ab 2 2
k2 =D22L=01 24y |+ DAL —— =2 24 ZEE |+ H—| 2+ 288, | 2+=nn. |,
v 16 b 3 16 2 a 35")’3 16 35’51 3

§j77i +1—VD§i?7j
2 4

§;Uj+1—VD§j77i’ k;lenja
2 4 16

b

2
kijz-SzVD 4(2+3§l§/j, k;z =vD

The terms with coefficient D are related to the bending part of the stiffness matrix,
as well as the terms with the coefficient H belongs to the shear part. One can observe
the locking phenomena in the above finite element (see Gilewski [8]).
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3.3. TRIANGULAR PLATE BENDING ELEMENT DSG (DiscRETE SHEAR GAP)

Let us consider the triangular moderately thick plate bending finite element after
Bletzinger and Bischoff [1,2]. Element geometry in orthogonal co-ordinate sys-
tem x, y is described in Figure 2. We have the natural vector of nodal displacements

q9=1{q,.9,.9;}, where q;, =W, 0. 9,}

Yy
A
Y 3
Vi /
Y 2
kx
X1 Xs X

Fig. 2. Triangular plate bending element DSG.

The interested reader is recalled to the reference (Bischoff and Bletzinger [2],
Bletzinger, Bishoff and Ramm [3]) for detailed description of the element. The expres-
sions necessary to calculate the stiffness matrix are the following:

1 x5 a, =X,y =Xy, b=y, —y;, ¢, =x;-X,,
(3.10) A:%l X Wls @ =X -x Yy, by =y -y, ¢ =x—x;,
bx s ay =XV, =%, 01, by =y, =y, ¢;=x,—x,,
[0 b, 0 0 b, 0 0 b, 0 |
0 0 ¢ O 0 c, 0 0 cy
3-11) Bf:i vl - bbé " b bbli '
b A 0 b, 2%—2% b3—3%—2%

The element stiffness matrix of the DSG triangular element with 9 d.o.f. has the
form
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(3.12) K=-[K,], K,=[[B/EBdQ=B/EBA.
Q

The further calculation for the proposed element are to be done for concrete co-or-
dinates, parameterized by the dimension a. Several positions of the triangular element
are considered. As it was presented in (Gilewski [8]) the shear locking is observed in
the DSG finite element.

4. ENERGY VERIFICATION OF THE MULTIPLIERS USED IN THE FORMULATION

The usual method of selection the energy multipliers leads to the number of examples
and can be called the “method of tests and mistakes”. In the present chapter it is pro-
posed to check easily if and for what value the proposed multipliers can satisfy the
consistency condition and can eliminate the terms of parasitic strain energy.

4.1. 2-NODED BEAM ELEMENT

One can propose to analyze the procedure of verification and selection the stabilization
coefficients on the example of 2-noded moderately thick beam finite element with linear
shape functions and exact integration.

Step 1 — Definition of the element stiffness matrix.

1 a -1 a
0O 0 0 O . iaz L2
@1y koo B0 L0 Sl HET g 32K, +K..
2810 0 0 0| 2¢|-1 —a 1 =-a
0 -1 0 1 a Za* —-a —da’

Step 2 — Identification of the parasitic strain energy terms.
The density of strain energy of the Timoshenko beam in differential form should be as
follows

4.2) E = ;{EJ(;{?T + H(CZ: - ¢ﬂ.

On the other hand the same density should be expressed as a quadratic form regard-
ing the vector q, with the element stiffness matrix as a kernel, divided by the element
length
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~ 11
43 ES =——q"Kq.
(4.3) s =5 51K

The nodal displacements can be expressed by the average displacements and their
derivatives with the use of Taylor power series expansion

Aw 1 ANw ) Aw 1
(44) w, —W(x)—E(x)a +5(Ax)2 (x)a +.o., W —W(X)+E(x) +E( ) (X)
YR WV IRV PN W VI
4.5) ¢ =¢(x) (x)a+ 2 (M) s(x)a”+.., ¢ =9(x)+ o (¥)a+ 2 (M) (x)a” +

When we put Egs. (4.4)-(4.5) to Eq. (4.3) and collect the terms in order to a we can
obtain

2 2 3
e 1 Ax Ax 3 Ax (Ax)?
(4.6) E\E —2W-FULL _ ©

sy L[ A0Y N¢JNW(_MJ o
+aHL(Ax) J{(Ax)z 3(Ax)3]¢ e +0(a™)

In the limit case, when the element length tends to be zero, we have

4.7) mE™ = E

s
a—0

It means that the consistency condition is satisfied. One can observe the doubly
underlined parasitic term, responsible for locking of the element. It is better seen if we
rewrite the Eq. (4.6) to the following form

2
Py P (= +kGA(AW—¢j +
-~ 3y \Ax Ax
EES*ZW*FULL — l

(4.8) . .
2 3
+a ZH[((:?Z - % (ix;\; j[(ﬁ - i;vﬂ +0(a*)
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The bending strain energy strongly depends on the parameter %/ (and in conse-

2
quence on [Zj ) which is big for thin beams. This energy is called “parasitic” and is

large for thin finite elements.

Step 3 — Stabilization.

Variant 1 — a=cy, f=0.

Following the expansion described above the modified strain energy density is in the
form

EJ[MJZ o (AW —¢T v EL A B¢
(4 9) EES*ZW*FULL _ l Ax a2 Ax 3 Ax (Ax)3

s N .
g + cEJ|:1[A¢j + [ A2¢2 L A3W3 ][¢ - ij:| +0(a")
3\ Ax (Ax)” 3 (Ax) Ax

It does not satisfy the consistency condition for any numerical value of c¢. This
method of stabilization is incorrect from the point of view of the consistency condition.

Variant 2 — a:I—E, p£=0.
v
Strain energy density is the following

2 2 2 3
EJ(MJ +H|1-HE (AW—¢) L2 ELAd A¢3+
N | A EJ )\ Ax 3 Ax (Ax)
(4.10) pes-aw-ruiL _ 1

2 2 (0
+a2H{1(A¢j £ _1A3W3J(¢_Mj}o(a4)
3\ Ax (Ax)® 3 (Ax) Ax

The consistency condition is satisfied because liné E = E_ . It is possibly to modify

the value of the transverse shear strain energy, but the parasitic term (doubly under-
lined) does not disappear for any c. It means that this method of stabilization is formally
correct (from the point of view of the consistency condition) but does not allow to
cancel the parasitic strains.
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Variant 3 — « =0, ﬂzl—i.
Ve

Strain energy density is the following

2 2 3
EJ(MJ +H(Aw—¢] 2Bl A¢3+

(4 11) T ES—-2W -FULL 1 Ax Ax 3 Ax (AX)
) EPS-WFULL _ Z

2 |
: +az,{(1_d)(wj (-1 j[¢_mv)]+o<a4>
3 Ax (Ax)? 3 (Ax) Ax

In the limit case limo Efs = ES, so the consistency condition is satisfied. For d = %

the parasitic strain energy term disappears. The stabilized stiffness matrix is the follow-

ing
1 a -1 a
(4.12) K2V -FULL-STAB _ H\|a a*(l+y) -a d*(1-y)
2a| -1 —-a 1 -a

a az(l—y) —-a a2(1+7/)

It is identical to the stiffness matrix received for 2-noded finite element, linear shape
functions and with the use of reduced integration (see Gilewski [8]). The spectral anal-
ysis of this matrix gives the information thet there are two zero energy modes and the
third eigenvalue tends to be zero when the parameter y — 0. It means that the ellipticity
condition can be not satisfied for very thin elements and the stiffness matrix can be over
singular. The above example is a proof that the proposed selection of the stabilization of
the strain energy allows to elliminate the shear locking and receive satisfied results for
thick as well as thin beams.

4.2. 4-NODED PLATE ELEMENT

Strain energy density of the finite element can be expressed as a quadratic form of the
nodal displacements

(4.13) Er =L 1grkg.
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Each nodal displacement q = [wy,4,,9,,,...] can be expressed by the average dis-
placement and its derivatives with the use of Taylor power series expansion

Fle+Any+Ar) = £, y)+i(x y)M+i(x oy LA

2 (Ax)?
1 Af AN f 1 Af
(4.14) +5( ) 7 (6, )(Ay) +AxA (x, y)AxAy + 6 (M) 7 (6, )(Ax)* +

1 ANf Af AV ALY 1 Af
+67(M)(Ay) (x, ¥)(Ax)(Ay)* + 67@ s (x, »)(Ay)(Ax) +6(Ay)3

7 (0, )(Ax)” +

(x,y)(Ay)3 +.

For nodal values we have:

fl :f(x_a’y_b)’ fz :f(x+aay_b)a

(4.15)
f3 :f(x+aay+b): f4 :f(x_a:y+b)a

where f=w,d,,¢, and f;=w;, ¢, ;.

The above expansions are to be put to the quadratic form in Eq. (4.13). Without loss
of generality one can consider the square element a = b. After collection the terms in
order to a the strain energy density will be expressed in the form

(4.16) EE = [, (w46, :E) + aLiy (0,68, :E) + Ly (0,6,.6,.E) + .

where L, (i=1,...,4,j = 1,2,...) are difference operators.

The analysis of the element without stabilization gives the following results

A2 () A ()
U Ax 2 | Ay Ay 2 | Ax

@417 . ==

11— 2 2 o
+2vDA@A¢’y+(1—v)DA¢VM+Hk¢x—A] +[¢) —J }
Ax Ay Ax Ay Ay

(4.18) L,=0,
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ol o3

| Ax Ay Ax Ay
B

! Ay Ax 3 3\ Ay

4.19 -

. ZH(MJ( o aed e
| 2 = |+
3| Ax AxAy AxAy
uy(&wjz DG—V1(&@J [&@J}
= + +
3 | Avay 6 |\ Ay ) | Ay

The comparison of the difference operator L,; (Eq. 4.17) with the differential form
(Eq. 3.6) shows that the element satisfies the consistency condition. The parasitic terms
in the operator L5 are doubly underlined.

The use of stabilization coefficient in the form A :l—i+... does not change the

e
form of difference operators L,; and L,,, what means that the stabilized element remains
consistent. The L,; difference operator with the use of the stabilized matrix is in the
form

Az ¢X A2 ¢X

m2+

2 2

A%+A%
2

Ay

Ax? Ay

H@( J+H¢x[ J”{Aw(w Y j

+f1AW{A€ +A¢)] +(1-3d)— (A¢) 1 Sd——— ( J
Ax Y% 3\ Ax
(4.20) ng1:1+(1—3d)f{(A¢yj +£1—3d1_j(A¢ j 2f’[A¢ I:A
2 3\ Ay 2 )3 A ) 3 Ay
ZH(A%][ij 2H(A%fr DG—VW(N@J {N@]]
+ + + + +
3 Ax |\ AxAy 3 | AxAy 6 AxAy AxAy
—dH(1-v)A 20 Ay oty B89
Ay Ax Ay




EXTENDED PENALTY COEFFICIENTS FOR ELIMINATION THE LOCKING EFFECTS IN MODERATELY THICK BEAM...

381

The single underlined parasitic term can be eliminated by taking d = % or the dou-

ble underlined term by taking d =

. Two other, new parasitic terms doubly un-

3(1-v)

der- and overlined cannot be eliminated. It is well seen that this version of stabilization

coefficient cannot

fully eliminate the strain locking with the use on one parameter ¢ and

two additional parasitic terms appeared in comparison with the not stabilized matrix.
Let us propose the way for introducing the stabilization with the use of multi-coef-
ficients. Assume the elasticity matrix in the following form

| DB, VDB, 0 0 0
vDf3, Dp, 0 0 0
(4.21) E=| 0 0 %Dm o ol p=1-%, i-1234
0 0 0 H 0
| 0 0 0 0 H

In this formulation we have four different coefficients that can be used to eliminate the

parasitic terms.

If we use the stabilization in the form Eq. (4.21) the difference operators L, and L,,
remain unchanged. The third operator is in the form

(422) Li"” =

N | —

Putting d, =

"

A2 ¢ A2 ¢ AZ ¢ A2

sz+Ay2]+H (

2 2
[AA?+A;] +(1-3d,) (
+(1—3d3)1:[

o] 5]

Ay

pAw A2¢ A2

vl

H

3

)
e
2] Fal)

Ax

A
Ay

30,1

|

Ay

L2H(A4 Y 4w 2 8w ) DG- v)
3 | Ax | AxAy 3 | AxAy 6 AxAy
—d4H(l— )%i—ZdH A¢xA7¢y
Ay Ax Ay

2
d,=0.d,=1 d, = ——— we can eliminate the parasitic terms
3 s 42 ) 3 / ) 4 3(1 . V) p

which are single underlined. Unfortunately it was not possible to eliminate the doubly

underlined term.
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4.3, TRIANGULAR DSG PLATE ELEMENT

The DSG triangular plate bending element has the parasitic energy terms that depends
on the element geometry and the sequence of numbering the nodal points (see Gilewski
[8]). The method of stabilization described above always leads to satisfy the consist-
ency condition, what means that the L, difference operator is in agreement with the
differential one. For triangular elements the operators L,, # 0, but there are no parasitic
energy terms there. The form of L5 difference operator depends on the element geom-
etry. Three different positions of the element nodes are analyzed below (see Figure 3).
The element geometries are parameterized with the use of ,,a”. The first element is
irregular. The second and third are regular and typical for not concentrated triangular
meshes.

Yy 3 o4
3a
3
2a a-Tt
2
a
X X
1 ] 2
a 2a a
Position 1 Position 2 Position 3

Fig. 3. Positions of DSG triangular elements.

The form of parasitic energy terms in the difference operators L,;, when the extend-
ed elasticity matrix (4.21) is applied, is the following:

Position 1

] 2 o
...+[1—4dlj5H(A¢fj +(1_2d4(1_,,))H[A¢&J .

57') 8 | Ax 8 | Ay

a2 _ 1 4 \I13H(Ag Y H(Ag Y

@23 el +£1—13d3j8( Ayyj +(1—2d4(1—v))8(Axy] ;

H Ap AP Ag, Ap,

1-2d, (1) L% 2 (14 g, ) 20 2

+( 4( V))4 Ay Ax (+ 2V) Ax Ay
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FNG RN

Putting d, =

dy=——
H 2 V’ 4,

PN E

4

T 20-v)

one can eliminate all parasitic

energy terms and have the element totally free from locking.

Position 2
_ ; L
...+(1—4d1)H(A¢XJ +(1—2d4(1—v))H(A¢x] +
8\ Ax 8\ Ay
w1 (g, H(Ag,Y
(4.24) ppe =t +(1_4d3)8[ Any +(1—2d4(1—v))8(&] N
A A
(1-2d,(1-v)/ L A% b, _d,Hv A A,
4 Ay Ax Ax Ay
The parameters to eliminate locking effects are
1 1 1
dy=—, dy=0, dy=—, d, = .
g R T4 T 21—
Position 3
2 A 2
v(—aa) Aﬂ dyi- )H(A@J (a2
1 8\ Ax 4\ Ay 8\ Ay
424) per_L )
H(A¢ H Ag, A¢ Ap, A@
—d,(1- Y —d (v R g Hy S
i V)Z(ij i V)7AyAx VA Ay

5. CONCLUSIONS

In the present paper the possibility of the use of energy multipliers for stabilization the
parasitic strain energy and elimination of locking for moderately thick beam and plate
elements are discussed.
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Three ways of introducing the correction coefficients were presented and discussed
on the example of Timoshenko beam 2-node finite element. The first way, known in the
literature, does not satisfy the consistency condition and is incorrect. The second, also
known in the literature, is correct from the point of view of the consistency condition,
but does not allow to eliminate the parasitic strain energy terms. The third way, pro-
posed in this paper, allow to eliminate parasitic strains and locking and is consistent.
The proposed way leads to the stiffness matrix identical to the method of reduced inte-
gration.

A similar way applied to the plate element wasn’t fully successful. A new
4-parameter idea of construction of the stabilized matrix was proposed. For the 4-noded
rectangular element with linear shape functions it was possible to eliminate 5 of
6 parasitic strain energy terms. For triangular DSG element it was possible to fully
eliminate parasitic terms. The numerical values of the coefficients depend on the
element geometry.

The similar procedure can be used for other beam, plate and shell finite elements.
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