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TOPOLOGY OPTIMIZATION AND SENSITIVITY ANALYSIS

Topology optimization of trusses using bars exchange method
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Abstract. The algorithm of optimization of trusses is presented in the paper, where for topology optimization the bars exchange method is
used. In the first case, the problem aimed at cost minimization with a constraint set on global stiffness is formulated. In the second case, the
problem of minimizing the cost function subjected to stress and cross-sectional area constraints is discussed and here the multiple-load case
is taken into consideration. The conditions for introduction of topology modification and its acceptance are specified. The paper is illustrated

with three examples.
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1. Introduction

The problem of optimal design of trusses is considered in this
paper. Here the two-stage (topology and geometry) optimiza-
tion procedure was presented, however attention was mainly
focused on topology optimization.

General classification of topology optimization methods
on reduction and expansion processes was proposed in [1].

Topological optimization is usually based on reduction
process, which is characterized by elimination of members
and joints from an initial highly connected ground structure
(structural universe). The ground structure approach is actual-
ly regarded as the standard method for truss topology design.
It was established in [2] and next developed in [3,4], etc. The
simultaneous optimization of truss geometry and topology,
based on ground structure approach is analyzed in [5].

The expansion process is characterized by the addition of
members and joints to an initial structural topology, cf. [6—
8], etc. In the approach described in [6], it is assumed that,
similarly to biological growth models, the structure evolves
with the characteristic size parameter and a “bifurcation” of
topology occurs with the generation of new nodes, in order
to minimize the cost function.

The topology optimization method presented in this paper
can be classified as a process without the change of structure
complexity degree because it is assumed that the number of
members and joints is constant. Here, bars exchange method
is proposed. At first, using topological derivative, additional
virtual bars are selected. Next, including existing and virtual
bars, statically admissible fields of bar forces are created in
order to minimize the objective function and delete redundant
bars. This method is the extension of the approach formulated
in [9] and [10]. Let us notice, that topological derivative for
trusses (treated as graphs) is also applied in [11].

The problem formulation, optimality conditions and topol-
ogy modification conditions will be derived in Sec. 2. In
Sec. 3 the algorithm of optimal truss design will be discussed
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and in Sec. 4 the illustrative examples confirming applicability
of proposed approach will be presented and non-uniqueness
of optimal topologies is shown, cf. [12].

2. Problem formulation, optimality conditions
and topology modification condition

2.1. Minimum cost problem with stiffness constraints. The
problem of optimal design for trusses requiring minimum of
material cost with constraint set on global stiffness, can be
written as

min C = ZciAili subject to U =
i=1

N~

" N2l
; 54, < Vo (D
where C is the total cost of the structure, A;, I;, ¢;, E; are the
cross-sectional area, length, specific material cost and Young’s
modulus of the ¢-th bar, U denotes strain energy and Uy is
the allowable strain energy.

Using the Lagrangian
C* =C+ AU - Uyp), 2)

we obtain the optimality conditions, with respect to cross-
sectional areas and Lagrange multiplier A (A > 0), in the

form
oC* 1. N2, 1,
A, cili = 5)\EiA§ - (Ci B EAEiEZ) =0,
A lf Nl?li—U -0, A\>0 3)
2 = EiA; o) =5 A=

where the following sensitivity formula, derived in view of
the equilibrium equations, was used, cf. [13]
ou N2,
04;  2B;A?

“
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Calculating from (3), cross-sectional areas and Lagrange mul-
tiplier in function of bar forces, we have

Z|N|l\/?
A_(;0§;|N|l@)2.

Now, the cost function, both for the statically determinate and
non-determinate trusses, can be expressed as

2
1 - .
=20, <Z|Ni|lu/%> : (6)
i=1 v

When all bars are made of the same material, so that

_ 1|N|
! 2UO

&)

E:EleQZ..:En, C=C = C3 = ... = Cp, (7)

the cost function has the form

2
2EUO <;|N|l> . (8)

Using topological derivative approach, the condition of
topology modification by introduction of a new (n -+ 1)-th bar
of Young’s modulus F, 1 and specific cost ¢, 11 to the truss
with optimal cross-sectional areas determined from (5);, can
be expressed as follows

oC* n
<0, or |eara| >, )
8An+1 An+1:0
where
[ 2¢
n+1 n+1
El(7 ): )\E—W and En+1

denotes virtual strain value along the line connecting the re-
spective nodes. Fulfillment of the condition (9) means, that
after introduction of a new virtual bar, decrease of the cost
function will appear. When all bars are made of the same
material, the condition (9) takes the form

lens1]| > e, where e, = |e1] = Jez| = ... = |en]. (10)
2.2. Minimum cost problem with stress and cross-
sectional area constraints. The problem of the optimal de-
sign for trusses requiring minimum of the material cost with
stress and cross-sectional area constraints, is formulated in the

form

minC = Z c;A;l;  subject to
=1 (1 1)

Ai > A win,

U@’ )

) — Tar

in which the notation is the same as in Subsec. 2.1 and j
(3 =1,..., 50) denotes number of loading case. Furthermore,

0( - =N, (J ) / A; are the current stresses, while
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Re; for agj) >0
2
E;
02): ﬂ-sf for a( 7) <0, s; > s (12)
L si\? )
Rei — ERei “or for g, < 0 S; < SCT

denote the admissible stresses in the i-th bar for the j-th load-
ing case and R.; is the conventional yield limit. The last ex-
pression of (12) corresponds to the Johnson-Ostenfeld formu-
la for the critical buckling stress in the elasto-plastic range,
which also follows from Shanley’s tangent modulus theory

presented in [14]. Moreover,
[2F;
=7
Rei

A;
i =l —,
s ”Ii

denote the slenderness and critical slenderness values, and I;
is the minimal moment of inertia of the bar cross-section.

We assume the relation between the moment of inertia
and the cross-sectional area in the form

I=¢A™, m=1,2,3, (14)

where ¢ is the constant parameter. Let us notice, that the case
m = 2 corresponds to the proportional change of the cross-
sectional dimensions. Accounting for (13) and (14) in (12)
the admissible stresses take the form

(13)

Re; for agj) >0
2E' -Am_l .
o) — % for 01 < 0, s; > s
Z Rgl 112 (1) cr
Rei — 1En? {iA;"_l for Uij <0, 5; < 8§
(15)
and the derivatives of admissible stresses are
0 for agj) >0
(9) — )7?E; iAm—2
6%1 _ (m ) B i€ fora()<0 8; > 85"
0A;
7( )Ril? for a( D < 0, s; < s§"
4EZ‘7T flA:n !
(16)

Introducing nonnegative Lagrange multipliers p; > 0,
1; > 0, the augmented objective function can be expressed as

_ ~ )
S P-4
+Zm (Amin — 4;) .
i1

Now, the optimality conditions, with respect to cross-
sectional areas and Lagrange multipliers, take the form

©)

C*(Ai, i, mi)
(17)

o (] aut
= cili i — 1 =0, i=1,...,n,
oA, ~ Gt oA T a, | 0 n
uz(‘a(”’—o—g))zo, t=1,...,n,
N (Amin — A4;) =0, i=1,...,n.
(18)

In order to solve (18) with respect to A;, p; and 7; we can
divide bars into four groups, namely:
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e group 1 corresponding to tensile bars of cross-sectional
areas greater than Apin;

e group 2 corresponding to compressive bars of slenderness
not less than the critical slenderness s{" and of cross-
sectional areas greater than A,,;y;

e group 3 corresponding to compressive bars of slenderness
less than the critical slenderness s§” and of cross-sectional
areas greater than Apiy;

e group 4 of bars of cross-sectional areas A = Ap,j,.

Taking m = 2 and limiting considerations to the class of
statically determinate trusses, we get:

e for group 1
NY C;

A = =, i = —=-N"1;, i = 0; 1
R Hi = gz ni =0 19)
e for group 2
\/ |Nw| ll Cil-3
Ai R A s i = L s i = O, 20
I3 M= ompe " 0
e for group 3
[N R.;l?
Ai = L . )
Rez + 4F; 71'2@
919 (21)
o cil |Nw| + Rezlz R
lu’l - Rei 1 4E,L7T2€Z 771 - )
e for group 4
Ai = Amin, wi =0, ni = cili; (22)

where N;” is the normal force in the ¢-th bar sizing its cross-
sectional area, corresponding to the worst loading case for
this bar.

So, using (19)—(22), the cross-sectional areas A;, in terms
of bar forces, can be expressed as follows

NPl Reil? w PR,
Rei  4AEm2&’ ' AE;m2E;
TN 2p2 2 2
|J\‘2, é|_l17 _4ZE1Re21§ S le S _71' glE;2A1m1n
A, =< TVLEiG TG i
26E A
Ai min» W < Nw < RezAz min
1
R Nzwa Nzw Z ReiAimin-

(23)
Substituting (19)—(22) into the objective function (11), it
can be expressed in the following form

C= Z N +z Cg_}EmN;”u%
+Z o |:|Nw| 4 4Eezz :|+ch 1m1n1

(2) 61

where ) denotes the summation with respect to all bars be-
()
longing to group %.
The condition of topology modification by introduction of
(n+1)-th bar in tension takes the form (9) or (10), where here

(24)
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EZ(J"H) = Re(nJrl)/EnH. In the case of bar in compression

the condition can be presented as
2
T fn+1A (n+1) min
l2
n+1
denotes strain appearing in the virtual bar in compression of
the minimal cross-sectional area.

lent1| > €o0,,,,, where g, = (25)

3. The algorithm of optimal truss design

The algorithm presented here is valid for the problems consid-
ered in Subsec. 2.1, and also in Subsec. 2.2, but it is limited
to one loading case (jo = 1). However, it can be easily gen-
eralized to many loading cases. The following steps can be
distinguished in the solution algorithm.

1. Choice of initial truss of required complexity degree.
2. Truss analysis. Determination of bar forces can be execut-
ed using for example FEM. The analysis problem for a truss
is specified by the equilibrium equations

Ku =P, (26)

where K is the global stiffness matrix, u is the nodal displace-
ment vector, and P is the load vector.
3. Redistribution of cross-sectional areas. The optimal
cross-sectional areas A; for the problem (1) or (11) are cal-
culated respectively from (5); or (23).
4. Choice of virtual bars. The virtual connections, where
we can introduce new bars are determined using modification
conditions (9), (10) or (25).
5. Topology optimization. When a new bar is introduced, in
order to avoid increase of bars number, another bar should be
deleted. It is executed through the procedure of bar exchange.
Instead of each J-th virtual bar self-equilibrated force system
aNj is introduced, where N is the unit force and « is the
load factor. The unit force system induces in truss bars the
normal forces «lV;, which are next calculated.

The procedure of topology optimization is conducted by
the iterative scheme consisting of the following steps:

5.1. Calculation of the total bar forces. The total bar
forces are calculated from the following formula

Nf = N; + aN;. 27)

Using conditions N{ = 0 we get values of parameter o corre-
sponding to the disappearance of normal forces in consecutive
bars.

5.2. Determination of the objective function variation.
For each virtual bar and each value of parameter o the objec-
tive function variation is determined

AC =™ — 0 <o, (28)

where C'(™ denotes the value of C' corresponding to the new
topology and C'¥) is the value of C' at the previous step before
topology variation. Under the condition AC' < 0, the change
(changes) corresponding to the biggest decrease of the AC' is
chosen.

5.3. Determination of bar forces after modification. For
each bar exchange, that generate the biggest decrease of the
objective function value, bar forces are determined analogous-
ly as in step 5.1.
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5.4. Termination of the topology optimization proce-
dure. If any bars exchange is not possible, i.e. AC > 0 the
next step is conducted, otherwise we go to step 5.1.

6. Configuration optimization. For given truss topology the
optimization of truss configuration is performed.

7. Termination of the algorithm. If any modification of
topology cannot be introduced the optimization procedure is
terminated, otherwise we go to step 2.

4. Examples

4.1. Example 1. Optimization of topology and configura-
tion of truss with respect to cost minimization under stiff-
ness constraint. Consider the cost optimization problem of
the form described by (1) for the truss presented in Fig. la.
Three lower nodes of the truss are loaded by vertical forces
P, 2P, P, where P = 103 N. The truss consists of 17 bars
and it is made of linearly elastic material of Young’s modulus
value E = 2.1-10'* N/m2. The length of all horizontal and
vertical bars is [ = 1 m, while the length of inclined bars
equals v/21. It is also assumed that specific material costs ¢;
for all bars of the truss are the same.

a)

2P

b)

P>
P>

i
P

A 2, ~ -3

/XN

A - A
A A
A 3

c)

Fig. 1. Optimization of the truss: a) the initial design, b) selected
optimal topologies, c¢) the optimal design

188

The topology optimization by bars exchanges gives 80
equivalent designs. For each design the objective function
reaches the same value, so the solution is non-unique. The
removal of zero bars system from optimal topologies, will
decrease their number to 20 (Fig. 1b). After topology mod-
ification, the cost reduction is about 12%. Finally, the opti-
mal design (Fig. 1c) is obtained by configuration optimiza-
tion of the optimal topologies. Now, the cost is about 33%
smaller than that of the initial design corresponding to the
truss presented in Fig. la, with the optimal cross-sectional
areas.

4.2. Example 2. Optimization of topology and configura-
tion of truss with respect to cost minimization under stress
and buckling constraints for one loading case. Consider the
cost optimization problem of the form described by (11) for
the 21-bars truss presented in Fig. 2a. Here, one loading case
is analysed (jo = 1), namely five upper nodes of the truss are
loaded by vertical forces P and five lower nodes by vertical
forces 5P, where P = 103N. The Young’s modulus value
is the same as in the previous example. The yield limit is
R. = 2.5 - 10% N/m2. The minimal cross-sectional area is
Apin = 0.2-107% m2.

a) P P P P P
\ 4 A Y v A
A Y, A y, Y X
VYsp ¥Ysp Vs5p V5p V5p ™
b)
FAY A
mm
<)
Ay 2y

Fig. 2. Optimization of the truss: a) The initial design, b) The optimal
topology, c¢) The optimal design

We assume that all cross-sections have circular shape and
in this case, the coefficient of the relation between the mo-
ment of inertia and the cross-sectional area is § = 1/(4x).
We also assume that specific material costs ¢; for all bars of
the truss are the same.

The topology optimization by bars exchanges leads to the
structure presented in Fig. 2b. Further cost reduction can be
achieved by configuration optimization. The final optimal de-
sign is shown in Fig. 2c. Now, the cost is 30% smaller than
that of the initial design (Fig. 2a), while topology optimization
gives a cost decrease about 23%.

4.3. Example 3. Optimization of topology and configu-
ration of truss with respect to cost minimization under
stress and buckling constraints for two loading cases. Let
us consider now the cost optimization problem of the form
described by (11), for the 15-bars truss (Fig. 3a) and two

Bull. Pol. Ac.: Tech. 60(2) 2012



www.czasopisma.pan.pl P N www.journals.pan.pl
=

Topology optimization of trusses using bars exchange method

loading cases (jo = 2). Details concerning applied loads are
given in Table 1. The material parameters and the minimal
cross-sectional area values are the same as in the previous
example.

a) ® @ 0 @& 6
3@®@
b)
i
c)
>
d
i
e)

]

Fig. 3. Optimization of the truss: a) The initial design, b) The opti-

mal topology, c) The optimal design for the first loading case, d) The

optimal design for the second loading case, e) The optimal design
for both loading cases

Table 1
Truss loading conditions, forces are given in [N]
Load case Node number P, Py
1 2 0 —40000
3 0 —30000
4 0 —20000
5 0 —10000
2 5 0 —50000

At first, the optimization procedure is carried out for each
load case applied independently. Next, the multi-load case is
taken into account and procedure is performed simultaneously
for both load cases.

The topology optimization conducted by bars exchange
method leads to the structure shown in Fig. 3b. The structure
is the same for each considered loading cases. The configu-
ration optimization provides the final optimal designs shown
in Fig. 3c, d and e. The percentage decrease of the cost value
after topology and configuration optimization with relation to
the initial value of the cost is presented in Table 2.
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Table 2
The cost value decrease, given in [%]

Load case Topology optimization Configuration optimization
1 19.8 30.3
2 25.7 29.7
1 and 2 19.8 25.4

5. Conclusions

The heuristic algorithm of optimization of trusses is present-
ed and tested in this paper. Here, topology optimization is
performed using the bars exchange method. It provides a new
and effective tool of an optimal design of trusses. The charac-
teristic feature of this approach is the possibility of simultane-
ous generation of many equivalent optimal topologies, which
especially appear for symmetric trusses or trusses contain-
ing repeated bar subsystems. Moreover, bar forces for a new
topology are calculated using the previous solution, so this
method ensures a significant reduction of the computational
time.
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