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Development of a new phasor measurement algorithm
with decaying DC offset removal
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Abstract. Current and voltage phasors remain the basis of most power system protection and automation functions. Most phasor measurement
algorithms used for this purpose are derived from the discrete Fourier transform (DFT) method, which is justified by its relatively simple
implementation and good harmonic rejection. Growing requirements for faster relay operation and higher accuracy impose new conditions,
particularly the need for a shorter measurement window and immunity to a decaying DC (DDC) component. To address these demands,
new solutions are emerging, often based on algorithms with an expanding measurement window and on assumed definitions of the proposed
measurement model. The method presented in this paper combines the properties of the DFT with a suitably modified least squares (LS) method
to meet the expected requirements, ensuring fast estimation of the phasor components of the fundamental-frequency component while remaining
insensitive to the presence of the DDC component. The attached results of simulation studies show details of the application and some of the
properties of the method proposed.
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1. INTRODUCTION

Most algorithms used in AC networks for relay protection and
automation purposes are still based on fast measurement of
the orthogonal components of the current and voltage phasors.
Most algorithms used for this purpose are derived from the
discrete Fourier transform (DFT) method, which is justified by
its relatively simple implementation, as well as its good har-
monic interference filtering properties [1]. The growing need
for faster processing and higher accuracy imposes new condi-
tions, particularly the need for a shorter measurement window
and higher resistance to interference in the form of a decay-
ing DC component (DDC). For decades, different methods have
been proposed to reduce the effect of the exponentially decay-
ing component on the precision of estimating the amplitude and
phase of the current fundamental component [2,3]. An analysis
of recent publications in this field shows that this issue remains
an unresolved problem [4—6]. The proposed methods focus on
finding effective ways to suppress elements in the form of DDC
components by filtering out or capturing this interference in a
signal model. This approach has a limited effect because of the
theoretically unlimited spectrum of the exponentially decaying
DC component (DDC).

There are several methods of eliminating interference in the
form of an exponentially decaying DC component when we
apply a measurement window longer than the period of the fun-
damental component of the signal. However, in many practical
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applications, these algorithms do not meet modern requirements
in terms of speed and accuracy. In response to this challenge,
various methods have emerged, based on the idea of an expand-
ing measurement window [7-9]. The advantage of this approach
is that a stable phasor can be obtained even for a measurement
window of less than half a period of the fundamental frequency
component [8]. For phasor measurements with elimination of
DDC interference, this approach supports the use of a recur-
sive algorithm, significantly expanding its practical use [10,11].
Unfortunately, the recursive implementation of the algorithm
always raises problems with its stability.

An essential element of these methods is the estimation of
the DDC time constant. Different methods were proposed, de-
pending mainly on the length of the measurement window. The
algorithm proposed in [10] calculates this parameter as the quo-
tient of the shifted combination of complex phasor samples.
Four consecutive samples are needed to determine the value
searched. The phasor components can be calculated accord-
ing to an algorithm with a fixed or an expanding measurement
window. The authors of [5] propose a method based on a combi-
nation of current samples and shifted by a defined period, which
leads to a quadratic equation with an unknown value of the time
constant. Additional calculations are performed to determine the
appropriate position of the selected samples in the waveform.

The authors of the paper [12] propose an interesting approach,
consisting of modifying the classical DFT algorithm by consid-
ering the presence of DDC, as well as the deviation of the signal
frequency from its nominal value. This modification is called
the smart discrete Fourier transform (SDFT). However, the al-
gorithm appears to be burdened with an excessive number of
tasks, resulting in increased sensitivity of the proposed method
to noise, necessitating additional smoothing.
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In paper [13], another algorithm is proposed to eliminate the
effect of DDC on measuring the phasor component. The authors
propose an algorithm with an expanding measurement window,
which is initiated when a short circuit is detected. In subsequent
expanding windows, accurate phasor values are calculated from
three samples of the modified DFT algorithm. The algorithm is
applied to high-speed distance protection relays.

The algorithm proposed below is created based on the DFT
algorithm and the method of modified least squares. A prelim-
inary idea of this approach was presented in the conference
paper [9]. The estimator signal model is based on the oscilla-
tory components of the observed signal, while the exponentially
decaying constant component is treated as a disturbance, the pa-
rameters of which are identified in parallel with the process of
measuring the basic parameters of the signal. Analogous to the
well-known weighted least squares (WLS) method, the distur-
bance is represented in the form of a weight matrix. The method
of determining this matrix and its contribution to the final form
of the calculation procedure is a key element of the proposed
method.

The remainder of the article is divided into the following sec-
tions. Section 2 discusses the principle of creating the proposed
algorithm using a simple example of a signal model consist-
ing of the phasor of the fundamental harmonic disturbed by the
DDC component. In the next section, the method for removing
the DDC component is presented. Section 4 presents an original
generalization of the algorithm, with a detailed description of the
application in the state with an expanding measurement window
(transition state) and with a moving window (steady state of the
algorithm), when the measurement window reaches the period
length of the fundamental component of the signal. Section 5
includes an example illustrating how to apply the proposed al-
gorithm, with some of its properties shown. The conclusions
and a list of references are given at the end of the article.

2. MODIFIED LS ALGORITHM

When considering the task of estimating the fundamental har-
monic current or voltage phasor, a signal model is usually de-
fined consisting of a set of oscillatory components and the ex-
ponentially decaying DC component [2,5,9]:

Ly
y(k)zZY]-cos (njak+g;) = Yr* +e(k), (1)
J=1

where @ =27 /N — angle between samples performed N times
in a period 77 = 1/ f1 (system frequency); n; — coefficient de-
termining the frequency of the oscillatory component j-th con-
sidered, for example, n; = 1 for the fundamental component;
¢ — phase of the considered component; L, — number of os-
cillatory components considered; r = exp(b), b= -T1/(NT,) —
parameter representing the DC component with time constant
T, and initial magnitude Y,; ¥; — magnitude of the oscillatory
component considered; k is the number counted from the onset
of the disturbance in the form of the DDC component; &(k) —
represents the signal components not included in the model and
the measurement noise.

The main problem in designing an effective algorithm to elim-
inate the DDC component in a signal represented by model (1)
is the quick and stable estimation of the decaying time constant
of this component, which is expressed by the parameter r. In the
case of full-cycle algorithms, the symmetry of the oscillatory
components can be used for this purpose: summing samples of
the signal (1) over one period of the waveform gives direct in-
sight into the value of the searched DDC component [1,2,5,7].
This approach can be extended to half-periodic algorithms with
some loss of their frequency properties [4, 14]. The well-known
principle applies here: shortening the measurement window
leads to a faster assessment of the value of the parameter sought,
but it also requires considering the impact of interference on this
measurement [4].

Analyzing the signal model (1), it is easy to see that its sym-
metry, resulting from the presence of oscillatory components
in the first part of the equation, is disturbed by the DDC ele-
ment present in the second component, which has completely
different properties. This alteration of the symmetry of the con-
sidered model is the source of the modification of the standard
least squares (LS) method [9], which is the basis for the synthesis
process of the appropriate algorithm presented in this paper.

2.1. Outline of the proposed method

The goal of this investigation is to find a successful algorithm
that determines the parameters of the oscillatory component of
the model (1). For this purpose, the LS method is proposed
to derive a correlation algorithm with an expanding measure-
ment window [9]. The derivation of the complete algorithm for
model (1) is quite complex; therefore, to clarify the principles
of the method used, it is proposed to simplify the process by
starting with a signal model with only one oscillatory compo-
nent, referring to the fundamental harmonic (L, =1, n; = 1)
and the DDC component [9, 15]. For this case, model (1) can be
represented in the following matrix form:

Y (k) =Hpx(k) +&(k), (2)
where y,) (k) = [y(k—M+l) y(k—M+2) ...y(k)]T — vector
of input signal samples; M — the width of the measurement win-
dow: M = My, My+1, ..., N; My — minimal value of the width
of the window; x(k) — estimates (outputs) defined in the data
window M: x(k) = [xc(k) x5 (k) xa(k)]T for k > M, with two
orthogonal components: x.(k), xs(k), and x, (k), representing a
magnitude of the DDC; & = [e(k—M+1) e(k—-M+2) --- &(k)]"
— vector of measurement errors; index T means transposition;
H ) = [he(ar) () ha(mr) | —model parameters with column
vectors:

he(m) = [he(1) he(2) he(M)]T,
hs(M)z[hs(l) hs(z) hs(M)]Ts
haar) = [ha(1) ha(2) ha(M)]T,

with:  he(j) = cos((j—M)a),
ha(j)=—rU=D, j=1,2, . M.

hs(j) = —sin((j—M)a),
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The LS estimator based on the 3-state model (2) is well known
in the literature [1,3]. Using simple transformations, the follow-
ing nonrecursive estimator of the vector x(k) can be obtained:

x(k) =P H{p y o (k) 3)
with
-1
_ 81um  812m  813M
P(M)z[H?M)H(M)] =|gam gum gum| . A
IM  82M  §33M

where elements g;;3s are functions of oscillatory components
and unknown parameter r.

The main difficulty with the online application of estimator
(3) arises from the need to invert matrix (4) in successive cal-
culation steps, and, in addition, the parameter » must still be
calculated. It should be noted here that the measurements con-
ducted aim to determine the orthogonal phasor components of
the fundamental harmonic of the signal, which form only a part
of the vector x (3). Having two components as in estimator (2),
the estimated signal can be represented in the following complex
form, which determines the signal phasor:

x(k) =xc (k) +jxs (k). (5)
For algorithms of the full period (when M = N), there are known
methods to estimate the unknown DDC time constant 7, in
the signal model (1) [1,4]. Using the symmetry of the oscilla-
tory components, this approach can be extended to the case of
the half-periodic algorithm (M = N/2) after additional calcula-
tions [2,4,12]. However, a general online solution for M < N and
an unknown value of the time constant 7, (represented by the
parameter ) must determine the coefficients of the matrix Py,
which is not easy to provide for an online application. In the fol-
lowing section, an original method for modifying estimator (3)
is presented, which allows the considered signal model to be
reduced to a 2-state form while retaining its original properties,
as in (2). The aim of these considerations is thus to obtain an
estimator of the oscillatory components of the signal perturbed
by the DDC component under the conditions of an expanding
measurement window.

2.2. Modification of the LS algorithm

To simplify the procedure related to algorithm (3), it is proposed
to reduce the estimator to only two states: x. (k) and x5 (k) (3),
keeping the features of the initial method. This can be done by
eliminating the third equation in the matrix notation (3), and
thus reducing the P(37) matrix to dimension 2 X 2. However,
this operation should leave the relations pertaining to the first
two equations unchanged. Thus, the calculated quantities: x. (k)
and x4 (k) remain unchanged. This can be achieved by zeroing
out the coefficients: g13ps = g23m = 0 in (4), shifting the results
of the reduced relations to the first two columns of the matrix.
The last row in this matrix can be removed because we are
not interested in the direct calculation of the third component
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Xq(k) in the x vector (2). This transformation is illustrated in
(6) [7,9]:

-1
guw gnw 0 p-! 0
- rF (M) 0

(6)

Py = |g2tw  gnw O

~ ~ ~ ~ o~ ~

where griw = g11m — dre(m)s 12w = 12 — dre(m)s 821w =
221M — drs(M)’ 80w = 82M — drs(M), with the coeflicients
drc(my» drs(mr), which satisfy the following conditions: g3 —
dre(m) = 823M — drs(ary = 0; the last row is omitted for further
consideration.

It can be seen that the reduced matrix has the following form:

1w 812w -1
Prron) = = [0 0 Heson| . D
8211w 822w
where HILY(M) = I:HIY(M) _D;I:CS(M)] ’ HCS(M) =
[hc(M) hs(M)], and: D;FCS(M) = Dd(M)12><M’ with
drc(M) 0 1 1 --- 1
D = , 1 = .
d(M) 0 dysia) 2xM 11 1

Finally, the estimator (3) takes the following form:

x(k) :PrF(M)H;FCS(M)Y(M)(k) =G;F(M)Y(M)(k)- (3)
The estimator obtained (8) represents two digital filters whose
coefficients are placed in two rows of the matrix GI M) After
the provided transformations, the reduced estimator is still con-
sistent with the LS procedure because it can be represented in
the familiar form of the weighted LS algorithm [9]:

-1
x(k) = [HIS(M)W(M)HCS(M)] HY, W Yom (k), 9)

where W 37) = [H DT —weight ma-

-1
T T —
CS(M)]right [HCS(M) res(M)

trix and [HT — right inverse matrix of HT

Cs(M)]right cs(M)*

It should be noted that the resulting weight matrix W (s, hasa
different meaning here than in the classical weighted LS method,
where it is a diagonal matrix with positive coefficients, the value
of which reflects the degree of reliability of the associated mea-
surements [16]. In contrast, in the case under consideration, the
weight matrix is the result of the transformation of the initial
measurement model (2) to a new form, as in (8), in which the
number of states of the estimator is reduced due to shifting the
exponentially decaying disturbance to the weight matrix.

The application of the above transformation needs to define
the coefficients d,c(pr), drs(m), which lead to zero-related ma-
trix elements: g3w = g23w = 0. In the proposed algorithm, the
moving window technique is applied with expansion of this
window width M in subsequent steps to reach the full period:
M =N, [17,18] (Fig. 1). Considering the coefficients of the vec-
tors h¢(ar), hg(ary (2), the above condition gives the following
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Fig. 1. Illustration of the expanding/moving window technique

relation with respect to the zero elements of the matrix Py (py):

M
813w = Z (COS((j—M)a)—drc(M))rj’l =0,

j=1
(10)
M .
enw = —Z (sin ((j = M)a) +drsm)) ™' =0,
j=1
from which one obtains:
dre(my = pr(m) ((r=cosa) ¢,y +sinasin(Ma)), (11

drs(my = Pr(m) (sinac,yp — (r —cosa)sin(Ma)),
with

r—1
Pria = (rM —1) (1+r (r—2cosa))

crm =M —cos(Ma).

When the window reaches the length of the period: M = N,
k=N, N+1, ..., the above algorithm changes significantly. It is
easy to see that the P,z matrix (7) takes a diagonal form, and
the coefficients d,c(v) = dre(N)» drs(m) = drs(n) NOW strictly
depend on the parameter », which yields the following:

(r=1)(r—cosa)
(1+7r(r—2cosa))’

drc(N) =

(r—1)sina (12)

(1+7r(r—2cosa))

drs(N) =

These relationships define the well-known full-period DDC
component elimination algorithm [1, 7]. Similar relationships
occur, although not as straightforwardly, for the half-period al-
gorithm, confirming that the proposed method is an extension
of the approach previously considered [14] to any measurement
window width in the range M > M.

Returning to the estimator obtained in (8), it can be seen that
it represents a pair of filters with an expanding measurement
window (M = My, My+1, ..., N), whose coefficients represent
two rows of the matrix GI( My

T T Ere(M)
Gr(M) = PVF(M)Hrcs(M) = [ l (13)
Ers(M)
with
gren = [gre() gre@ -~ gre(M)|,
Ers(M) = [grs(l) grs(z) grS(M)] .

The above coefficients depend on an unknown time constant
T, (represented by the parameter r) and cannot be calculated
directly. However, it is possible to gain insight into the structure
of these coefficients by analyzing the GI( M) matrix (13), which
can be divided into two parts:

T _gT
Gr(M) - HFCS(M)

hp +g
T _ c(M) rFc(M)
+Gopm) = l

l, (14)

hroar) + 8 Fs(m)

where T\ = (], Hesoon)) ', is the coeffi-
cients matrix (two rows marked hr.(ps) and hpg(pr)) of the
standard Fourier algorithm with the increasing measurement
window, while the matrix GIF (M) defines two component filter
coeflicients (two rows marked g, . (p7) and g, g4 (pr)), Which can
be considered as correction filters for the removal of the DDC
component.

3. ALGORITHM FOR REMOVING DC COMPONENT

The modification of the LS algorithm defines a two-state phasor
component filter (8) with the coefficient matrix (13). This matrix
has extremely interesting properties: its separation according
to (14) considerably simplifies the estimator (8). A proposed
solution to this task is shown below.

3.1. Selection of oscillatory components

Based on (14), filter (8) can be split into two parts:

x(k) :H;CS(M)Y(M)(k)+GIF(M)Y(M)(k)’ (15)
where the index M is changed to a constant value (M = N) when
the algorithm reaches the full period window length (Fig. 1).

The first part of this filter is defined by the matrix Hp¢s(ar)
which does not depend on the parameter r and contains the co-
efficients of the standard 2-state Fourier filter with an expanding
window [17,18]:

hrc

Xch(k)=H1chs(M>Y(M)(k) = [h lY(M)(k), (16)

Fs(M)
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ch(k)

XFs
easily calculated for the consecutive window M (14):

can be

where X (k) = [ M)

. T
l ; the components of H Fes

hFC(M): [hFc(l) hFC(z) hFc(M)]’
hrpgv) = [th(l) hrs(2) th(M)],

hremy(J) = Pam) cos ((j —M)a) = ppamy cos ((j — Da),
hesm) () = =pamy sin((j —M)a) = pppy sin((j - Da),

forj=1,2,....M; M = My, Mp+1, ..., N, with

2M sin’
Pam) = : : >
a(M) M?sin® @ —sin® (aM)
2sinasin (aM)
Pb(m) =

M2sin® @ —sin® (aM)’

when the full period is reached, the above coefficients take the
form of the scaled coefficients of the full period filters:

hre vy =2he(n)/N ={2cos ((j —N)a) /N},

o 17)
hrgnvy =2hgn) /N ={-2sin((j - N)a) /N},

where j =1,2,...,N; vectors h., hg are as in (2) for M = N.

The components obtained from the filter (16) are consistent
with the desired orthogonal components of the fundamental
harmonic phasor if the measured signal is not disturbed by the
suppressed aperiodic component. In the opposite case, these
components can deviate far from the expected values, and ade-
quate correction is needed.

3.2. Selection of DDC component

The required correction is given by the second part of the filter
(15), which represents the following two-element vector:

8rFe(M
XAcs(k) = GEF(M)Y(M)(k) = |: ( )l Y(M)(k), (18)
8rFs(M)
Xare(k
where Xpes (k) = ar Ek; : GIF(M) matrix (15) can be pre-
XArs

sented in the following form:

GIF(M) = PrF(M)DICS(M> [HCS(M>H1T%S(M) —I] . (19

The matrix GIF M (19) has crucial practical properties that
become apparent when it is written in a slightly modified form.
Substituting chs M) (7) in (19), we can obtain the following:

T T
G, o) = PrrnDaonn) Qe ary » (20)
where both rows of QIS (M) matrix (20) are identical:
T T Les(M)
ch(M) = (IZXMHCS(M))HFCS(M) —loxm = [ , (21
Les(M)
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With Ges(r) = [ges(D) ges(2)
not depend on the parameter r.

The bracketed multiplication in (21) is equivalent to summing
the elements of the matrix vectors:

qcs(M)], which does

11><M

(22)
1ixm

LxmHesmr) = l

[hc(M) hs(M)] ,

where h.(ar), hg(ar) (2) are column vectors with coeflicients

that adequately represent samples of cosine and sine functions:
M

Lixphe ) = Z cos ((j — M)a) for the direct component and
j=1
M
Lixphgary = —Zsin((j —M)a) for the quadrature compo-

J=1
nent.

For the 2-state algorithm considered, the coefficients of the
vector (4 (pr) (21) can be reduced to the simple form of the
cosine function with modified magnitude and shifted angle:

Ges(m)(J) =Qmycos(a(j—(M+1))/2)-1, (23)
h _ 4sin(Ma/2) cos(a/2)
where Q) = M sina +sin(Ma)

Coefficients (23) can be used to filter the input signal in the
following form:

M
Yq0(k) = desyY ) (K) = D esqan) ()y(k =M+ ). (24)
Jj=1

Filter (24) has noteworthy properties: it is generally a low-pass
notch-type filter, cutting out the fundamental frequency compo-
nents and attenuating the higher frequency components (Fig. 2).
Furthermore, it should be noted that the filtering considered is
part of the procedure implemented by the estimator (18). The
impulse function of the filter changes with the expanding data
window according to (21). Due to these properties, the output
signal y,0(k) (24) is deprived of the fundamental harmonic and
some other oscillatory components (depending on the width of
the window M) and therefore, can be used to determine the

0

() s
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N ‘. \ g
! J 3 -
30 ol [ | ) o[ FAWA 4
-z | Hi i AY SR AW A ~ A

" | S\ AVAAY . -

: \
! . I\
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:::::::::

Magnitude, dB
bk
S (==}

—meesssnanzzziidll

60} // i

—70p) | :

-80 - L ‘ L . L L
01 s 0 15 20 25 30

Harmonic number

Fig. 2. Magnitude characteristics of the filter (24) for the width
of the selected measurement window, N = 64
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parameter r of the DDC component [9]. For an online appli-
cation, the filter coeflicients (23) can be calculated offline and
memorized.

—15r \ ™ '\
0t S et |
<L \ \."l,u\/fz](/\'*l) y V(5

= Vo (k2) \ =

o \
/./ |
I\l l/lnl\ 1 »(/")J

| 1
235 F o (k— /
2 50\ 51 \s2 vo(k—1)
40 =4
a5k Vgoar(k) \ Yao(N) \ |
N N —N/=5
) k=M=50 - N=64
=30 I I I L i I | i
0 1020 30 40 50 60 70 80 90 100

Fig. 3. Signal y,0(k) in the transient and steady state period (solid line),
and the pseudo-fixed state (dashed line: y,1(k)); DC time constant
T,=0.04s, N=64, X; =1.2, X, = 0.6, Equation (1)

The presence of a notch-type filter in this algorithm to sup-
press interference components can be promising, as confirmed
in a slightly different configuration in the work [19]. In this case,
the notch-type filter also removes the fundamental component,
making the filtering result primarily an interfering aperiodic
component. For the signal model considered (1), the output
waveform is shown in Fig. 3 (solid line). In the transient state of
the algorithm, the measurement window M is extended until the
set length is reached (M = N). In the example considered, a full
period filter (24) is used, whose transient lasts for N = 64 s/p,
after which the response represents a signal proportional to the
waveform of the DDC component in the input signal. It can
be seen that the magnitude of the signal y,o(k) is exceedingly
small at the beginning of the transient and increases as the
measurement window widens. This is a consequence of the fil-
ter frequency response (24), which is strongly attenuated for a
short window (Fig. 2). Figure 3 shows the signal waveform in
the first period of the algorithm with an expanding measurement
window (k = 1,...,N) and then for the algorithm with a mov-
ing window (k > N) — a solid line representing the waveform
proportional to the DDC disturbance. Similarly, the twin signal
vq1(k+1) can be obtained as in (24) with the same impulse
vector ¢4 (ps) but with the input signal vector shifted by one:
(k+1) asin (25):

yql(k+1) = qcs(M)y(M)(k+1)

M
= > deson (DY (k=M +j+1).
Jj=1

(25)

It is interesting to note that the pair of such twinning samples
vq0(k), yq1(k +1) is located on a curve that is locally propor-
tional to the exponentially decaying constant component defined
in model (1) [9] (named the pseudo-fixed state in Fig. 3). This

property can be directly used to calculate the parameter r. After
ordering the indices with respect to the current discrete time,
the following relation is obtained:

,o yql(k)
qu(k_ 1)7

where M = 3 for the 3-state algorithm as in (3).

The waveform defined by y,1(k) is twinned with the wave-
form y4o(k — 1), which can be seen in Fig. 3 (thin dashed line
in the enlarged part). The way these ‘twin’ runs are calculated is
specific to the proposed method, so let us write down how these
waveforms are created in a more accessible form:

k =My, Mo+1,---,N (26)

Yqo(k=1) =qesm-1) (DY (1) +qesm-1)(2)y(2)
+tqesm-1) (M =1)y(k=1),
Va1 (k) = qes(m-1)(1)Y(2) +qes(m-1)(2)y(3)
+ ot gesm—-1) (M = 1)y(k).

27

It is seen that both signals are obtained from the same length
as the M — 1 impulse function, but with a shifted set of input
signals. To clarify the complicated indexing of the variables
in the above expressions, the designations of the corresponding
quantities are shown in the enlarged part in Fig. 3 for the transient
period of the algorithm. The numerical quantities (0, 1) in the
index distinguish between twin runs, M is the length of the
measurement window, k = M for k < N (the transition state of
the algorithm), and M = N for k > N (steady state). It can be
seen that the designation in the length index of the measurement
window: (M), (M —1), etc., can be omitted without loss of
information. Figure 3 also shows the steady-state waveform for
the case when an algorithm with a measurement window of 50
samples is used (instead of a full period, N = 64). This waveform
is labeled the pseudo-fixed state. In this case, the measurement
window expands to M = 50, and then the algorithm switches
to a moving window mode. Both waveforms overlap when the
algorithm reaches the length of the measurement window equal
to the prescribed period (M = N for the full period algorithm or
any other adopted value).

The example in Fig. 3 shows how the procedure regarded
can be used to create algorithms with a transition state length
different from that of the full-period filter considered. It may be
noted that due to close values in the numerator and denominator
of (26), the estimator considered is sensitive to interferences
contained in the input signal, especially for a short measurement
window. Therefore, particular attention should be paid to the
determination of the parameter r. The primary way to reduce
the errors considered is to adequately smooth out the input signal
y(k), which can be achieved by additional digital filtering [9]
or by reducing the cutoff frequency of the analogue antialiasing
filters. Another way is to smooth the waveform of the calculated
values of the parameter r. However, it would not be expected
to obtain a stable algorithm response for a dynamic network in
less than about 15% of the fundamental harmonic period with a
distorted input signal coming from the high-voltage grid.

It may be seen that the procedure for determining the » pa-
rameter is based on matrix QIS (M) (21). The completion of the
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filtering procedure (24) in the form of (18) follows from the
structure of matrix (20), and the inclusion of the first two matrix
factors leads to the following form of estimator (18):

xarc(O)| [Rrem
S [Ty k), (28)
7xArs(k) hrs(M)
where )
hr M dr M
Rl ) S i (29)
»hrs(M) rs(M)

The unexpected form of the right-hand side (29) follows from
the fact that both rows of matrix QIS (M) (21) are equal (diagonal
quadratic matrix Dg(as) (7) can be reduced to a vector matrix
(29)). The scaling coefficients &,.c(ar), hrs(m) (29) depend on
the parameter r. For the online procedure, they can be calculated
offline and stored in computer memory. As can be seen, this must
be done for different window lengths M and different values of
the parameter r. A suitable interpolation procedure can be used
to reproduce these factors online from stored values.

The result of these deductions is an algorithm for measuring
the phasor components of the fundamental harmonic of a signal
with an expanding measurement window. The general form of
the algorithm is given in (15). To determine the second com-
ponent of the estimator (15) (correction components (18)), the
value of the parameter r (26) must be calculated in parallel in
the following steps.

Once the algorithm reaches a measurement window length
equal to the period of the fundamental harmonic (M = N), it
undergoes some modification: the filters (16) coefficients are set
according to (17), and all coefficients (23) bring constant values:
ges(n)(j)=-1,7=1,2,..., N. This procedure takes the form
of an algorithm with a fixed window M = N.

4. IMPROVEMENT OF THE BASIC ALGORITHM

A certain inconvenience of this algorithm is the way to calcu-
late the correction components xa,. (k) and xa,s(k), which are
functions of the parameter . Moreover, the transient quantities
determining the components (29) change with the expanding
measurement window. To improve the algorithm, it is proposed
to extend the application of the algorithm with ‘twin’ runs (27)
to both components on the right-hand side of the estimator (15).
Accordingly, including the results of twin filtering similarly to
(27) in the notation of the correction signals (24) yields the
following cosine component samples:

M-1

xArcO(k_l) = hrc(M—l) Z qcs(M—l)(j)y(k_M"'j),
=1
' (30)
M-1
xArcl(k) = hrc(M—l) QCS(M—I)(j)y(k_M"'j"'l)’
=1

and adequately for the quadrature components. The same prin-
ciple is applied to obtain the pair of twin signals representing
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the fundamental components xp. (k), xps (k) in (16):

M-1

xpeok=1)= Y hreu1) (D)y(k=M+)),
= 31)
M-1
xpet(k) = ) hreu-n (J)y(k=M+j+1),

J=1

and analogously for quadrature components. The interrelation-
ship of the variables in (31) is similar to that of filters (27), as
explained in Fig. 3. Note that, as a general rule, the twin pairs of
waveforms (30) and (31) are the results of filtering with the same
impulse functions, gcs(ar-1)> and hrc(pr-1), respectively. The
vectors representing these functions expand when going to the
next sample (expanding measurement window), which makes it
possible to write:

(32)
(33)

Xarc0(k) = hre(a)yqo(k),
xrco(k) =hgeany o (k)

as the first parts of the next twinning waveforms. Applying the
expressions (30)—(33), the following relations can be created
based on (15):

ch(k_l):xFCO(k_1)+hrc(M—1)yq0(k_1)a 34

Xe1(k) =xpe1(k) + hyee(pm-1)yq1(k),

(35
xc()(k) :ch()(k) +hrC(M)yql(k)7

which can also be easily repeated for quadrature components.
It can be verified that the last two equations (35) represent
estimators of the same quantity, which is the direct orthogonal
component of the measured signal: x.i (k) = xc0(k) = x. (k).
Similarly, one can obtain: xz; (k) = x40(k) = x5(k). Thus, based
on (35) (and considering similar relations for the quadrature
components), we obtain:

hrC(M) = (hrc(M—l)yql(k)+ch1(k) _XCO(k)) /qu(k)’ (36)
hrsmy = (Rrsm-1)Yq1 (k) +xps1 (k) = x50(k)) [yq0(k).

The recursive relationships in the above equations with respect
to the h,. and h,¢ functions can be easily removed by using
the relations defined above and the known relationship between
samples of the fundamental frequency components:

xe(k—=1) cosa sina | [x.(k)
xs(k—1) |-sine cosa xs(k) |
Substituting /1, (ar-1) from (34) into (36) (and making it similar

to h-4(pm-1)), considering the relationship (26), after obvious
transformations, leads to the following system of equations with
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two unknowns (7,¢(ays rs(m)):

¥q0(k = 1) yq0(k) (hre(aaybe (k) = hrsar)bs (k)
=xc (k) =xpco(k)bs(k),

(37)
qu(k - 1)yq0(k) (hrs(M)bc(k) +hrc(M)bs(k))
:xs(k)_xFSO(k)bc(k),
where
be(k)=yq0(k=1)=yq1(k)cose, 38)
bs(k) =yq1(k)sine,
Ve(k) =yq0(k = 1D)xpe1 (k) = yg1(k)xpeo(k—1), (39)
vs(k) = qu(k - l)szl(k) _yql(k)szO(k - 1) (40)
The solution of (37) gives the following expressions:
hre(my = (xc (k) =xFco(k)) /yqo(k), “n
hrs(my = (x5 (k) —xFs0(k)) /yq0(k),
where
ve(K)be (k) +vs(k)bs (k)
xc(k) =
bz (k) +b3 (k) 47
vs (k)b (k) —v.(k)bs(k) (2
xg(k) = s
bz (k) +b3 (k)

which resolves the recursive dependence in (36) and gives a
compact form of the desired component estimators (42).

The relations (42) present estimators of the fundamental har-
monic phasor components of a signal represented by model (2).
According to the derivation performed, algorithm (42) is initi-
ated when a fault or other disturbance is detected in the su-
pervised network, from which the index calculation begins:
k =M =1, and the sample collection starts in an ascending mea-
surement window. For k > M, the measurement of the quan-
tities appearing in (42) begins. According to (38)—(40), these
are determined by pairs of waveforms: xp¢ (k) —xpco(k —1),
xrs1(k)=xpgo(k—=1) and y41 (k) —yq0(k—1), which are the re-
sult of filtering of (31) and (27), respectively. In both cases, the
pair of ‘twin’ filters has a length of M — 1 samples. As can be seen
from the detailed equations, the pair of these filters is shifted by
one sample in the expanding measurement window length of M
samples. When the length of the measurement window exceeds
one period: k > N, there is a transition to the fixed state of the
algorithm, in which the indices k and M are separated: M = N
(fixed length of the measurement window), moving relative to
the measured signal (Fig. 1). In the full-period algorithm with
a moving measurement window, the coefficient vectors of the
individual filters do not change. Consequently, the twin signals
overlap since the filtering results in the k-th sample of both twin
filters are identical.

The above description refers to the full-period algorithm with
an expanding measurement window. It can be easily adapted to
a different window length at which the steady-state transition
occurs. This principle is illustrated in Fig. 3, where for M = 50

a transition to steady-state measurement occurs (pseudo-fixed-
state curve). In this way, algorithms can be combined, for exam-
ple, the half-period algorithm (M = N/2) that transforms into a
full-period algorithm for M = N. In this case, the algorithm with
the expanding window continues until the first part (half-period)
of the measurement is complete.

5. SIMULATION TEST

Verification of the proposed algorithm was conducted on a
model of the power system fragment as in Fig. 4. The model
was developed using the ATP/EMTP program [20]. Several
tests were performed with different system parameters, while
the parameters of the example discussed further are as follows:
e Overhead line: [ = 250 km, R6 = 0.275 Q/km, R; =
0.0275 Q/km, X§ = 1.027 Q/km, X| =0.315 Q/km, Cj =
8.5 nF/km, Ci =13.0 nF/km
e Both end systems: Eg =400kV £49.5°, Z, = 2.334 +
j22.5Q, Zg, = 1.3312+j15.0 Q, Ex =400 kV £ -69.5°
with impedances as in system S; system frequency fi =
50 Hz
e Fault AB atm =0.8, tF =0.02688 s, RF =0.1 Q
e Sampling frequency: f; =3200 Hz (N =64 s/p), antialiasing
filters in the form of the third-order RC scheme with cut-off
frequency f. = 1000 Hz
e The analyzed quantities are scaled to the primary side.
The phase current waveforms for the AB fault at a distance of
200 km from the substation S, recorded at this substation, are
presented in Fig. 5. From these currents, the AB fault loop cur-

Line 250 km, 400 kV
m=0.8

CT mz; (1=-m) 4 CT

fault AB
R:=0.1Q

7Fi/lerx
[l 4§ D]

Filters

sl 4 L)

Fig. 4. Scheme of the model considered

Current, kA

lp|
0.03

0.07  0.08
time 7,8

4 . . . \ ,
0 0.01 0.02 0.04 0.05 0.06

Fig. 5. Three-phase current waveforms obtained from the considered
network model during the AB fault as seen from the substation S
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rent was created: igp =i4 —ip, Which is the procedure input to
the discussed signal input (Fig. 5, variable i45(¢)). The algo-
rithm started from k = 3 = M after the inception of the fault.

The magnitude waveform of the first harmonic components
obtained during the operation of the algorithm is presented in
Fig. 6 (curve I4). The intense transient immediately after a short
circuit in the line deviates from the assumptions made in the
signal model considered (1), which manifests itself in the form
of large oscillations in the estimated signal. This phenomenon
can be significantly reduced by appropriately suppressing inter-
ference in the input signal (for example, by lowering the cut-off
frequency f, of the antialiasing filter). It should be noted that
the phase of the output signal (estimated first harmonic) is con-
sistent with the phase of the input signal [9].

9
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kIN
Fig. 6. Waveforms obtained during the algorithm operation at the sub-
station S

For comparison, results of other estimators are also presented:
standard full-period algorithm (/;), full-period algorithm with
rejection of DDC component (/>), and half-period Fourier al-
gorithm (/3). The same results but for the measurement at the
substation R are presented in Fig. 7. In this case, the distance to
the fault site is 50 km.
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Fig. 7. Waveforms obtained for measurement at substation R
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6. CONCLUSIONS
This paper presents an innovative approach to developing a ro-
bust algorithm for measuring the phasor of the fundamental
components of the voltage and current waveforms disturbed by
the decaying DC component. It was shown that the proposed
modification of the well-known LS algorithm makes it possi-
ble to exploit the symmetries present in different models of the
signals under consideration as oscillatory components and expo-
nentially decaying DC components to separate them efficiently.
Important tools in the proposed selection procedure are pairs of
identical nonrecursive filters applied to the shifted input signals.
Such filtering results in pairs of related (twin) signals, which
are used for the separation of the signal components. It has been
shown that a pair of filters with frequency characteristics that
ensure the excision of the fundamental component of the signal
(notch-type filter) can be used to determine the value of the
decaying time constant of the interfering aperiodic component
(represented by the parameter r). Similarly, pairs of filters used,
derived from the standard algorithm DFT, also make it possible
to determine the phasor components of the fundamental har-
monic of the signal with full elimination of the interfering DDC
component. Both procedures can be used in the form of an algo-
rithm with an expanding measurement window, which ensures
a stable measurement of the disturbed signal already from the
length of the measurement window covering about 15% of the
period of the fundamental component of the measured signal.

Once the increasing measurement window length is equal to
the period of the fundamental harmonic of the signal, the algo-
rithm takes the familiar form of a full-period Fourier algorithm
with an additional procedure to eliminate DDC components.

An important distinguishing feature of the algorithm obtained
is its fully analytical form, which suggests potential for extension
to other disturbances occurring in the measured signal. This
concerns the possibility of shaping the frequency response of
the estimator (for both magnitude and phase) and considering
several aperiodic disturbances. These aspects will be addressed
in future work.

An example posted using a simulation model illustrates how
to apply the described method and confirms its effectiveness
compared to existing methods.
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