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1. Introduction

The ZT600-2UIC power supply unit generates two sinusoidal
voltages with values of 25 kV (50 Hz) and 15 kV (16 2

3 Hz) for
the traction cables of rolling stock vehicles. It enables testing
of electrical equipment of railway vehicle with the appropri-
ate voltage, supplied to the traction wire. The power supply
unit, equipment of traction substation, is a symmetrical load
to medium voltage 3×15 kV power grid with a low content of
higher harmonics of the consumed current.

The selected topology of the power supply system and con-
trol algorithm ensures that the rms value of the LCRL output
filter capacitor current forced by ripple current output currents
of inverter branches is minimized.

Referenced works [1–5] indicate positive impact of using the
system with parallel interleaved inverters on minimizing higher
harmonics in output currents of LCRL filter. This paper presents
the relationship for determining the rms value of the capacitor
current components C forced by three parallel connected inter-
leaved voltage source inverters (the novelty aspect presented in
this document).

The rms value of the capacitor current in the LCRL filter is
influenced much more by a load on the power supply which is
the active front end (AFE) rectifier used in traction vehicles. In
the scientific and technical literature there are many studies on
the harmonics taken by AFEs installed in rail vehicles [1, 6, 7],
but these studies discuss cases where a voltage generator or one
phase of a three-phase power supply system with high short-
circuit power is the power source. An analysis of a system with
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an LCRL filter with two AFE systems connected in parallel on
the AC side and in parallel on the DC side was conducted in [8].
This work discusses such a system and gives relations allowing
to determine the rms values of the harmonics taken by this load
(the novelty aspect presented in this document).

2. Description of the power supply

The ZT600-2UIC power supply consists of a 12-pulse recti-
fier (Fig. 1) and three paralleled single phase voltage source
inverters (Fig. 2) and a 400 V/15 kV transformer with an ad-
ditional tap (II) on the low voltage side enabling the genera-
tion 25 kV voltage at the transformer output. The output power
of the power supply is 600 kW with an overload capacity of
1200 kW for 1 min. The device is powered from the Tr1 trans-
former connected to the 3× 15 kV power network. The input
circuit of the power supply has B1 and B2 fused switch dis-
connectors. The input voltage is supplied to a 12-pulse rectifier
(D1–D12), which supplies the DC link of parallel connected
inverters, producing a voltage of 50 Hz or 16 2

3 Hz. The output
voltage is fed to the Tr2 transformer, which generates 25 kV and
15 kV. Figure 1 also shows a typical load of the power supply,
i.e., the active front end rectifier, currently commonly used in
rail vehicles [5, 6, 8].

Figure 3 shows the power supply unit control system. uT 1,
uT 2, uT 3 auxiliary waveforms are used in modulators produc-
ing control pulses of Q1G-Q6G and Q1D-Q6D transistors in
a way resulting from the pattern shown in Fig. 3. Using a sys-
tem with three interleaved one phase voltage source inverters
enables a significant improvement of the quality of the power
supply unit output voltage. The control system uses a serial sys-
tem of voltage and current controllers. To regulate the rms value
of the Uab,rms output voltage, a PI type regulator with Kiu param-
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Fig. 1. Block diagram of the power supply unit with active front end rectifier connected to the output terminals

Fig. 2. Diagram of three paralleled one phase voltage source inverters

eters was used. Whereas the uniform distribution of currents i1,
i2, i3, i4, i5 and i6, measured with ki gain transducers, is ensured
by proportional controllers with Kr gain. The multiplier system
(kM) allows to create a sinusoidal signal that gives ui currents.

Fig. 3. Power supply unit control system

3. Harmonics output voltage of the half-bridge
(one phase leg) voltage source inverter

Figure 4 shows the triangular auxiliary voltages uT 1, uT 2 and
uT 3, while Fig. 5 shows the voltages in the asymmetrical regular
sampled PWM modulator. Sinusoidal output voltage of the cur-
rent controller is a special case, convenient for analysing mod-
ulator properties. The ur,m time waveform is the output volt-
age of the S&H sample and hold system. The lower part of
Fig. 5 shows the relative output voltage of the inverter branch
described by the relation:

⇀uo = 2(uo/UDC) , (1)

ξ = ωc/ω f , (2)

where ωc is the pulsation of the triangular carrier, ω f is the
angular frequency of ur voltage.

Fig. 4. Triangular modulator carrier signals

As the voltage uo was related to the “0INV ” potential (Fig. 2),
the value of the constant component is equal to zero. In work
[9], there are relations describing output voltage of the tran-
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Fig. 5. Signal waveforms in a system with asymmetrical regular sam-
pled PWM modulator

sistor branch uo produced in a double-sampling system (asym-
metrical regular sampled PWM). The course of uo is a periodic
function with ω f pulsation if the multiple of ξ pulsations of uT
and ur is an integer.

⇀uo =
∞

∑
n=1

F0n cos
(
n
[
ω f t +φo

])

+
∞

∑
ρ=1

∞

∑
n=−∞

Fρn cos
(
ρ [ωct +φc]+n

[
ω f t +φo

])
(3)

with φo, φc being the initial phases of low-frequency input wave
ur and auxiliary triangular voltage uT respectively. F0n, Fρn are
harmonic coefficients. Relation (3) can be presented in a differ-
ent form, allowing direct reading of the order and initial phase
of each harmonic for the i-th branch of the inverter:

⇀uo_i =
∞

∑
n=1

F0n cos(nωt +nφoi)

+
∞

∑
ρ=1

∞

∑
n=−∞

Fρn cos
(
[ρξ +n]ω f t +ρφci +nφoi

)
, (4)

where i = 1,2,3,4,5,6.
The phases φo and φc for each branch assume values:
φo1 = φo2 = φo3 = 0, φo4 = φo5 = φo6 = π ,
φc1 = φc4 = 0, φc2 = φc5 =−2π/3, φc3 = φc6 = 2π/3.
Fundamental and baseband harmonics coefficient (k = n =

1,2,3 . . .∞, ρ = 0) are described by the following relations:

Fk = F0n =
4ξ
nπ

Jn

(
n

πM
2ξ

)
sinn

π
2
, (5)

where Jk(x) denotes a Bessel function of the first type, M indi-
cates the modulation depth factor:

M = Ûr/UT , (6)

where Ûr is the amplitude of the low frequency ur control
waveform, UT is the maximum value of the auxiliary triangular
waveform.

For ξ ≥ 10 the following approximation [3] (with an error
not exceeding 0.3%) is true:

4ξ
π

J1

(
πM
2ξ

)
≈ M (7)

so, we can use an approximation:

F01 = M . (8)

The initial phases Ψki of the harmonic output voltages of
the individual branches for the above harmonic group are de-
termined from the following relation:

ψki = nφoi . (9)

Coefficients and initial phases Ψki for carrier harmonics (k =
ρξ + n,n = 0,ρ = 1,2, . . . ,∞) and sideband harmonics (n =
−∞ . . . ,−2,−1,1,2. . . .∞, ρ = 1,2, . . . ,∞) are describe by:

Fk = Fρn =
4
π

Jn

([
ρ +n/ξ

] πM
2

)

ρ +n/ξ
sin

(
[ρ +n]

π
2

)
, (10)

ψki = ρφci +nφoi . (11)

Fρn and Fρξ+n labels are the same (Fρn = Fρξ+n).

4. Harmonics of the algebraic sum of the output
voltages of the inverter branches

After substituting appropriate value of the phase φc in (4) (0
for Q1, −2π/3 for Q2 and 2π/3 for Q3) and φo = 0 for each
branch we obtain a relation describing the sum of relative output
voltages of three branches (Q1, Q2, Q3) related to UDC/2.

⇀uo_1 +
⇀uo_2 +

⇀uo_3 = 3
∞

∑
n=1

F0n cos
(
nω f t

)

+
∞

∑
ρ=1

∞

∑
n=−∞

Fρn cos
(
[ρξ +n]ω f t

){
1+2cosρ

2
3

π
}
. (12)

After substituting to (4) the appropriate value of the phase φc
(0 for Q4, −2π/3 for Q5 and 2π/3 for Q6) and φo = π for each
branch we obtain a relation describing the sum of relative output
voltages of the three branches (Q4,Q5,Q6) related to UDC/2.

⇀uo_4 +
⇀uo_5 +

⇀uo_6 = 3
∞

∑
n=1

F0n cos
(
n
[
ω f t +π

])

+
∞

∑
ρ=1

∞

∑
n=−∞

Fρn cos
(
[ρξ+n]ω f t

)
cosnπ

{
1+2cosρ

2
3

π
}
. (13)

Let us mark by ū∑ algebraic sum of output voltages of all three
inverter branches:

3

∑
i=1

⇀uo_i −
6

∑
i=4

⇀uo_i =
⇀u∑ . (14)
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Fig. 5. Signal waveforms in a system with asymmetrical regular sam-
pled PWM modulator
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The ū∑ voltage is determined by subtracting Eqs. (12) and (13):

⇀u∑ = 3
∞

∑
n=1

F0n (1− cosnπ)cos
(
nω f t

)

+
∞

∑
ρ=1

∞

∑
n=−∞

FρnN(n,ρ)cos
(
[ρξ +n]ω f t

)
, (15)

where N(n,ρ) defines the relation:

N(n,ρ) = {1− cos(nπ)}
{

1+2cosρ
2
3

π
}
. (16)

In relations (15) and (16) describing the ū∑ there is no carrier
harmonics of the order of ρξ because for n = 0 the coefficient
N(n,ρ) =0.

Sideband harmonics coefficient of the oder k = ρξ +n deter-
mined for ū∑ describes the relation:

F(Σ)
ρn =

4
π

Jn

([
ρ +n/ξ

] πM
2

)

ρ +n/ξ
sin

(
[ρ +n]

π
2

)
N(n,ρ). (17)

Sideband harmonics coefficient F(Σ)
ρξ+n takes zero values if n

is even or ρ = 1,2,4,5,7,8,10 . . . because if any of these con-
ditions is true N(n, p) = 0. From the formulae (15) and (16) it
follows that the algebraic sum of voltages u∑ contains only har-
monics being a multiple of the basic harmonic order k = n if n
takes odd values and of the order k = ρξ +n if ρ takes a value
equal to a multiple of 3 while n is odd. Relation (17) yields zero
value of the coefficient F(Σ)

ρξ+n if the sum of ρ +n takes an even
value. From these conditions it follows that harmonics of the
order k = ρξ + n occur for ρ being a multiple of 6 and for n
assuming odd values.

4.1. Harmonic output currents of inverter branches with
a three phase positive and negative sequence. The harmonic
spectra of i1, i2, i3, i4, i5 and i6 currents (Fig. 10a shows the am-
plitude of the Î1,k) contain fundamental harmonics, harmonics
of the order k = ρξ +n for ρ being a multiple of 6 and an odd
sum of ρ +n and harmonics flowing only in the circuits shown
in Fig. 6. The first two harmonic groups form three-phase zero
sequences and flow through the C capacitor.

Fig. 6. Equivalent scheme for harmonic output currents of positive and
negative sequences of inverter branches

If the k-th harmonics of the voltages uo_1,k, uo_2,k, uo_3,k
form three-phase positive or negative sequences then the sum

of i1,k + i2,k + i3,k harmonic currents is zero. Similarly for k-th
uo_4,k, uo_5,k, uo_6,k harmonic voltages with a three-phase pos-
itive or negative sequence then the sum of i4,k + i5,k + i6,k har-
monic currents equal to zero.

The analysis of the form of relations (10) and (15) shows that
in the circuits shown in Fig. 6 harmonics of currents flow for
k = ρξ + n if ρ = 1,2,4,5,7,8 . . . and ρ + n takes odd values.
The harmonics of currents of these orders do not flow in the C
capacitor.

5. Harmonics of AC voltage of AFE converters

Figure 1 shows a schematic diagram of a traction power supply
unit loaded by means of a multi-winding transformer Tr,afe and
two AFE bridge circuits connected to each other on the terminal
side of DC circuits of udc,afe voltage. The time courses of uafe1
and uafe2 voltages are produced in a circuit with an asymmet-
rical regular sampled PWM modulator (ARS). Relative output
voltages of converter branches are described by relations:

⇀u10afe = 2
(
u10afe

/
UDC,afe

)
, (18)

⇀u20afe = 2
(
u20afe

/
UDC,afe

)
. (19)

A ū10afe waveform is a periodic function with ω f pulsation if
ξafe (quotient of the uT _a f e and ur_a f e pulsations) given by the
relation:

ξafe = ω(afe)
c

/
ω f (20)

is an integer. ω(afe)
c is the pulsation of the triangular carrier of

the AFE modulator.
Each bridge of the system produces a unipolar voltage out-

put waveform (uafe1 or uafe2) by providing the following initial
phases of modulating waveforms:

φ (10afe)
o = φ (30a f e)

o = φ (afe)
o , (21)

φ (20afe)
o = φ (40a f e)

o = φ (afe)
o −π . (22)

This control provides a twofold increase in the minimum
dominant pulsation of the higher output harmonics of uafe1 and
uafe2, while another twofold increase in the dominant pulsation
of the higher output harmonic of uafe voltage is provided by
a phase shift in the auxiliary waveforms in modulators used in
both bridge systems:

φ (10afe)
c = φ (20afe)

c = φ (afe)
c , (23)

φ (30a f e)
c = φ (40a f e)

c = φ (afe)
c ± π

2
. (24)

According to [9], the ū10afe voltage can be written as:

⇀u10afe =
∞

∑
n=1

F(afe)
0n cosn

[
ω f t +φ (afe)

o

]

+
∞

∑
ρ=1

∞

∑
n=−∞

F(afe)
ρn cos


ρ

[
ω(afe)

c t +φ (afe)
c

]

+n
[
ω f t +φ (afe)

o

]

 . (25)
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The fundamental and baseband harmonics coefficient (k =
n = 1,2,3 . . . ,∞) are described by relations (5) while the car-
rier and sideband harmonics coefficient are described by the
relation (10). The parameters of relations (5), (10) are Mafe and
ξafe. This can be shown in equation: F(afe)

ρn = Fξ afe+n(Mafe).

Formula (10) shows that the coefficients F(afe)
ρn take non-zero

values if the sum of ρ +n is an odd number.
The voltage ū20afe describes a relation of a similar form

as (25) taking into account another value of the initial phase
φ (20afe)

o of the modulating voltage:

⇀u20afe =
∞

∑
n=1

F(afe)
0n cosn

[
ω f t +φ (afe)

o −π
]

+
∞

∑
ρ=1

∞

∑
n=−∞

F(afe)
ρn cos


ρ

[
ω(afe)

c t +φ (afe)
c

]

+n
[
ω f t +φ (afe)

o −π
]

 . (26)

The relative output AC voltage of the H-bridge converter
ūafe1 can be determined as the difference between ū10afe and
ū20afe and after applying trigonometric identity cosα −cosβ =

−2sin
α +β

2
sin

α −β
2

they can be presented in the follow-
ing form:

⇀uafe1 =−2
∞

∑
n=1

F(afe)
0n sin

nπ
2

sinn
[
ω f t +φ (afe)

o − π
2

]

−2
∞

∑
ρ=1

∞

∑
n=−∞

F(afe)
ρn sin

nπ
2

sin




ρ
[
ω(afe)

c t+φ (afe)
c

]

+n
[
ω f t+φ (afe)

o −π
2

]


 . (27)

For n = 2,4,6 . . . the harmonics described by the first com-
ponent disappear and for n = ±0,2,4,6 . . . the phrases of the
second component disappear. The second property means that
all harmonics concentrated at carrier harmonics of k = ρξafe ±
0,2,4,6 . . . in the spectrum do not exist. This is due to the fact
that coefficients F(afe)

ρn take non-zero values if the sum of ρ +n
is an odd number, which in turn leads to the next conclusion
that the harmonics for which n =±0,2,4,6 . . . are concentrated
near the carrier harmonics for ρ = 1,3,5 . . .

Voltage ūafe2 = ū30afe − ū40afe can be presented in a similar
form as (27) including (24):

⇀uafe2 =−2
∞

∑
n=1

F(afe)
0n sin

nπ
2

sinn
[
ω f t +φ (afe)

o − π
2

]

−2
∞

∑
ρ=1

∞

∑
n=−∞

F(afe)
ρn sin

nπ
2

· sin




ρ
[
ω(afe)

c t +φ (afe)
c ± π

2

]

+n
[
ω f t +φ (afe)

o − π
2

]


 . (28)

The algebraic sum of the voltage of ūafe1 and ūafe2 may
be represented by the trigonometric identity sin(α − π/2) =

sinα cos(nπ/2)− cosα sin(nπ/2) in form:

⇀uafe1 +
⇀uafe2 =−4

∞

∑
n=1

F(afe)
0n sin

nπ
2

sinn
[
ω f t +φ (afe)

o − π
2

]

−
∞

∑
ρ=1

∞

∑
n=−∞

F(afe)
ρn




sinnπ sin


ρ

[
ω(afe)

c t +φ (afe)
c

]

+n
[
ω f t +φ (afe)

o

]



−2sin2 nπ
2

cos


ρ

[
ω(afe)

c t+φ (afe)
c

]

+n
[
ω f t+φ (afe)

o

]



+sinnπ sin


ρ

[
ω(afe)

c t +φ (afe)
c ± π

2

]

+n
[
ω f t +φ (afe)

o

]



−2sin2 nπ
2

cos


ρ

[
ω(afe)

c t+φ (afe)
c ±π

2

]

+n
[
ω f t +φ (afe)

o

]







.

(29)

Since for even values of n disappear the words of the first and
second component, for odd values of n the equations sin(nπ) =
0 and sin2(nπ/2) = 1 are met, then (29) can be simplified to the
form valid for n =±1,±3,±5.

⇀uafe1 +
⇀uafe2 =−4

∞

∑
n=1

F(afe)
0n sin

nπ
2

sinn
[
ω f t +φ (afe)

o − π
2

]

+2
∞

∑
ρ=1

∞

∑
n=−∞

F(afe)
ρn




[
1+cosρ

π
2

]
cos


ρ

[
ω(afe)

c t+φ (afe)
c

]

+n
[
ω f t +φ (afe)

o

]



−sinρ
π
2

sin


ρ

[
ω(afe)

c t +φ (afe)
c

]

+n
[
ω f t +φ (afe)

o

]






.

(30)

Because F(afe)
ρn takes a non-zero value only if the sum of ρ+n

has an odd value – this is shown in formula (10) – and the sec-
ond component for even values of n has a zero value, the second
component may be non-zero only for even values of ρ . The for-
mulae above results in that for ρ = 2.6,10 . . . the second com-
ponent has a zero value. Thus, for ρ = 0,±,4,±8 . . . applies:

⇀uafe1 +
⇀uafe2 =−4

∞

∑
n=1

F(afe)
0n sin

nπ
2

sinn
[
ω f t +φ (afe)

o − π
2

]

+4
∞

∑
ρ=1

∞

∑
n=−∞

F(afe)
ρn cos


ρ

[
ω(afe)

c t +φ (afe)
c

]

+n
[
ω f t +φ (afe)

o

]

. (31)

6. LCRL filter capacitor current harmonics

The replacement diagram of an inverter with two rectifier AFE
circuits is shown in Fig. 7. A common designation has been
adopted for all inductances of the inverter output branches
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The fundamental and baseband harmonics coefficient (k =
n = 1,2,3 . . . ,∞) are described by relations (5) while the car-
rier and sideband harmonics coefficient are described by the
relation (10). The parameters of relations (5), (10) are Mafe and
ξafe. This can be shown in equation: F(afe)

ρn = Fξ afe+n(Mafe).

Formula (10) shows that the coefficients F(afe)
ρn take non-zero

values if the sum of ρ +n is an odd number.
The voltage ū20afe describes a relation of a similar form

as (25) taking into account another value of the initial phase
φ (20afe)

o of the modulating voltage:

⇀u20afe =
∞

∑
n=1

F(afe)
0n cosn

[
ω f t +φ (afe)

o −π
]

+
∞

∑
ρ=1

∞

∑
n=−∞

F(afe)
ρn cos


ρ

[
ω(afe)

c t +φ (afe)
c

]

+n
[
ω f t +φ (afe)

o −π
]

 . (26)

The relative output AC voltage of the H-bridge converter
ūafe1 can be determined as the difference between ū10afe and
ū20afe and after applying trigonometric identity cosα −cosβ =

−2sin
α +β

2
sin

α −β
2

they can be presented in the follow-
ing form:

⇀uafe1 =−2
∞

∑
n=1

F(afe)
0n sin

nπ
2

sinn
[
ω f t +φ (afe)

o − π
2

]

−2
∞

∑
ρ=1

∞

∑
n=−∞

F(afe)
ρn sin

nπ
2

sin




ρ
[
ω(afe)

c t+φ (afe)
c

]

+n
[
ω f t+φ (afe)

o −π
2

]


 . (27)

For n = 2,4,6 . . . the harmonics described by the first com-
ponent disappear and for n = ±0,2,4,6 . . . the phrases of the
second component disappear. The second property means that
all harmonics concentrated at carrier harmonics of k = ρξafe ±
0,2,4,6 . . . in the spectrum do not exist. This is due to the fact
that coefficients F(afe)

ρn take non-zero values if the sum of ρ +n
is an odd number, which in turn leads to the next conclusion
that the harmonics for which n =±0,2,4,6 . . . are concentrated
near the carrier harmonics for ρ = 1,3,5 . . .

Voltage ūafe2 = ū30afe − ū40afe can be presented in a similar
form as (27) including (24):

⇀uafe2 =−2
∞

∑
n=1

F(afe)
0n sin

nπ
2

sinn
[
ω f t +φ (afe)

o − π
2

]

−2
∞

∑
ρ=1

∞

∑
n=−∞

F(afe)
ρn sin

nπ
2

· sin




ρ
[
ω(afe)

c t +φ (afe)
c ± π

2

]

+n
[
ω f t +φ (afe)

o − π
2

]


 . (28)

The algebraic sum of the voltage of ūafe1 and ūafe2 may
be represented by the trigonometric identity sin(α − π/2) =

sinα cos(nπ/2)− cosα sin(nπ/2) in form:

⇀uafe1 +
⇀uafe2 =−4

∞

∑
n=1

F(afe)
0n sin

nπ
2

sinn
[
ω f t +φ (afe)

o − π
2

]

−
∞

∑
ρ=1

∞

∑
n=−∞

F(afe)
ρn




sinnπ sin


ρ

[
ω(afe)

c t +φ (afe)
c

]

+n
[
ω f t +φ (afe)

o

]



−2sin2 nπ
2

cos


ρ

[
ω(afe)

c t+φ (afe)
c

]

+n
[
ω f t+φ (afe)

o

]



+sinnπ sin


ρ

[
ω(afe)

c t +φ (afe)
c ± π

2

]

+n
[
ω f t +φ (afe)

o

]



−2sin2 nπ
2

cos


ρ

[
ω(afe)

c t+φ (afe)
c ±π

2

]

+n
[
ω f t +φ (afe)

o

]






.

(29)

Since for even values of n disappear the words of the first and
second component, for odd values of n the equations sin(nπ) =
0 and sin2(nπ/2) = 1 are met, then (29) can be simplified to the
form valid for n =±1,±3,±5.

⇀uafe1 +
⇀uafe2 =−4

∞

∑
n=1

F(afe)
0n sin

nπ
2

sinn
[
ω f t +φ (afe)

o − π
2

]

+2
∞

∑
ρ=1

∞

∑
n=−∞

F(afe)
ρn




[
1+cosρ

π
2

]
cos


ρ

[
ω(afe)

c t+φ (afe)
c

]

+n
[
ω f t +φ (afe)

o

]



−sinρ
π
2

sin


ρ

[
ω(afe)

c t +φ (afe)
c

]

+n
[
ω f t +φ (afe)

o

]






.

(30)

Because F(afe)
ρn takes a non-zero value only if the sum of ρ+n

has an odd value – this is shown in formula (10) – and the sec-
ond component for even values of n has a zero value, the second
component may be non-zero only for even values of ρ . The for-
mulae above results in that for ρ = 2.6,10 . . . the second com-
ponent has a zero value. Thus, for ρ = 0,±,4,±8 . . . applies:

⇀uafe1 +
⇀uafe2 =−4

∞

∑
n=1

F(afe)
0n sin

nπ
2

sinn
[
ω f t +φ (afe)

o − π
2

]

+4
∞

∑
ρ=1

∞

∑
n=−∞

F(afe)
ρn cos


ρ

[
ω(afe)

c t +φ (afe)
c

]

+n
[
ω f t +φ (afe)

o

]

. (31)

6. LCRL filter capacitor current harmonics

The replacement diagram of an inverter with two rectifier AFE
circuits is shown in Fig. 7. A common designation has been
adopted for all inductances of the inverter output branches
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L = Li (for i = 1 . . .6) and the input inductances of AFE rec-
tifir L′

σ related to the output circuit of power supply inverters.
The circuit with the equivalent input inductance 2L/3 and out-
put inductance L′

σ , capacitor C and damping resistor Rt forms
a filter with LCRL type damping [10–13]. The inductance L′

σ
is equal to L′

σ15 and L′
σ25 for the 15 kV and 25 kV systems,

respectively.

Fig. 7. Replacement diagram for inverter loaded with two AFE systems
for voltage and current harmonics

Each harmonic can be expressed by complex value. For fun-
damental and baseband harmonics of the output voltage of the
ūo_i power supply inverter branch complex voltages are de-
scribed by the relations:

Uoi,n =Uo,ne jnφoi , (32)

where Uo,n is the rms value and “i” is the number of inverter
branches (i = 1,2,3,4,5,6).

Complex value of carrier and sideband harmonics of ūo_i
voltage takes the form:

Uoi,ρξ+n =Uo,ρξ+ne j(ρφci+nφoi) . (33)

Complex value of fundamental and baseband harmonics of
AFE converter ūafe1 and ūafe2 AC voltages is:

Uafe1,n =Uafe2,n =Uafe,ne jn
(

φ (afe)
o − π

2

)
. (34)

Complex value of carrier and sideband harmonics of AFE con-
verter ūafe1 and ūafe1 AC voltages is:

Uafe1,ρξ+n =Uafe,ρξ+ne j
(

ρφ (afe)
c +nφ (afe)

o −n π
2

)
, (35)

Uafe2,ρξ+n =Uafe,ρξ+ne j
(

ρ
[
φ (afe)

c ± π
2

]
+nφ (afe)

o −n π
2

)
. (36)

Norton law can be used to determine the Ic,k current. The cur-
rent flowing between the shorted terminals ab has two compo-
nents:

Iab,k = Iab(INV ),k + Iab(AFE),k (37a)

and it can be determined from the following formula:

Iab,k =
1

j2ωkL

(
3

∑
i=1

Uoi,k −
6

∑
i=4

Uoi,k

)

− 1
jωkL′

σ

(
U ′

afe1,k +U ′
afe2,k

)
, (37b)

where: ωk = kω f = k2π f f , U ′
afe1,k, U ′

afe2,k are complex voltages
referred to the “a–b” output of the power supply unit.

The impedance seen from “a–b” terminals when the voltage
sources are shorted is described by the following relation:

Zab,k =
jωk −ω2

k CRt2LL′
σ

jωkCRt (4L+3L′
σ )+4L+3L′

σ −2ω2
k CLL′

σ
. (38)

Uab,k is equal to Zab,k Iab,k and is described by formula:

Uab,k =
Zab,k

j2ωkL

(
3

∑
i=1

Uoi,k −
6

∑
i=4

Uoi,k

)

−
Zab,k

jωkL′
σ

(
U ′

afe1,k +U ′
afe2,k

)
. (39)

Capacitor current Ic,k is determined from relation:

Ic,k =
jωkCUab,k

1+ jωkCRt
. (40)

After taking into account in (40) relation (39) we get:

Ic,k =
Zab,kC

2L(1+ jωkRtC)

(
3

∑
i=1

Uoi,k −
6

∑
i=4

Uoi,k

)

−
Zab,kC

L′
σ (1+ jωkRtC)

(
U ′

afe1,k +U ′
afe2,k

)
. (41)

6.1. LCRL filter capacitor current harmonics forced by dis-
torted output current of the power supply inverters. Using
the superposition method, we can determine the rms values of
C capacitor harmonics forced by the distorted output current
of the power supply inverter taking into account only the first
component of the right-hand side equation (41):

Ic(INV ),k =
Zab,kC

2L
√

1+(ωkRtC)2

(
3

∑
i=1

Uoi,k −
6

∑
i=4

Uoi,k

)
. (42)

The amplitude of the algebraic sum of harmonics of the same
order of instantaneous voltages is equal to the amplitude of
the sum of complex voltages that represent these instantaneous
values.

According to the considerations in the previous chapter, there
are only harmonics that are a multiple of the basic harmonic
order k = n (ρ = 0) if n takes odd values and of the order k =
ρξ +n if ρ takes a value equal to a multiple of 6 while n is odd.
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For k = n taking odd values and ρ = 0 current amplitude
value Îc(INV ),k can be calculated from the following formula:

Îc(INV ),k =
3Zab,nC

L
√

1+(ωnRtC)2

UDC

2
F̂0n , (43)

where F̂0n = |F0n|, F0n describes (5) and Zab,n gives the formula:

Zab,k =
2ωkLL′

σ

√
1+(ωkCRt)

2

√
(4L+3L′

σ )
2 (ωkCRt)

2+
(
4L+3L′

σ−2ω2
k CLL′

σ
)2

(44)
for k = n.

After substituting n = 1 to (43) and the relation (44) describ-
ing Zab,1 and making several transformations and applying ap-
proximation F01 ≈ M we get:

Îc(INV ),1 =
3
2

C
L

ω f LzUDCM√(
ω fCRt

)2
+
(

1−ω2
f /ω2

res

)2
, (45)

where:

Lz =
2LL′

σ
(4L+3L′

σ )
, (46)

ωres = 1/
√

LzC . (47)

Because 10ω f < ωres [14] and (ω fCRt)
2 � 1, relation (45)

can be simplified to:

Îc(INV ),1 =
3
2

Lz

L
ω fCUDCM . (48)

For ρ taking the value 6 and its multiples and for n taking
the values of odd harmonic current of the capacitor of the order
k = 6ξ +n can be determined from the relation:

Îc(INV ),6ξ+n =
3
2

Zab,6ξ+nC

L
√

1+(ωkRtC)2
UDCF̂6ξ+n , (49)

where F̂6ξ+n =
∣∣F6ξ+n

∣∣, Fρξ+n = Fρn is described by (10).
For ξ ≥ 10 and |n| ≤ 9 the following approximation can

be used with great accuracy: Zab,6ξ ≈ Zab,6ξ−n ≈ Zab,6ξ+n. Af-
ter substituting for (49) the relation (44) describing Zab,6ξ and
making several transformations, we obtain:

Îc(INV ),ρξ+n =
3
2

ω6ξ

ω2
res

UDCF̂6ξ+n

L

√(
ω6ξCRt

)2
+
(

1−ω2
6ξ/ω2

res

)2
,

(50)
where ω6ξ = 6ξ ω f .

After taking into account the inequalities ωres � ω6ξ [3, 15]
and ω6ξCRt � ω2

6ξ/ω2
res, (50) can be simplified to form:

Îc(INV ),ρξ+n ≈
3
2

UDC

ω6ξ L
F̂6ξ+n . (51)

Table 1 contains examples of values (for M = 0,0.6,0.9) of
amplitudes F̂6ξ+n for the arguments (6±n/ξ )πM/2 and values

of simplified expressions F̂(∗)
6ξ+n for n = 1,2, . . .9 and 3πM ar-

guments. On the basis of the results contained in the table and
the results for other M values not shown in this table, an ap-
proximate relation can be formulated:

0.5
(

F̂2
6ξ−n + F̂2

6ξ+n

)
≈
(

F̂(∗)
6ξ+n

)2
, (52)

where F̂6ξ+n is the absolute value of the coefficient given by
formula (10).

Table 1
Examples of absolute values F̂6ξ+n and F̂(∗)

6ξ+n

M = 0.2
F̂6ξ+n

n =−1 n =−3 n =−5 n =−7 n =−9

0.124 0.023 0.001 0.000 0.000

n = 1 n = 3 n = 5 n = 7 n = 9

0.123 0.024 0.001 0.000 0.000

F̂(∗)
6ξ+n

n = 1 n = 3 n = 5 n = 7 n = 9

0.123 0.024 0.001 0.000 0.000

M = 0.6
F̂6ξ+n

n =−1 n =−3 n =−5 n =−7 n =−9

0.071 0.050 0.070 0.019 0.002

n = 1 n = 3 n = 5 n = 7 n = 9

0.069 0.041 0.072 0.023 0.004

F̂(∗)
6ξ+n

n = 1 n = 3 n = 5 n = 7 n = 9

0.070 0.046 0.071 0.021 0.003

M = 0.9
F̂6ξ+n

n =−1 n =−3 n =−5 n =−7 n =−9

0.058 0.059 0.025 0.072 0.031

n = 1 n = 3 n = 5 n = 7 n = 9

0.058 0.053 0.006 0.069 0.040

F̂(∗)
6ξ+n

n = 1 n = 3 n = 5 n = 7 n = 9

0.058 0.056 0.015 0.072 0.036

The application of (52) introduces an error not exceeding
a few %. Simplified relation F̂(∗)

ρξ+n = F̂ρξ+n for n/ξ � ρ is
in form:

F̂(∗)
ρn = F̂(∗)

ρξ+n =
4

ρπ
|Jn (ρπM/2)| . (53)

The resulting rms value of harmonics of the order close to 6ξ
can be determined from the following formula:

Ic,6ξ ≈ UDC

4ξ ω f L
H6ξ , (54a)

where:

H6ξ =

√
∑

n=1,3,5,7,9

(
F̂(∗)

6ξ+n

)2
. (54b)

Table 2 contains the value of the H6ξ coefficients.
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For k = n taking odd values and ρ = 0 current amplitude
value Îc(INV ),k can be calculated from the following formula:

Îc(INV ),k =
3Zab,nC

L
√

1+(ωnRtC)2

UDC

2
F̂0n , (43)

where F̂0n = |F0n|, F0n describes (5) and Zab,n gives the formula:

Zab,k =
2ωkLL′

σ

√
1+(ωkCRt)

2

√
(4L+3L′

σ )
2 (ωkCRt)

2+
(
4L+3L′

σ−2ω2
k CLL′

σ
)2

(44)
for k = n.

After substituting n = 1 to (43) and the relation (44) describ-
ing Zab,1 and making several transformations and applying ap-
proximation F01 ≈ M we get:

Îc(INV ),1 =
3
2

C
L

ω f LzUDCM√(
ω fCRt

)2
+
(

1−ω2
f /ω2

res

)2
, (45)

where:

Lz =
2LL′

σ
(4L+3L′

σ )
, (46)

ωres = 1/
√

LzC . (47)

Because 10ω f < ωres [14] and (ω fCRt)
2 � 1, relation (45)

can be simplified to:

Îc(INV ),1 =
3
2

Lz

L
ω fCUDCM . (48)

For ρ taking the value 6 and its multiples and for n taking
the values of odd harmonic current of the capacitor of the order
k = 6ξ +n can be determined from the relation:

Îc(INV ),6ξ+n =
3
2

Zab,6ξ+nC

L
√

1+(ωkRtC)2
UDCF̂6ξ+n , (49)

where F̂6ξ+n =
∣∣F6ξ+n

∣∣, Fρξ+n = Fρn is described by (10).
For ξ ≥ 10 and |n| ≤ 9 the following approximation can

be used with great accuracy: Zab,6ξ ≈ Zab,6ξ−n ≈ Zab,6ξ+n. Af-
ter substituting for (49) the relation (44) describing Zab,6ξ and
making several transformations, we obtain:

Îc(INV ),ρξ+n =
3
2

ω6ξ

ω2
res

UDCF̂6ξ+n

L

√(
ω6ξCRt

)2
+
(

1−ω2
6ξ/ω2

res

)2
,

(50)
where ω6ξ = 6ξ ω f .

After taking into account the inequalities ωres � ω6ξ [3, 15]
and ω6ξCRt � ω2

6ξ/ω2
res, (50) can be simplified to form:

Îc(INV ),ρξ+n ≈
3
2

UDC

ω6ξ L
F̂6ξ+n . (51)

Table 1 contains examples of values (for M = 0,0.6,0.9) of
amplitudes F̂6ξ+n for the arguments (6±n/ξ )πM/2 and values

of simplified expressions F̂(∗)
6ξ+n for n = 1,2, . . .9 and 3πM ar-

guments. On the basis of the results contained in the table and
the results for other M values not shown in this table, an ap-
proximate relation can be formulated:

0.5
(

F̂2
6ξ−n + F̂2

6ξ+n

)
≈
(

F̂(∗)
6ξ+n

)2
, (52)

where F̂6ξ+n is the absolute value of the coefficient given by
formula (10).

Table 1
Examples of absolute values F̂6ξ+n and F̂(∗)

6ξ+n

M = 0.2
F̂6ξ+n

n =−1 n =−3 n =−5 n =−7 n =−9

0.124 0.023 0.001 0.000 0.000

n = 1 n = 3 n = 5 n = 7 n = 9

0.123 0.024 0.001 0.000 0.000

F̂(∗)
6ξ+n

n = 1 n = 3 n = 5 n = 7 n = 9

0.123 0.024 0.001 0.000 0.000

M = 0.6
F̂6ξ+n

n =−1 n =−3 n =−5 n =−7 n =−9

0.071 0.050 0.070 0.019 0.002

n = 1 n = 3 n = 5 n = 7 n = 9

0.069 0.041 0.072 0.023 0.004

F̂(∗)
6ξ+n

n = 1 n = 3 n = 5 n = 7 n = 9

0.070 0.046 0.071 0.021 0.003

M = 0.9
F̂6ξ+n

n =−1 n =−3 n =−5 n =−7 n =−9

0.058 0.059 0.025 0.072 0.031

n = 1 n = 3 n = 5 n = 7 n = 9

0.058 0.053 0.006 0.069 0.040

F̂(∗)
6ξ+n

n = 1 n = 3 n = 5 n = 7 n = 9

0.058 0.056 0.015 0.072 0.036

The application of (52) introduces an error not exceeding
a few %. Simplified relation F̂(∗)

ρξ+n = F̂ρξ+n for n/ξ � ρ is
in form:

F̂(∗)
ρn = F̂(∗)

ρξ+n =
4

ρπ
|Jn (ρπM/2)| . (53)

The resulting rms value of harmonics of the order close to 6ξ
can be determined from the following formula:

Ic,6ξ ≈ UDC

4ξ ω f L
H6ξ , (54a)

where:

H6ξ =

√
∑

n=1,3,5,7,9

(
F̂(∗)

6ξ+n

)2
. (54b)

Table 2 contains the value of the H6ξ coefficients.
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Table 2
The value of the H6ξ coefficients

M 0.0 0.05 0.1 0.2 0.3 0.4

H6ξ 0.000 0.049 0.089 0.126 0.104 0.091

M 0.5 0.6 0.7 0.8 0.9 1. 0

H6ξ 0.115 0.112 0.094 0.108 0.115 0.097

6.2. The LCRL filter capacitor current harmonics forced
by the distorted AC current of AFE converters. Using the
superposition method, we can determine the rms values of ca-
pacitor current harmonics C forced by the distorted AC current
of AFE converters taking into account only the second compo-
nent of the right-hand side of Eq. (41).

Ic(AFE),k =−
Zab,kC

L′
σ (1+ jωkRtC)

(
U ′

afe1,k +U ′
afe2,k

)
. (55)

According to the considerations in Chapter 5, the sum of the
voltages of uafe1 and uafe2 contains harmonics of the order of
k = ρξafe +n for n =±1,±3,±5 . . . and for ρ = 0, ±4, ±8 . . .

For k = n assuming odd values and ρ = 0 current amplitude
value Îc(AFE),k can be calculated from the formula:

Îc(AFE),n =
4Zab,nC

L′
σ

√
1+(ωnRtC)2

U ′
dc,afe

2
F̂(afe)

n , (56)

where F̂(afe)
0n =

∣∣∣F(afe)
0n

∣∣∣, F(afe)
0n = F0n(Mafe) is described by (5)

and Zab,n is given by the formula (44) for k = n, U ′
dc,afe is the

AFE DC-link voltage referenced to the “a–b” output of the
power supply unit.

After substituting n = 1 into (56) and the relation (44) de-
scribing Zab,1 and making several transformations and applying
approximation F̂(afe)

01 ≈ Mafe we get:

Îc(AFE),1 =
C
L′

σ

2ω f Lz√(
ω fCRt

)2
+
(

1−ω2
f /ω2

res

)2
U ′

dc,afeMafe .

(57)
Because 10ω f < ωres [14] and (ω fCRt)

2 � 1, relation (57) can
be simplified to form:

Îc(AFE),1 = 2
(
Lz/L′

σ
)

ω fCU ′
dc,afeMafe . (58)

For n taking odd values and ρ taking values of ±4,±8 . . .,
values of capacitor current harmonics of the order k = ρξafe+n
can be determined from the relation:

Îc(AFE),ρn = 2
Zab,kCU ′

dc,afeF̂(afe)
ρn

L′
σ

√
1+(ωkRtC)2

, (59)

where F̂(afe)
ρn =

∣∣∣F(afe)
ρn

∣∣∣, F(afe)
ρn are described by (10).

Figure 10e shows the spectrum of harmonic current of capac-
itor C. The dominant harmonics of the higher order are harmon-
ics of 4ξafe + n orders (for n = −5,−3,−1,1,3,5) and except
for the basic harmonic these harmonics have a decisive influ-
ence on the rms value of capacitor current . The resultant rms
value of harmonic of 4ξafe−5÷4ξafe+5 orders of the capacitor
current can be determined from the following relation:

Ic(AFE),4ξ afe ≈ 2
Zab,4ξ afeCU ′

dc,afeH4ξ afe

L′
σ

√
1+

(
ω4ξ afeRtC

)2
, (60a)

where:

H4ξ afe =

√
∑

n=1,3,5

(
F̂(a f e∗)

4ξafe+n

)2
. (60b)

F̂(a f e∗)
ρξ afe+n is described by (53) for Mafe modulation depth fac-

tor. After substituting Zab,4ξ afe in (60) described by (44) and
making several transformations and then taking into account
the inequality ω4ξ afeCRt � ω2

4ξafe
/ω2

res, (59) may be presented
in the form of:

Ic(AFE),4ξ afe ≈
2ω4ξ afeU ′

dc,afe(
ω2

4ξ afe −ω2
res

)
L′

σ

H4ξ afe , (61)

where ω4ξ afe = 4ξafeω f .
Table 3 shows the value of H4ξ afe coefficient for Mafe param-

eter.

Table 3
Value of H4ξ afe coefficient

Mafe 0.55 0.6 0.65 0.7 0.75

H4ξ afe 0.133 0.137 0.148 0.162 0.173

Mafe 0.8 0.85 0.9 0.95 1.0

H4ξ afe 0.177 0.174 0.165 0.151 0.137

7. RMS value of the basic harmonic current
of the capacitor C

Neglecting the voltage drops across the L and L′
σ induc-

tances coming from the harmonics of the basic currents flow-
ing through these inductances, one can assume the following
equality

UDCM =U ′
dc,afeMafe = Ûab,1 , (62)

where Ûab,1 is the fundamental harmonic of voltage between
“a–b” terminals.

Furthermore, it can be assumed that the basic harmonics of
the currents in a capacitor Îc(INV ),1 and Îc(AFE),1 are in phase,
so the components described in relation (48) and (58) can be
added. The rms value Ic,1 of the fundamental harmonic current
of the capacitor C is described by the equation:

Ic,1 = 0.707ω fCÛab,1 . (63)
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Formula (63) is obvious, but its derivation confirms the va-
lidity of dependencies (48) and (58) and the analysis carried out
in Sections 6.1 and 6.2.

8. The transfer function of the LCRL-filter

The main harmonic current source of the LCRL filter capacitor
is the AFE rectifier. Therefore, we are interested in the LCRL-
filter transfer function defined as:

Gis(s) =
−Is(AFE)(s)

U ′
afe1(s)+U ′

afe2(s)
, (64)

where: Is(AFE) (s) is the Laplace’s transform of the current com-
ponent is(t) forced by AFE converters.

The minus sign results from the accepted direction of the cur-
rent is in Fig. 7. The complex value of the harmonics of the cur-
rent component is(t) forced by AFE converters is described by
the relation:

Is(AFE),k =−2
3

Uab(AFE),k

jωkL
. (65)

The second component of equation (39) is the voltage compo-
nent at terminals ab forced by the AC voltages of AFE convert-
ers.

Uab(AFE),k =
Zab,k

jωkL′
σ

(
U ′

afe1,k +U ′
afe2,k

)
. (66)

From relations (65) and (66) the following can be determined:

−Is(AFE),k

U ′
afe1,k +U ′

afe2,k
=−2

3
Zab,k

ω2
k LL′

σ
. (67)

After substituting relation (38) into (67) and making a few
transformations we get:

−Is(AFE),k

U ′
afe1,k +U ′

afe2,k
=− 3 j

ωk

· 1+ jωkCRt

jωkCRt (4L+3L′
σ )+4L+3L′

σ −2ω2
k CLL′

σ
. (68)

The transmittance module Gis(jω) can be presented replacing
jωk by jω depending on (68):

|Gis( jω)|= 3
ω

·

√
1+(ωCRt)

2

(4L+3L′
σ −2ω2CLL′

σ )
2 +(ωCRt)

2 (4L+3L′
σ )

2 . (69)

Figure 8 shows a Bode diagram of the LCRL filter with
the selected parameters. The value of the damping resistance
Rt was selected based on the criterion given in [2, 16] Rt =
1/(6ωresC). The absolute value |Gis( jω)| is maximum for f ≈
790 Hz. The reduction of this value can be achieved by increas-
ing the value of capacitance C and/or inductance L. The value of
inductance L is limited by its dimensions and the required value

of the minimum slope of the output current of each branch of
the inverter. Increasing the C value, on the other hand, increases
the reactive power taken from the power supply. Using several
AFE sections with synchronized auxiliary carrier wave [8] in-
creases the minimum value of the harmonic order of the current
drawn from the power supply output.

Fig. 8. Bode diagram of the LCRL filter with the chosen parameters:
L = 200 µH, L′

σ = 150 µH, Rt = 0 Ω, Rt = 40 mΩ, C = 840 µF

9. Selection of capacitor capacity in DC circuit

If we omit the voltage drop across inductance L for the funda-
mental component, we can write:

IcDC,rms = 0.707P/UDC , (70)

where P is the active power taken from “a–b” output.
The voltage ripple amplitude on the inverter capacitor CDC

can be determined from the relation:

UcDC,p = 0.707IcDC,rms
/(

ω fCDC
)
. (71)

For P = 1200 kW, UDC = 630 V, f f = 16.67 Hz, CDC =
153 mF we get IcDC,rms = 1390 A. This means that in a state
of overload of the power supply (P = 2Pnom) for the system
16.67 Hz the ripple rate defined as UcDC,p/UDC ·100% will not
exceed 10%.

10. Simulation studies

Simulation data was performed in the Turbo Pascal package.
The simulation tests, the results of which are shown in Figs. 9
and 10, were performed for the sinusoidal signal that sets the
output voltage. Simulation tests were carried out for the sys-
tem shown in Fig. 1. The equivalent diagram of the tested sys-
tem is shown in Fig. 7. The transformer Tr,afe is represented by
the leakage inductance L′

σ while the leakage inductance of the
transformer Tr2 of much smaller value than L′

σ was omitted in
the numerical model.

The parameters of the numerical model have values: M =

0.9, U (base)
DC = 2 V, CDC = 153 mF, L = 200 µH, C = 840 µF,

Rt = 40 mΩ, U ′(base)
dc,afe = 2.4 V, AFE dc-link capacitance C′

afe =

324 mF, Mafe = 0.75, L′
σ = L′

σ25 = 150 µH, AFE dc-load
R′

dc,afe = 0.95 Ω, f f = 50 Hz, fc = 2 kHz, f (afe)
c = 500 Hz.

The time courses of currents i1, i2, i3, is, i′afe1, i′afe2, i′afe and
uab voltage for UDC voltage of the value which is in the real
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Formula (63) is obvious, but its derivation confirms the va-
lidity of dependencies (48) and (58) and the analysis carried out
in Sections 6.1 and 6.2.

8. The transfer function of the LCRL-filter

The main harmonic current source of the LCRL filter capacitor
is the AFE rectifier. Therefore, we are interested in the LCRL-
filter transfer function defined as:

Gis(s) =
−Is(AFE)(s)

U ′
afe1(s)+U ′

afe2(s)
, (64)

where: Is(AFE) (s) is the Laplace’s transform of the current com-
ponent is(t) forced by AFE converters.

The minus sign results from the accepted direction of the cur-
rent is in Fig. 7. The complex value of the harmonics of the cur-
rent component is(t) forced by AFE converters is described by
the relation:

Is(AFE),k =−2
3

Uab(AFE),k

jωkL
. (65)

The second component of equation (39) is the voltage compo-
nent at terminals ab forced by the AC voltages of AFE convert-
ers.

Uab(AFE),k =
Zab,k

jωkL′
σ

(
U ′

afe1,k +U ′
afe2,k

)
. (66)

From relations (65) and (66) the following can be determined:

−Is(AFE),k

U ′
afe1,k +U ′

afe2,k
=−2

3
Zab,k

ω2
k LL′

σ
. (67)

After substituting relation (38) into (67) and making a few
transformations we get:

−Is(AFE),k

U ′
afe1,k +U ′

afe2,k
=− 3 j

ωk

· 1+ jωkCRt

jωkCRt (4L+3L′
σ )+4L+3L′

σ −2ω2
k CLL′

σ
. (68)

The transmittance module Gis(jω) can be presented replacing
jωk by jω depending on (68):

|Gis( jω)|= 3
ω

·

√
1+(ωCRt)

2

(4L+3L′
σ −2ω2CLL′

σ )
2 +(ωCRt)

2 (4L+3L′
σ )

2 . (69)

Figure 8 shows a Bode diagram of the LCRL filter with
the selected parameters. The value of the damping resistance
Rt was selected based on the criterion given in [2, 16] Rt =
1/(6ωresC). The absolute value |Gis( jω)| is maximum for f ≈
790 Hz. The reduction of this value can be achieved by increas-
ing the value of capacitance C and/or inductance L. The value of
inductance L is limited by its dimensions and the required value

of the minimum slope of the output current of each branch of
the inverter. Increasing the C value, on the other hand, increases
the reactive power taken from the power supply. Using several
AFE sections with synchronized auxiliary carrier wave [8] in-
creases the minimum value of the harmonic order of the current
drawn from the power supply output.

Fig. 8. Bode diagram of the LCRL filter with the chosen parameters:
L = 200 µH, L′

σ = 150 µH, Rt = 0 Ω, Rt = 40 mΩ, C = 840 µF

9. Selection of capacitor capacity in DC circuit

If we omit the voltage drop across inductance L for the funda-
mental component, we can write:

IcDC,rms = 0.707P/UDC , (70)

where P is the active power taken from “a–b” output.
The voltage ripple amplitude on the inverter capacitor CDC

can be determined from the relation:

UcDC,p = 0.707IcDC,rms
/(

ω fCDC
)
. (71)

For P = 1200 kW, UDC = 630 V, f f = 16.67 Hz, CDC =
153 mF we get IcDC,rms = 1390 A. This means that in a state
of overload of the power supply (P = 2Pnom) for the system
16.67 Hz the ripple rate defined as UcDC,p/UDC ·100% will not
exceed 10%.

10. Simulation studies

Simulation data was performed in the Turbo Pascal package.
The simulation tests, the results of which are shown in Figs. 9
and 10, were performed for the sinusoidal signal that sets the
output voltage. Simulation tests were carried out for the sys-
tem shown in Fig. 1. The equivalent diagram of the tested sys-
tem is shown in Fig. 7. The transformer Tr,afe is represented by
the leakage inductance L′

σ while the leakage inductance of the
transformer Tr2 of much smaller value than L′

σ was omitted in
the numerical model.

The parameters of the numerical model have values: M =

0.9, U (base)
DC = 2 V, CDC = 153 mF, L = 200 µH, C = 840 µF,

Rt = 40 mΩ, U ′(base)
dc,afe = 2.4 V, AFE dc-link capacitance C′

afe =

324 mF, Mafe = 0.75, L′
σ = L′

σ25 = 150 µH, AFE dc-load
R′

dc,afe = 0.95 Ω, f f = 50 Hz, fc = 2 kHz, f (afe)
c = 500 Hz.

The time courses of currents i1, i2, i3, is, i′afe1, i′afe2, i′afe and
uab voltage for UDC voltage of the value which is in the real
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Fig. 9. Simulation of i1, i2, i3 currents, their sum is and i′afe1, i′afe2, iafe,
ic currents and uab voltage in the system shown in Fig. 1.

Fig. 10. a) i1, b) is, c) i′afe1, d) iafe and e) ic harmonic current spectra with time courses shown in Fig. 9

system (UDC = 630 V, Udc,afe = 3400 V) have the same shape
as the courses shown in Fig. 9 and the following relationships
are met:

ix = i(base)
x

(
UDC

/
U (base)

DC

)
, (72)

i′x = i′x
(base)

(
UDC

/
U (base)

DC

)
, (73)

where i′x =υ41ix, υ41 is the product of coil ratios of transformers
Tr2 and Tr,afe (υ41 = z4/z1 = 4.5).

Ratio value υ41 is usually fixed for both power supply and
traction vehicle systems (25 kV and 15 kV) but L′

σ15 is greater
than L′

σ25.
The equations for uab and UDC,afe are as follows:

uab = u(base)
ab

(
UDC

/
U (base)

DC

)
, (74)

U ′
DC,afe =U ′

dc,afe
(base)

(
UDC

/
U (base)

DC

)
, (75)

UDC,afe = υ41U ′
DC,afe . (76)

On the basis of the results in Table 4 it is possible to calculate
the resultant rms value of current harmonics Iafe1,k for k = 15÷
25 according to below formula:

Iafe1,2ξ afe =
1

υ41

√
2

2
UDC

U (base)
DC

√
∑

k=15,17,...,25

(
Î′
(base)
afe1,k

)2
. (77)
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After substituting the data to (77) we get Iafe1,2ξ afe =
62.84 Arms.

On the basis of the results gathered in Table 4 it is possible
to calculate the resultant rms value of current harmonics Ic,k for
k = 35÷45 according to below formula:

Ic.4ξ afe =

√
2

2
UDC

U (base)
DC

√
∑

k=35,37...45

(
Î(base)
c,k

)2
. (78)

After substituting the data, we get Ic,4ξ afe = 169 Arms while
substituting the parameters of the simulation model to formula
(61), we obtain Ic,4ξ afe = 164 Arms.

Table 4
Results of simulations research

k 15 17 19 21 23 25

Î
′(base)
afe1,k 0.030 0.275 0.962 0.713 0.318 0.025

k 35 37 39 41 43 45

Î(base)
c,k 0.180 0.518 0.263 0.268 0.293 0.225

k 231 233 235 237 239 241

Î(base)
c,k 0.005 0.014 0.005 0.012 0.011 0.012

k 243 245 247 249

Î(base)
c,k 0.012 0.003 0.013 0.005

On the basis of the results gathered in Table 4 it is possible to
calculate the resultant rms value of current harmonics Ic,6k for
k = 231÷249 according to below formula:

Ic.6ξ =

√
2

2
UDC

U (base)
DC

√
∑

k=231,233,...,249

(
Î(base)
c,k

)2
. (79)

After substituting the data to (79) we get Ic,6ξ = 7.1 Arms
while substituting the parameters of the simulation model to
formula (54a), we get Ic,6ξ = 7.2 Arms.

Figure 11 shows the u(base)
ab and i(base)

c waveforms obtained
for numerical model without load (iafe = 0). The following
results were also obtained: fundamental harmonic amplitude
Î(base)
c,1 = 0.158 A and rms value I(base)

c = 0.115 Arms. Based on
the obtained results it is possible to determine the amplitude
Îc,1 = 49.8 A and the rms value Ic = 36.2 Arms of C capaci-
tor current and then the rms value of the component containing
higher harmonics Ic,h = 8.4 Arms.

Fig. 11. Simulation of ic current and uab voltage in the system shown
in Fig. 1 without load (iafe = 0)

11. Experimental testing of the power supply

Operational tests were carried out in MEDCOM company, on
the test bench equipped with power supply system, measuring
equipment and load set of high-power resistors (100 kW) and
a battery of capacitors with reactive power of 120 kVAr. Ex-
amples of measurement results are shown in the oscillograms
(Figs. 12–16).

Fig. 12. Oscillograms of the output currents of two branches in an
experimental half-bridge system with carrier signals uT 1, uT 1_ for fc =
2 kHz for resistive-capacitive load of the power supply unit CH1: ic
(200 A/div.), CH2: i1 (1000 A/div.), CH3: is (1000 A/div.), CH4: uc

(200 V/div.) for L = 100 µH and C = 840 µF

Fig. 13. Oscillograms of the output currents of three branches and the
sums of these currents in the system for a short circuit state at the out-
put: CH1: i1 (500 A/div.), CH2: i2 (500 A/div.), CH3: i3 (500 A/div.),

CH4: is(1000 V/div.) for L = 200 µH

11.1. Idle and short circuit power supply test. The tests
were carried out without load and in short-circuit states for the
system with current coupling, allowing to shape the sinusoidal
current of a given value.
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After substituting the data to (77) we get Iafe1,2ξ afe =
62.84 Arms.

On the basis of the results gathered in Table 4 it is possible
to calculate the resultant rms value of current harmonics Ic,k for
k = 35÷45 according to below formula:

Ic.4ξ afe =

√
2

2
UDC

U (base)
DC

√
∑

k=35,37...45

(
Î(base)
c,k

)2
. (78)

After substituting the data, we get Ic,4ξ afe = 169 Arms while
substituting the parameters of the simulation model to formula
(61), we obtain Ic,4ξ afe = 164 Arms.

Table 4
Results of simulations research

k 15 17 19 21 23 25

Î
′(base)
afe1,k 0.030 0.275 0.962 0.713 0.318 0.025

k 35 37 39 41 43 45

Î(base)
c,k 0.180 0.518 0.263 0.268 0.293 0.225

k 231 233 235 237 239 241

Î(base)
c,k 0.005 0.014 0.005 0.012 0.011 0.012

k 243 245 247 249

Î(base)
c,k 0.012 0.003 0.013 0.005

On the basis of the results gathered in Table 4 it is possible to
calculate the resultant rms value of current harmonics Ic,6k for
k = 231÷249 according to below formula:

Ic.6ξ =

√
2

2
UDC

U (base)
DC

√
∑

k=231,233,...,249

(
Î(base)
c,k

)2
. (79)

After substituting the data to (79) we get Ic,6ξ = 7.1 Arms
while substituting the parameters of the simulation model to
formula (54a), we get Ic,6ξ = 7.2 Arms.

Figure 11 shows the u(base)
ab and i(base)

c waveforms obtained
for numerical model without load (iafe = 0). The following
results were also obtained: fundamental harmonic amplitude
Î(base)
c,1 = 0.158 A and rms value I(base)

c = 0.115 Arms. Based on
the obtained results it is possible to determine the amplitude
Îc,1 = 49.8 A and the rms value Ic = 36.2 Arms of C capaci-
tor current and then the rms value of the component containing
higher harmonics Ic,h = 8.4 Arms.

Fig. 11. Simulation of ic current and uab voltage in the system shown
in Fig. 1 without load (iafe = 0)

11. Experimental testing of the power supply

Operational tests were carried out in MEDCOM company, on
the test bench equipped with power supply system, measuring
equipment and load set of high-power resistors (100 kW) and
a battery of capacitors with reactive power of 120 kVAr. Ex-
amples of measurement results are shown in the oscillograms
(Figs. 12–16).

Fig. 12. Oscillograms of the output currents of two branches in an
experimental half-bridge system with carrier signals uT 1, uT 1_ for fc =
2 kHz for resistive-capacitive load of the power supply unit CH1: ic
(200 A/div.), CH2: i1 (1000 A/div.), CH3: is (1000 A/div.), CH4: uc

(200 V/div.) for L = 100 µH and C = 840 µF

Fig. 13. Oscillograms of the output currents of three branches and the
sums of these currents in the system for a short circuit state at the out-
put: CH1: i1 (500 A/div.), CH2: i2 (500 A/div.), CH3: i3 (500 A/div.),

CH4: is(1000 V/div.) for L = 200 µH

11.1. Idle and short circuit power supply test. The tests
were carried out without load and in short-circuit states for the
system with current coupling, allowing to shape the sinusoidal
current of a given value.
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Fig. 14. Oscillogram of the HV output voltage for 15 kV/16 2
3 Hz with-

out load (CH1: 10 kV/div.) and oscillogram of the C capacitor current
ic (CH3: 20 A/div.) for L = 200 µH and C = 840 µF

Fig. 15. Harmonics spectrum of the C capacitor current ic for 16 2
3 Hz

system without load (M: 1 A/div.) and oscillogram of the C capacitor
current ic (CH3: 20 A/div.) for L = 200 µH and C = 200 µF

The ic current shown in Fig. 14 (CH3) contains a fundamen-
tal component whose rms value can be calculated on the basis
of (63) and a component containing sideband harmonics of the
order 6ξ ±n. Signal shapes shown in Figs. 11 and 14 are char-
acterized by very high similarity. Figure 15 shows the spectrum
of the harmonics of the current ic in a 15 kV/16. 67 Hz system
without load for L = 200 µH and C = 200 µF. The frequencies
of the dominant higher harmonics of the ic current assume val-
ues close to 12 kHz.

11.2. AFE test in traction drive. Figure 16 shows oscillo-
grams of traction voltage, currents drawn by two of the AFE
rectifiers and DC-link voltage in the train locomotive (one
head).

The Tr,afe transformer dispersion inductances Lσ25 related to
the low-voltage side of the power supply unit can be determined

Fig. 16. Waveforms of traction voltage (CH1, 20 kV/div.), input AFE1
(CH2) and AFE2 (CH3) current (266.6 A/div) and the udc_afe (CH4,

1 kV/div.) without load for Lσ25 = 3.25 mF and υ41 = 4.5

from the formula L′
σ = Lσ25/υ2

42 and their values are 160 µH.
On the basis of the obtained values shown in the right part of
the waveform the rms values of Iafe1 and Iafe2 currents can be
calculated. The gain of the measuring system is 1600 A/3 V.
The rms value of Iafe1 = 0.1187 ·1600/3 (Iafe1 = 63.3 Arms) and
Iafe2 = 0.1173 · 1600/3 (Iafe2 = 62.6 Arms). The rms value of
Iafe1 current obtained from formula (77) on the basis of data
and simulation results was 62.8 Arms.

12. Conclusions

A control system with three modulator carrier signals ensures
that the rms value of the LCRL output filter capacitor current of
the inverters is minimized to such an extent that the main source
of the LCRL filter capacitor current harmonics is the AFE rec-
tifier load. The analysis of these harmonics allows the selection
of LCRL filter capacitor parameters. The serial structure of one
voltage controller and current controllers in the amount equal to
the number of transistor branches allows for parallel connection
of power supplies.

Related to the results obtained in the real system, the relative
error of the simulation test results is no more than 5%. The
relative error of the verified simulation test results obtained on
the basis of the derived dependencies for the rated operating
conditions of the power supply does not exceed 15%.
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