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Exact determinantions of maximal output admissible
set for a class of semilinear discrete systems

AMINE EL BHIH, YOUSSEF BENFATAH and MOSTAFA RACHIK

Consider the semilinear system defined by

x(i+1) =Ax()+ f(x(0), i=>0
x(0)  =xgeR”

and the corresponding output signal y(i) = Cx(i),i 2> 0, where A is a n x n matrix, Cisapxn
matrix and f is a nonlinear function. An initial state x(0) is output admissible with respect to A,
f, C and a constraint set Q c R?, if the output signal (y(i)); associated to our system satisfies
the condition y(i) € Q, for every integer i 2> 0. The set of all possible such initial conditions is
the maximal output admissible set ['(Q2). In this paper we will define a new set that characterizes
the maximal output set in various systems (controlled and uncontrolled systems). Therefore, we
propose an algorithmic approach that permits to verify if such set is finitely determined or not.
The case of discrete delayed systems is taken into consideration as well. To illustrate our work,
we give various numerical simulations.

Key words: discrete-time, output admissible set, semilinear system, asymptotic stability,
uncontrolled system, controlled system, delayed system

1. Introduction

The characterization of admissible set has several significant usages in the
analysis and design of closed-loop systems with state and control constraints
[8,10,11,13-17]. The initial aim of this paper is to contribute to the study of the
maximal output admissible set for a class of semilinear system.

In linear case we have the following references: Gilbert et al. [3] have given
some properties and characterizations of maximal output admissible set (MOAS)
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and they have shown that this set can be represented by a finite number of
functional, they have also given practical algorithms for generating these func-
tions. A. Feuer et al. (1976) [1] have defined the maximally admissible set in
regulator design, and they presented an efficient computational method for de-
termining these sets. M. Rachik et al. [11] have consider the linear discrete

m
time-delayed system described by x;;1 = Z Aixij, xip = ap for-m < k <0

j=0
where @ = (xg,@_1,...,@_y,) is given in R™m=1) and A; is an n X n real matrix.
They have concluded some results connected to the set MOAS, and they have
shown also that MOAS is stable by a small perturbation of the constraint set as
well. In (2014) Moritz Schulze Darup, Martin Monnigmann [12] have presented
a new method for the approximation of the largest constraint admissible set for
linear continuous-time systems with state and input constraints. Faultlessly, the
maximal output admissible set has been completely determined for linear systems
with state and control constraints, and methods to exactly find maximal output
admissible set have been established [9]. The issue of linear perturbation has
been studied by Rachik et al. [10]. For further details, the reader can reach to the
following references [4, 8, 10].

Numerous algorithms have presented in the literature for determining the
maximal state constraint sets. In (1986) M. Cwikel and P.-O. Gutman [2] have
studied the Conversence of an algorithm to find maximal state constraint sets for
discrete-time linear dynamical systems with bounded controls and states. While
in (1987) P.O. Gutman et al. [14] have given an algorithm to find polyhedral
approximation to the maximal state constraint set. In (2018) a stochastic approach
to maximal output admissible set and reference governor has given by Joycer
Osorio and Hamid R. Ossareh [6]. Later Bouyaghroumni et al. have improved
some results by introducing a bilinear term in the mathematical model considered
in [5].

However, in most of the available studies, the problem for semilinear systems
is not considered, hence their applicability is severely limited. Therefore, we
propose an explicit procedure to exactly determine the maximal output admissible
set for this class.

In this paper, we study the concept of maximal output set for a semilinear
systems described by

x(@+1) =Ax@(Q)+ f(x@i)) ieN
x(0) =x9 €R.

A e LR"), f: R" - R" is a nonlinear function and the corresponding
output signal is given by

y(@i)=Cx(i), i>0, CeL(R"R").
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An initial state x(0) is output admissible with respect to A, f, C and a
constraint set Q C RP, if the output signal (y(i)); associated to our system
satisfies the condition y(i) € Q, for every integer i > 0. The set of all possible
that verifies such initial conditions is the maximal output admissible set I'(€2). In
this paper, we limit our research to the study of the set I'’(Q) = I'(Q) N B(0, p)
where B(0, p) = {x € R" : ||x|]| < p}; p is a real positive. We limited ourselves
to the determination of the initial data x(, which verify

lIxoll < p, p>0 )

such that
yi €Q, VieN. 2)

An initial state xo satisfying the conditions (1) and (2) is said to be p-
admissible. The set of all such initial states is said to be the maximal p-admissible
set. The adapted method has been generalized to the discrete controlled semilinear
system given by

{mr+n = Ax(i) + f(x(0)) + Bu; + g(v(@)) €N

x(0) = X0, ®

where u;, v; € R™ are the feedback controls given by u; = kx; and v; = h(x;),
Vi € N.

A is a n X n real matrix, B is a n X m real matrix, f, g, h are supposed to be
continuous nonlinear appropriate functions.

This work is organised as following. In section 2, we give some preliminary
results related to the stability asymptotic of our system. In section 3, we define
and characterize the maximal output p-admissible set in the case of uncontrolled
system. Moreover, in section 4, we propose an algorithm to determine if the
maximal state constraint sets are finitely determined or not. While in section 5,
we give some sufficient conditions for finite determination of I'*(€2) in addition
to some examples to illustrate our results. In section 6, the maximal output p-
admissible set for semilinear discrete delayed system is considered. Lastly, in
section 7, we give some characterization results of p-admissible set in the case
of a controlled system illustrating our results by using some examples.

2. Preliminary results
Consider the uncontrolled semilinear discrete system described by

x(i+1) =Ax()+ f(x(@), >0 )
x(0) =xo €R",
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where A € L (R"), f: R" — R" nonlinear function, and the observation variable
y(i) € R?, satisfing the output constraint

y,-:Cxl- EQ, i}O, (5)

where C is a p X n real matrix.

An initial condition xo € R" is output p-admissible if xo € B(0, p) and if
the resulting output function (y;); satisfies the constraint (5). The set of all such
initial state is the maximal output p-admissible set I'° ().

We show that under hypothesis on the matrix A and the function f, the
maximal output p-admissible set ['¥(€) is determined by a finite number of
functional inequalities and leads to algorithmic procedures for its computation.

Let Q be the constraint set. Let ¥ be the function defined by

¥Y:R" > R"
x = Ax+ f(x)
Then '
Q) = {xo e R" /C‘P’(xo) €eQ, Vie N}

and the set of all output p-admissible initial states is formally given by
I*(Q) = {xo € B(0, p) NR"/C ¥ (x0) € Q, Vi € N}. (6)

2.1. Notation and hypotheses

Now, we give some conditions which are sufficient to ensure, for convenient
initial states x¢, the asymptotic stability of system (4). The following proposition
will be useful in the sequel.

Proposition 1 If we suppose the following to hold
(i) Nlf(x)—=FfI < Ll|lx=yl% forall x,y € R" and for some L,a > 0.
(ii) f(0)=0.
(iii) There exists § €0, 1[ and y > 1 such that ||(A)"|| <y p", Vn e N.
(iii) Lp®'y* <1- 8.
Then system (4) is asymptotically stable in the region {x € R"/||x|| < p}, i.e

lim [|[¥"(x0)|| = 0, for every xo € B(0, p).

Proof. Let xo € B(0, p). Then the solution of (4) at time n can be written as the
following
n—1
Xy = Alxg+ Y AR () Vn > L,
k=0
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Thus

lall < 114" 1xoll + Z(

Aol Yn> 1
Using (i), (ii) and (iii) we get

n—1
—k-1
lleall < ¥B" ol + )y A" L el
k=0

X
Take z, = ==. Then we can prove that

lzoll <y and ||z,|l <y forall n e N"

Indeed flzoll = 2 < 2 21 < 5 ang
p P

n—1

lzall < 8" Nzoll +¥B ™'LY B Nzell p" el ™™ Wn > 1.

Now, assume that ||z,|| <7y, Vn € {0,1,..., N} where N € N. Then

n—1

lzall < ¥B" llzoll +¥* 8" L™ > B Nzl -
k=0

Vne({l,2,... N+1}.

n—1
Take a, = ”;—':l”, ¥Yn>0 and Y, = r+pZak, n > 1, where r = vy ||zol|
k=0

and p = y* B~ Lp*!.
We conclude from (7) that a, < Y, forall n € {1,2,... N+1}, which implies

Y. -7,
an:%@m for ne{l,2,...N+1).

This implies the inequality

an <Y, <A +p)"'Y, V¥ ne{l2...N+1}.
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In this time we replace a, and Y; by their values, we get

_ _ n-1 _ _
lzall < B" (Y BLp™ +1)" (yllzoll +¥* B L™ lizoll) . (8)
VYne{l,2,...N+1}

ny + ,yaﬁ—lea—l
g ol ©)

Since, Ly?p® ! + B < 1 and ||zol| < 1, the inequality (8) implies that

= (Ly"p"" + B)
(

lznll <7y Yne{l,2,...N+1}.

Therefore
|znll <y Vn € N.

Using inequality (8) for all n > 0, we conclude that
lim ||z, =0 since Ly*p®!'<1-5,

and consequently
lim (¥ o)l = Jim x| = 0.

O

We assume hereafter that O € int €2, this assumption is satisfied in any reason-

able application and has nice consequences. Imposing special conditions on A,

f and Q which imposes corresponding conditions on I'?(Q2). Some implications
of this type are summarized in the following proposition.

Proposition 2
(i) If Q is closed then the set I'P(Q) is also closed.
(ii) If we suppose the following to hold
L If(x)=fODI < Lilx=yll*, foral x, y € R" and for some
L a>0.
2. f(0)=0.

3. There exists B € (0,1) and vy > 1 such that ||A"|| < yB" for all
n €N.

4. Lp*ly* < 1-8.
5. 0€intQ.

Then, 0 € intTP(Q).
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Proof.

(i) T”(Q) can be written as

I°(Q) = ﬂ {x0 € B(0, p) NR" /C ¥ (x0) € Q},
neN

=)o@

neN

where
®,: BO,p)NnR" — R”

X — D,(x) = CY"(x).

Since Q is closed and ®,, continuous for all n € N (f continuous), we
conclued that CD,‘,l(Q) is closed and then I'*(Q) is closed.

(i) From hypotheses 1,2, 3 and 4 and from Proposition 1 we have

nh_)nolo I[P (x0)|| =0 Vxo € B(0, p).

Let xo € B(0, p) and € > 0. Then
dng e N: W' (xo) € B(0,e), VYn>n
OeintQ=— 311 >0: B(0,g1) C Q.

Take € = , we get then
IIC I’

dng e N:  CW¥'(xp) € B(0,e1) cQ VYn>n

In what follows we show that ¥ xg € B(0, ), CY"(xg) € QV¥n € {0,...,ny}
for some 6 > 0.

Since ¥, W2, ..., ¥ are continuous and £(0) = 0 we have for ||%||

Ynell,..., no} [36 > 0: VY xo € B(O, 6n)wehave\}’"(xo)€B( ”(2“)]

ie.Ynell,...,np} [A6,>0: V¥ xoe B(0,6,) we have C¥"(x¢) € B(0,&1)]

for n = 0 we have VY x¢ € B( ”2”) ICxoll < |IClll|x0ll < &1 ie., Cxgp €
B(0, &1).
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If we choose ¢ = inf {{6,,,11 e{l,...,no}} } we obtain

€1
el
Y x9 € B(0,6), C¥" (x0) € B(0,g1) c Q forall ne€{0,...,ng)}.
We conclude that
VYxo € B(0,7), CP"(x9) € Q forall n e N

where 7 = inf{9, p}. Thus B(0,7) c I'’(€), and consequently 0 € intI'*(Q2). O

3. Characterization of the maximal output p-admissible set

In order to characterize the maximal output p-admissible set given formally
by (6), we define for each integer k the set

Q) = {xo € B0, p) NR" /C¥"(x0) € Q, Vn e {0,...,k}}.

Definition 1 The set I'°(Q) is finitely determined if there exists an integer k such
that T'P(Q) is nonempty and I'°(Q)) = Flf (Q). Let k™ be the smallest integer such

that TP(Q) = I“,f* (Q), we call k* the output p-admissibility index.
Remark 1
(i) We remark that

¥ ki, kp € N such that ki < ky we have TP(Q) C FI’;(Q) C F,fl (Q).

(ii) Assume that I'P(Q) is finitely determined and let ko be the smallest k such

that T2 (Q) = T (Q), then

IP(Q) =0 Q) =TX(Q) Vk>k

Proposition 3

(i) If TP (Q) is finitely determined then there exists an integer k such that

I'(Q) is nonempty and T} (Q) =T}, (Q).

(ii) If ¥ (B(0, p)) c B(0, p) and F]’:(Q) = F]fH(Q) for some integer k then
I'P(Q) is finitely determined.
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Proof.
(i) TP(Q) finitely determined implies dk € N: l"lf (Q) =T*(Q) and I'P(Q) is
nonempty.

Clearly T (Q) c T/(Q). But I(Q) = I'*(Q) c I'¥_ ().

k+1
Therefore T';(Q) =T}, ,(Q) for some k € N.

(ii) Let xo € T7(Q) = 'Y, (Q). Then xo € B(0,p) and C¥(x) € Q,
Vie{0,... k+1}
i.e. xo € B(0, p) and Cxg € Q, C¥*!(x9) € Q, Vi € {0,...,k}.
Thus ¥(xo) € I'}(Q) since ¥(xq) € ¥ (B(0, p)) C B(0, p).
By iteration, xg € F,f(Q) = W (xg) € F]f(Q) Vj e N.
ie. [x0€ B(0,p)and C¥ (W (x0)) € Q Vie(0,....k}| VjeN.
ie. [x0 € B(0,p)and C¥™(x) € Q Vi€ {0,....k}] VjeN.

i.e. xo € B(0,p) and C¥ (x9) € Q, Vi e N.
ie. xo € TP(Q).

Therefore I')(Q) c I'?(Q) and T[(Q) = I'’(Q) for some k € N =
I'P(Q) is finitely determined. m|

4. Algorithmic determination

As a natural consequence of the previous proposition, we shall give the fol-
lowing conceptual algorithm for determining the output p-admissibility index k*
such that I'°(Q) = F,f* (Q) and consequently the characterization of the set ' (Q).

Algorithm I
Step 1. Set k = 0;
Step 2. If [)(Q) =T, (Q) then set k* = k and stop, else continue;
Step 3. Replace k by k + 1 and return to step 2.
Clearly, Algorithm I will produce k* and ' (Q) if and only if I'°(Q) is finitely
determined. There appears to not to be finite algorithmic procedure for showing

that ['*(Q) is not finitely determined.
Algorithm I is not practical because it does not describe how the test Flf Q) =

F]’: .1(€) is implemented. In order to overcome this difficulty, let R" be endowed
with the following norm

lxll = max |x;|, Vx=(x1,x2,...,x,) € R".
1<i<

isn
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If Q is defined by
Q={yeR’; () <0, i=1,...,s}

where h;: RP — R are a given functions. Such sets have much more importance
in a practical view. In this case, for every integer k, F,f (Q) is given by

I2(Q) = {xo € BO.p): h; (C¥(x0)) <0, j=0,....55 i=0,....k},
on the other hand
2, Q) = {xg e TH(Q): C¥*'(x0) € Q
= {xo e T{(Q):  h; (C¥**'(x0)) <0, for j=1,....5}.
Now, since F]f () C F,f (Q) for every integer k, then

I’ (Q) =T(Q) e T’(Q) cTI? (Q)
= Vxo € TP(Q), xoel?, (Q)
& VYxg € TL(Q), {xo € TL(Q) and h; (C¥**'(x0)) <0
Vjiel(l,....s)
& Vxo € TL(Q), h; (C¥**(x0)) <0, Vje(l,...s)
= sup hi (C¥**(x0)) <0, Vje(l,....5)

x0€B(0,p), hi(C¥! (x0))<0
Vie{1,....s)VI€(0,....k)

with (h)je(1,...2p): R? — R is described for all x = (xl, .. .,xp) € R? by

hym—1(x) =x, —t, for me{l,2,...,p}, te€R
hym(x) = —xp, —t, for me{l,2,...,p}, t €R.

Consequently, the test F,f Q) = l"lf +1(Q) leads to a set of mathematical
programming problems, and Algorithm I can be implemented as follows:

Algorithm II
Step 1. Let k£ =0;
Step2. For i =1,...,2p, do:
Maximize J;(x) = h; (C ‘I’k+1(x0))

hi (C'W(x0)) <0, xo € B0, p)
Vief(l,....2p}, Vle{l=0,... k).
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Let J? be the maximum value of J;(x).
If Jl* <0, for i=1,2,...,2p thenset k* := k and stop.
Else continue.

Step 3. Replace k by k + 1 and return to Step 2.

5. Sufficient conditions for finite determination of '’ (Q2)

It is desirable to have simple conditions which ensure the finite determination
of I'?(€). Our main results in this direction are the following two theorems.

Theorem 1 Suppose the following hypothesis to hold
1. || f(x) = fO)I < Lllx = y||% forall x, y € R" and for some L, > O.
f(0) =0.
There exist § €0, 1[ and y > 1 such that ||A"|| <y B", YneN.
Lp® 1y <1-p.
0 €int Q.

S S

¥ (B(0, p)) € B(0, p).
Then, T'P(Q) is finitely determined.

Proof. By hypothesis (1), (2), (3), (4) and (5), we can show from Proposition 2
that

Vxo € B(0,p), dng>0: CY¥"(x9) € B(0,g1) CQ Vn > ny.
For n =ngp, we get
VYxo € B(0, p), wehave CY¥"(xq) € B(0,&1) C Q.

Clearly ') (Q) C 1"50_1(9).
Let xg € Fﬁo—l(Q)’ then xg € B(0, p) and CY"(xg) € QVn € {0,...,np—1}.
Since xg € B(0, p) and C YY" (xg) € Q, we conclude that xg € F,’fo (©) and

Ih(Q) = F50_1 (Q).

Therefore I'*(Q) is finitely determined (using hypothesis 6 and Proposition 3
in this time). O
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Theorem 2 If we suppose that
(i) P < M||x||, forall x € R" and M €]0, 1.
(ii) 0 € int Q.
Then I'P(Q) is finitely determined.
Proof. Let xo € R”. Then,
W (xo)ll < M llxoll and  [[¥"(xo)|| < M" lIxoll, Vn €N

[C¥" (xo)|l < IICH[P" (xo)|| < ICIM™ |Ixoll, Vn €N
Let xg € B(0, p). Then

[C¥" (xo)|| < IClIpM™.

or
lim ICllpM™ = 0 implies dny € N: Vn > ngy ||CllpM" < &

Take n = ny we get, ||C||[oM™ < &;. Then,
VYxo € B(0,p), AngeN: CP"(xg) € B(0,&1) C Q. (10)
Let xg € 1"50_1(9). Then
x0 € B(0,p), and CY"(x0) € Q Vn={0,...,n0—1}.

Using (10) we conclude that xg € F,fo (Q) and F,’loo Q) = Ffl) 0—1(9)‘
Let z € ¥ (B(0,p)). Then z = ¥(xo) with xo € B(0, p)

lzIl = [P (xo)ll < M [[xoll < Mp < p.
Thus
7€ B(0,p) and WY (B(0,p)) C B(0, p).
From Proposition 3, we conclude the result. O

Example 1. Let A, f, C and p is given by

c=(12),

=

Il
N = | =
A= O

0
1
f(x,y)=(y), for every x,y € R, p:landt:i_
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Then we use Algorithm II to prove that k* = 1 and we have

1 1 1
Q: R <_ =1~ 5 5>
premimagf-[ 5]

0 _ X 2 . . l é 1
r(Q)—{(y Rl <15 < b x+2yl <53 x4y <5p-
2_
1.5—\\\

-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

Figure 1: The dotted region is the set ['”(2) corresponding to Example 1

Proof. We have,
1
X 4 01/ x 0
\{1( ) =11 (y ) +|y and WY (B(0,1)) c B(O,1).
y z 2 —_—
2 4 4
Our set Q is given by

Q={yeR/hi(y) <0 Vje(l2}}
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Using Algorithm II we obtain k* = 1 and then I'?(Q) = Ff (Q).
Or

Q) = {(’;) € B (0,%) by (C‘P(;C)) <O Vjef{l,2}Vie {1,2}}

and

CX =x+2y
y
C‘Px —§x+y
y 4
by 13 y
Y = x4z
C y 16x+2
X 29 y
P ==+ 2
C y 64x+4

Therefore

r*(Q) = {(i) eR2: xl <1, |yl <1, x+2y<

X 1 |5 1
= € R? <Lyl <1 |lx+2y| <=, [Sx+y[< =},
{(y) | x| |yl lx + 2y| > |75ty 2}
Algorithm
k=0
i=1 s
Maximize Ji(x) = Zx +y- 3
+2y - = <0; —x-2y-1<o0
sC ATy 2 T
x<l; y<I; —x<ILj-y<l1
i=2
Maximi J1(x) 5 1
aximize X)=——Xx-y— =
Z 1 4 y 5
1 |
2y - = <0 —-x—-2y—=<
o X+ 2y > 0 x—2y 7 0
x<L; y<L; —x<lj-y<l1

we have J ;“ , Jz* > 0, we then go to the next step
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k=1
Jj=1
13 1
Maximize Ji(x) = 1_6x+%_§
+2 ! < 0; 2 ! <0
X y 2 = ’ X y 2 x
sc 5 1 5 1
- - =<0 ——X—-Yy—-— =<
g ty=5 <0 1 ;<0
x<1l; y<Il; —x<IL;-y<l1
Jj=12
13 y 1
Maximi J = L __
aximize H(X) T 6x )
+2 ! < 0; 2 ! <0
X y 2 = ’ X y 2 x
sc 5 1 5 1
z ——- <0 —Zx—-y-=¢<
PRI I PRI
since J;, J; < 0, we stop. O
Example 2. Let
1
3 0
A=11| c=[12],
23

2
and p = —, tlzg, tZ:Ethen
5
X gx
‘P( ) = and Y (B(0, p)) C B(0, p).
72
2F 37

Using Algorithm II we get k* = 3 and then
Q =1[-0.5, 0.4]
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(;) € R2/|x| <0.5; [y[<05; x+2y<04; —x-2y<0.5
IP(Q) = %x + %y <0.4; —%x - %y <0.5; g—éx + %y <0.4;
—g—éx—gy <0.5; %x+%y < 0.4; —;f—zx—%y<0.5.
20 F

-20 1 1 1 1 1

Figure 2: The dotted region is the set I'”(2) corresponding to Example 2

Example 3. For

N e
N -

—_—

X exp —xz)

-
—_
< =
N —

Il

I
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3 1
dp=-, t = —, th
and p 1 B en
1 1
X gx + 4xe"“2
‘I’( ) = and ¥ (B(0, p)) € B(0, p).
y L
45T 7Y

Using Algorithm II we get k* = 1 and then

1 1 1
Q= {X € R/ |X| < 12} [—E, E:|

pe) = LM} e m2f1xl < 32 i < 2 S L
r*(Q) {(y)eR/|x|\4, VI< 3 byl <

i—x+ —y+ xe

1.5

_1.5 1 1 1 1 1 1 1 1

Figure 3: The dotted region is the set [’ (Q2) corresponding to Example 3

Example 4.

o

Il
S B
W= =

aQ

Il

—~

[am—

[\

~—
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X 1 1 X
4 ) 4
X 4 3 |(x
= +
)= et | 23 |0 ) | et
4 2 2
1 1
and p =1, tlzl—o, t2:§then
! +
p(*)=| 2 3 and ¥ (B(0, p)) € B(0, p)
Y ly (e‘y2 + 1)
2
and
X 1 4 2
CY| |=zx+5y+ye?”,
(y) 2t T3
H[X _1 7 1 1 2( -2 2 5 —y?
CcY (y) =% + Y + Zyexp (—Zy (e + 1) + e
1 1 2 _y2 2 _y2
+Zyexp(—1y (e +1) )e ,
CY (y) = §x+ ﬁy+ g7 Sxp| 7Y (e Y +1)
2
1 1 1 2 , 2
+ 157 €XP (—%y2 (3 exp (—Zy2 (e_y2+1) ) + 4) (e_’2+1) )
13 _2» 1 1 2 2
+ o5 ve Y + 1g XP (—‘—Ly2 (e Y +1) )

- exp (—%y2 (3 exp (—;ty2 (e‘y2+l)2) + 4)2 (e‘y2+1)2)

+ %y exp (_%yz (e_y2+1)2) e

+ %y exp (—%y2 (3 exp (—%fy2 (e‘y2+1)2) + 4)2(e_y2+1)2) e’
+ %y exp (—%yz (e_y2+1)2)

1 ) 12 2 2 2 ) 2y 2
-exp(—%y (3exp(—é—1y (e y+1) )+4) (e y+1) )e Y.
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Using Algorithm II we get k* = 2 and then

Q =[-0.1, 0.5],
X 2
ER/|x|<1; Iy <1; x+2y<0.1; —x—-2y<0.5;
y
1 4 1 4
7% + gy + ye‘y2 <0.1; —5X - gy — ye‘y2 < 0.5;
1 7 1 1, 2 2 5 2
—X+ —=y+- - 4+ 1) |+ —=ye?
; 4x+12y+4ye"p( (e )) 127¢
e = 1 1 > 2 >
2( — —
+Zyexp(—zy (e M +1) )e Y <0.1
1 7 1 L,/ 2 2 5 _o»
—(Zx+ﬁy+zyexp(—zy (e Y +1) )+Eye N
1 1 2 [ 2 2 2
+Zyexp(—zy (e Y +1) )e Y ) <0.5
6

_6 1 1 1 1 1 1 1 1 1
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

X

Figure 4: The dotted region is the set I'” () corresponding to Example 4
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Example S. For

11
_| 6 4 _
A= o1 c=(11)
2
xexp(—xz)
X
f( ): 4
Y Y
2
3 1
andp:Z,tzg,then
. 1 1 I _.
\1!( ): g T YT e and ¥ (B(0, p)) c B(0, p).
Y y
and
X 1 5 1 2
\P — _ - _ —X
C y 6x+4y+4xe ,
2x_5 65 1 .2 1 1 —x22 2
CY y _7—2x+&y+ﬂxe" +1—6xexp —m(2x+3y+3xe ) e,
X 25 805 5 2 1 1 2\ 2 2
g3 = 4y — ——— (2x+3y+3xe™* -
C y 864x+576y+288xe +96xexp( 144()c+y xe ))e

2

1 1 —x2\2) -x
+ 6—4xexp(—m (2x+3y + 3xe ) )e

1 _i2
exp(—m (10x + 51y + 6xe

2
1 2
+9x exp(—m (2x+3y+3xe‘x2) ) e_xz) )

Using Algorithm II we get k* = 2 and then

1 11
= <_ =175 5>
Q {x e R/ |x] 3} [ 3 3]

1-
3’

X 3 3 1 5 1 2
R*[|x] < =; |yl < = <=5 |l=x+>y+-—xe V| <
e - ( ) € /|x| ) [y 7 |x + y| 3 6x+4y+4xe
) +65 + ! a ! X ex ! (2x+3 +3xe"‘2)2 e < !
—X+—y+—xe — —— <z
727487 24 16" P\ " 1aa 4 3
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6. p-admissible set for a semilinear controlled discrete system

Now we consider the semilinear controlled discrete system described by

x(i+1)=Ax0) + f(x(i)) + Bu; +g(v(i)) ieN (11
x(0) = xo,
the corresponding output function is
y(i)=Cx(i)+ Du;, i€,

where u;, v; € R™ are the feedback controls given by u; = kx; and v; = h (x;),
Vi € N.

Ais a n X n real matrix, B is a n X m real matrix, f, g, h are supposed to be
continuous nonlinear appropriate functions. y(i) € R, C is g X n real matrix, D
is ¢ X m real matrix and x(i) € R" is the state variable.

The purpose of this section is to characterize, under certain hypotheses, the set

FP(Q) = {x(0) € B(0, p) NR"|(C + DK)®'(x0) € Q, Vi € N},
where @ is the nonlinear function defined by
O(z) =(A+BK)z+ (f+goh)(z), VzeR"

The set FP(Q) is derived from an infinite number of inequalities and it is
difficult to characterize. However, we propose some sufficient conditions which
ensure FP(Q) to be finitely determined, i.e., there exists an integer k such that
FP(Q) = F}(Q) where

FR(Q) = {xo € B(0, p) NR"|(C + DK)®'(x0) € Q, Vi €{0,1,....k}}.

Similarly as Proposition 1, the following result gives sufficient conditions to
ensure the asymptotic stability of system (11) for all xg € B(0, p).

Proposition 4 [f we suppose the following assumptions to hold
L |l f(x)— fO)I < Lllx —yll% forall x, y € R" and for some L, a > 0.

2. £(0) = 0.

3 Nlgl < LNx1®, Th()|l < L”||x||1¢”, for all x € R" and for some L',
L’ o, a” > 0.

4. There exist B €]0, 1[ and y > 1 such that ||(A + BK)’“ <y pBiforallieN.

5. Lpa/—l,ya + L (L//)(Y’ pa’(y”—l,ya’a” <1- ﬁ
Then, the system (11) is asymptotically stable in the region {x € R"/||x|| < p}.
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We can use the techniques developed in the previous section to give suffi-
cient conditions make F(Q) finitely determined and we deduce the following
theorems.

Theorem 3 Suppose the following hypothesis to hold
1. | f(x)— fO)I < Lllx = yl||% forall x, y € R" and for some L,a > O.
2. f(0) =0.
3. There exist B €]0,1[ andy > 1 such that ||(A+ BK)"|| <y p" YneN.
4

gl < LIxN, Th()| < L”||x||*”, for all x € R" and for some L',
L, o, a" > 0.

5. Lp®lye 4 I L Pyl g
6. 0 €int Q.
7. ® (B(0, p)) c B(O, p).
Then, there exists an integer k such that FP(Q) = Ff(Q).
Theorem 4 If we suppose that
(i) |Ox)|| < M||x||, forall x e R" and M €]0, 1]
(ii) 0 € int Q.
Then FFP(Q) is finitely determined.

The determination of the integer k cited in Theorem (3) is obtained by applying
algorithm II with change ¥ — ©.

Example 6. For

~1 0 % |
A_(l 1)’ el *=(30):
6 6 5
Xy
3 1 X 4
= — D:— =
¢ (41)’ 2’ f(y) by
18
xy
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1
and p=1t= g,then

-5 Xy
A [ T8t
(I)( ) = 5 | and @ (B(0, p)) c B(0, p).
Y R A
12 6 9

Using Algorithm II we get k* = 0 and then

1 1 1
= R < =7 = -, =
Q {x e R/ |x| 3} [ 33

. X 2 1 1 1
rr@ = {(*) e®f < 3 i< g3 et < 3.

2

Figure 5: The dotted region is the set ['”(Q2) corresponding to Example 6

Example 7. For
1 11
10 ° 13
A= 40 B= 310
5 5 55
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-1 -1
K:[1 1]’ c=[-11]. Dp=[11].
x exp(—xz) X exp (
X X X X
= 8 , = , h = 8
/ (y) y ¢ (y) (y) (y y
12 12
1
_ BT 0
A=A+BK=| 7 |, C:C+DK:[—1 1]
5 5
4 1 1
d = — ll = —, [2 = — th
mr=5 175 T
1 1
X er_xz - Ex
)] (y) = 17 1 and @ (B(0, p)) c B(0, p).
—y - =X
30775

~ 289 31 1 1 2
Cco? (x) = —y— —X+-—xexp (——x2 (Se_)‘2 - 2) )

y] = 9007 " 300" T 40 400
I _» 1 _» I, 2 2
-0 et — Exe exp( 400x (Se 2) ),

- 4913 97 1 1 N
o (¥ = _ (56 ~2
¢ (y) 27000” 1800“400“""( 200" (5 ) )

: p( : 2(:v'e—x2—2)2

~ 300" P\ " T60000™
I , _y2 2 2 31 _x2
X (Sexp (—mx (Se 2) ) 2) ) 12Ooxe

+ Lx exp ( ! 2 (56"C2 - 2)2

160 ~160000™

1 2 2 2 2
X (5 exp (—mxz (Se_x - 2) ) - 2) e
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1 1 2 42 2
— xexp|- 5S¢ -2
+'160““’( feo000” (%¢ ~2)

2
X (5 exp(—ﬁx2 (Se_xz— 2)2) - 2) )exp(—ﬁx2 (Se_xz— 2)2)

1 2 I 5 2 2
—ﬁxe exp(—mx (Se —2))

1 1 2 ) 2
— —xexp|- S5¢ 2
64xeXp( go0o” o 2)

1 2 2 2 2
X (5 exp(—mx2 (Se_x —2) ) - 2) e

X exp(—ﬁx2 (5e‘x2—2)2) :

Using Algorithm II we get k* = 2 and then

Q=[-0.02, 0.1],

_2 1 1 1 1 1 1 1
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

X

Figure 6: The dotted region is the set ['”(Q2) corresponding to Example 7
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(x) € Rz/lxl <0.8; [y]<0.8; x—y<0.0l; —x+y<0.1;

y
17 1 : 17 1 1 .
—y——x—-xe ¥ <002, ——y+—x+-xe ¥ <0.1;
30° 100 T3 307 10" T
289 31 1 P A N T
Sy o x4 —xexp[——=22 (5e = 2) 7| - —xe™

Pe(y - | 9007 3007 40“’“’( 0" (¢ )) T

l _x2 1 2 —x2 2 .
—Exe exp (—mx (Se —2) ) < 0.02;
289 311 1 o 2
o T i+ — N - _ 9
900" 300“40““’( 0" 52 )
- 1 1 A <01
—x2 —x? 2 (5,-x*
—Exe —Rxe *exp (—mx (Se . —2) )

7. Maximal output p-admissible sets for semilinear discrete delayed system

Consider the uncontrolled semilinear discrete delayed system described by

p
x(i+1) = Zij(i—j)+f(x(i),...,x(i—p)) i>0

j=0
x(0) = xo
x(s) = Bs -p<s<-L

The corresponding output is

yiy= ) Cxli-j), i€l (12)
=0

where the state variable x(i) is in R", (A j) are n X n real matrices and f is

0<j<p
continuous nonlinear functions on R+ and C; is a g X n real matrix. p and
m are integer such that m < p.

The observation variable y(i) € RY, satisfies the output constraint

y(i)eQ VieN (13)

an initial condition 8 = (xo, B_1, ..., ﬁ_p) e R™®*D is output p-admissible
if B € B(0, p) and the corresponding output (12) satisfies 93). The set of all such
initial conditions is the maximal output p-admissible set ['*(Q).
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We prove that under certain hypotheses on A;, f the maximal output p-
admissible set is finitely determined by a finite number of functional inequalities
and leads to algorithmic procedures for its computation.

Define the state variables A (i) by

AG) = (x@),xG=1),...,xG—p)"

where tr denote the transpose of a matrix. We show that (A(7));>o is the solution
of the following system

{A(i+ 1) = AAG) + f(AG)), i>0

A(0) = B,
where A is the matrix define by
Ay Ar - - A,
In Onxn oot Onxn
Z = On><n :
Onxn e Onxn In Onxn
and f is the nonlinear function defined for all z = (z9, ---, z,) € R"”®*D by
f(z(@0),...,z(p)
f(2) = : ;
0,

where [, and 0,,%, are respectively the n X n-identity matrix and the n X n-zero
matrix.
Indeed, A(0) = (x(0), x(-1),...,x(=p)) = Band

AGi+1) = (x( + 1), x(@),...;x( —p+ 1))

tr

)4
=| D AjxG =)+ FxG), .. oxG=p)) x(@), ..., x(i—p+1)
=0
Ay Ay - - A x(7) f(x@),...,x(i—p))
I Opxn -+ o+ Opn || x@ = 1) 0,

AAN(GD) + £ (AG)).
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If we define the matrix C and the nonlinear function ¥ by
C = (C0| <+ Cpl Ogsen =+ Ogxen ) el (Rn(pﬂ)’ Rq)

and _ _ _
¥(z) = Az + f(z), forevery z € R"P+D,

then the output function y(i) is described in terms of the new state variable
A(D),ie
y(@@) = CA@) = CY'(B).

Thus, the set of all output p-admissible initial states is formally given by
T*(Q) = {8 € B0, p) NR""*D /C“\Tﬂ'(ﬁ) €Q VieN}. (14)

In order to characterize the maximal output sets given formally by (14), we
define for each integer k the set

I2(Q) = { € BO.p) NR""™D [CH (B) e Q Vie(01,... k}}

and then we can use results of Theorems 1 and 2 of Section 5 to characterize the
set ['P(Q) described by Eq. (14).

8. Conclusion

In this work we have characterirezed the maximal output p-admissible set
['?(Q) for a class of discrete semilinear system in the case of uncontrolled and
controlled system. Sufficients conditions to ensure the finitely determined of such
set have given. In addition to that we have proposed an algorithm approach to
verify if ['P(Q) is finitely determined. The characterization of maximal output p-
admissible set for semilinear discrete delayed system has taken into consideration.
To illustrate our results various examples have given. In the future one can
characterize the set I'’(€) for a linear or nonlinear system in case of infinite
dimensional spaces.
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